Section Y Constructrons

A. Bfomcﬁeo( Covefs

G Mmap p:M*"/l/ is a branched cover of 3 a svbmanitdd B c N/
such ¢hat

PI(M"P"[B):W’II[B))-?@/—B) J a Cot/e/lny mag

and
for each %€ P(B) tere are twodikamts about % and piA m Whiih

p has the form an'sz’)ﬂmz"C
(y.2) — G 2%) some. k

an/ B and f“[B) are Wﬂazﬁl 03 m these mo/altdan{g
B s called tthe branch locus

erample: PR
'>
P

J

L

2) Giye.q anf Wum‘fo(o/ X, thea Fwé/: 2;"X") SLFX 5 a -é/amAeJ
Coyer. g 73 s a branched cover of §*S'

lem mal

le€ F:M—?A/ be a émna“\ev( tove of w”}oG[f MMtfo/Jf
with compact branch locus 8

syppose )V has aq ;ym//ecﬁé form Wy,
2B s a sym,elscﬁé sobmandsld of (] )

Then 3 a symplectic form Wy o M such that
[wul=f [, e HM:T) and
W, = 'F’U/ away ')C‘om nWmt p"[&)
Moreover, Y 5 well -o(’e'fwe»/ voto /-Jot‘oﬁ/

Froof: f*c.)” is a closed 2-form and non'o’@oewerafe away from p"/B)
in pacticular, F K= kerdp, ¢ TeM for xeB then Kx is ar R bundle
ond © is only olegenente on Ky



H o is any exact 2-form that is non-degengute and posttve on Kx Vxe p™(R)
ten tor & small enough 190, + e« is symolectc

fo see such an & exists, fohe a toordivate chart about x €p(B)
and ptx) such Vat P has te form

’R‘LA-'ZFC - FZ‘LM"ZK‘
Gr2)— (y, 2%)

) m -2
let oz A(Bly) ¢ c2) uoky) where € 5 0 bump function on R~ = neor =
¢ u ” C = [ neary
and 2= u+1r

extend o« by O off of sypport of & ¢,
Clearky «, has oleswed progonty on fhe suport of .t

now let X be e sum of & as x rarges over a finife set of xe p"(B)
such ¥hat WSu//o/ﬁ’ of o, lover p"[@)
clearly we bave neussay «.

now Wy I well- dehred vpto ?sofop/ by Moses's Th® (Th'—"ﬂ,é)
S1ice the space of X us above is convex V-4

We can yse the /ozyuaje of branched covers to extend ﬂldshbe/j's 4911&/
Amensipnal existence conjecture to 4D,

(0/’!.6({14/2:
1 M a manitold of ol wiension ¢ witt

v a class h e M) st. hoh X0  and
e a nam—a(efeﬂe/afe 2-form @),
Then 3 an embedAded SU/'IQCE Z ecM such that
4 [ZJ (s Pomco/é M'ﬁ? Nh ﬁ/ Sornne Q,re/l/
. There is some branched cove,
, p:il—m
wi branch locus T
. M admi3 q symp/ec{-zé structue o s.f
1) p(Z) 5ymla(ect‘7£
3) p¥hz=[]
) W i homotopie fo p*es, trough 2-forms o,
that are mn-de;enmfc off opr"'/f}
[mayée non-slegenesate fn tx1)




Ke$€af014 prob/erw
Verrfy con)ecture for #—Z““Cf" for n>o.

Vem‘y Lonjecture for other almost sym/letﬁi Y-manitolds
we will di;c«;g /a{e/

I/I dimenson T we can weahen e nwotion o-F branched covers
call P:Mq-?ﬂ/qa branched tover F for each pom'{- xEM we hae toordutate
charts about x avol pld for whil p has tue form: € = €*
w3 (uv)
(u,v) F (ut, v) simde branch point
(u,v) — (u3-uy v) cusp
exeriise:
) let R = {x eM: dp, nof maxmal rank]
(for potats with 229 model map, tis is just fu=0]
for ones with 34 v v fr=3at] )
show R is a smooth sobmanifold of M
2) 5‘ p( K) does nof Imve t+o be a smooth wémam‘fo[a( m[ 4
it has “casp pomts
near these powmts 8 i loca[ly modeled on §27 2% =4 2:} cct
3 for a genesii p, B can also have isolated troasvesse double points
Q) H W bas o symplectié struttue @, , svch ot the coond
charts expressing P 1 wodel above polls back the standard
&ompIW strwcfue on ACZ fo one wmpaszle with wM
Thea M has a canonwcal [ uptfo l:deﬂy) sym/alecfzé Struchre
ayfeefry with p¥e, off ofF R.

M.w,) is called o symplectii bronched cover over ()
(need to distngush from 1€ e f* by tontext)
Th® (Au o)
any tompact- symplechi ~mandold (M%) is a
!ymp/eoﬁé branched cover of @/’7 Cps)

Remark: We discuss a proot later
Auroux has a way fo constyuct™ 1Nverants of ﬁ’\,w) frowm this T,
(masbe discuss late,)



£ 5’ym’p/ed72 Cuts_and Yowups

let M.0) be a symplecte manitold

Suppese we have a Hamiltonian cwvcle action on ¥,e)
vecall ¢his means I H:MOR st the Flow of its Hamiltoniai
vecta—teld X, (recell L, w= AH) generates an Slacthon: S'xm-IMm

{/eta” ‘F(OU fu"feﬂﬁ v lel/e[ q‘f‘;)
/&'(' c be a /‘4.7(4&/ w[ae o-F H and assyme the S’—mt‘z’aw o H"/C) 3] ﬁ*\ee

now conseder }3’ Mx&[R:(pa)— Hip- élzlz
xercise:

o B0 = [ o x s'Tv H'e) — M
(le)s0))

y H we que MxE the symplectic strudure
@ + dxady C

wen the Hamiltondn vector feld of A s Xty agx‘ y a%:
Show the achon is 7Cee aund
Hley ) = W' tcesa)) v HTLOY,

S0 Ws Is G $meoth sym/ylecréé nanctpld (tis is Hee same orgument
0s we did for €P7)

ond H"(ﬁ/sl and H -L{ff;“)) 0r€ symplecty s0bmanifold
Hnt: & H?(ﬁ"))——?ﬁ"/c)ll (Mxlo,ed)) 5 q fyMpécfzé enmbedding ard

X — (x, (FACI-C)) bransvense to S-action
Remark: So we cam put @ smooth oad symplectii structure on §
WL o an? E 3
W is calledﬂ%e posttie symplecti cut of /': at ¢ % &
We can SInin'/a//y consider HMxC>R: (p2) P Hip)+ % (2l I

+o 7@(— a Symlﬂ/ecfzz Strulfure on H"((—”:CJ)/s,“ﬁM ond
His is the negative symp lecti cut

:") %) *

N
H—I(C) éj Cut /.MS 60'6



exerese: «
with notation as above pote H'(C) is a //Ma‘pa/ S'- byadle (12 O))

50 H'(c) bos a Chem class ¢, (H'(e)
H"/C)/gl is a to-dwiension . submanifold oF the ,oos:f‘u}f Cut
4p tts normal burdle N, hes struckve group U
Show €, (%)=¢ (Hlc)
5%:‘/0&/‘& H'{c)/5| has vormal bondle ~_ i ’f'/le neym‘we cut
Show ¢, (v.)=- ¢ (H'()
Maméei
Consider M=E€" and H(x)= -LixI*
let N be e nejaﬁl}f sympledel at-at c==e (5o lixll<t)
_ H' (e, 3 y =
uqﬁ V= ( ‘)/Sl attiiy oa H(1) ~ B/SLacfzbw 001 9
note: " Jp = & (b, debaition])
vrertse: p = €P7 (e e P CP's wit B €T gpuplectiall,)
note: Cuttiag af oftes c stll gue &P" but with scaled ©.
Now let "be the pos e symp/ecﬁc“ cut
. €' g™
50 N = "t /S'achon oD

0[0 ¢ // we have a dt'#'fomor hifm (fn‘ {”3 -——95”_{0]
e 4 P e gpt

s (s orestation reversing so we see
Nz -gf"- §pt]
and these s a symplecté structure on it !
let M ) be any s):mp/eoﬁé manidpld
and UVeM be a Darboux chat 5ymp/ebfomr/htk to an cpen Ll w &

weé Can fe/hfw the aore construction on a ball i U -{vfef G
symplectze structre on M #CCP") this s alled the

symplectsi blowop of M



kPMa/}z:

() a stadord abuse (7[ notation s fo write tas M#EIZ”

even %wyh conjugatuig the complex structure does not
a’vays revesse Hue ortentation

2y The smooth & pe ot the é/ovu,o s well-defied ,éwf'{"ie
actual .‘ywy’/eché shructure Jegonds on the size of e
ball vsed

noté: 5:/,0/056 we have o bunch of 1-dimengonal Sym/led'z'z

5l/bmam?Lo/0(5 o7£ M ,M-er;e.ch}y 11 a /om'f,a 51
3 Da/boax chart about p sf. sv/ﬁueg go fo w»«yﬂ/&x

lmes 15, €* f '\ ¢
L\) Darboux chart

(
when we blow up we tahea Lall B" c €” ﬁ;\

( . %
e sobmanitolds all /1 8™ & 5 orbts L
s0 n the Uow vp these be come.
Ats)oint potats in e/

n-(
——L CP

12, §; disjort th T
(wf least p removed G ,,,Wsa&-”\)

Wov quen a Symdectri mandoltd (M* o)
F there is an embedoling of (@7 Aery) in (MY )

svch that the pormal bondle has Euler pymbe, -
then €' has a neghborhood symplectomerphi to the
P! i e positie symplectii cut atoove (Cor IL.4)
s M- has a proper em(aed/dy of wmt B::a- 1ot B:"
50 we can ?lue w (1t BZ{’ wsﬁ/) o get-a new
Symplectri moni ol My !) called e symplectit. blew oown
of €y M.




C. NMormal Syms

Here 15 an M*{e/'ejﬁﬁ? fopolofIZaZ Lon struction
let 4, : /e m" be 2 enberdings with digjoint mmages
let v; be the vormo| bundle of 4, (w)
this Is an ﬂzn’k-bwzd/e over M
suppose there is an orentation reve/svig bundle map
Vv =Y, buadle l}omofplu'sm
50 there are nbhds A of f,(v) diffeo +o disk bundles v Vg
exercise: Show Y wduwes an oretation reversnig dHeomorohizm
From 24, 0 2/, (shll call i+ @)
ler #,M = M-—(A/,UA/,_)A?’
this is called the normal som of M along FW) ad £ W)
F m=m oM, and f) CM, Hen we wrile M #, M,

note: If W=fpt], then M #,M, = M 4M, the ordviary Lonnect sm !
S0 M #, M, 7ene/al is ke an N-parametric onnect sum

exeruise: M 4','-/1/"- *esm” ore 2 embedduijs

then Y, orientation /‘eU\‘:’/Sln"j d(-Ffeomor/ohté o),
&
¢v)=-¢0)

Th22 (Gompf):
Suppose "[z (M wy)es (M, UM),'I"' 2, are (wAwigasion 2 5ymp/ecfzc'

€méeaU:-‘yj with aﬁSjbht /ivm/e, s

Assume (V) =-¢ (V)
For ar\y choize o-F or lentation /cvefsmf bundle fsonaf,ohf;w;
Y:v,—V, the normal sum #,M has a Sym/le&hi

shructure w svh vhat outsidle of the glowg locus
& agrees with @,




enesase: frove this +f v tnval
Why does this only work for codimension 2. 7

Hint: S admits Symplectré structure & "=2

he /)f 004 s another aﬁﬂllZw'ﬁpn mc‘ s)/mf/ea‘zc' wts

{
5 —:_,P be a fnhoifa/ 5’- bundle

M [elf'of SJ

le€

girm xe P we 7@{ a map Tx:(—f,f)—af:f)——e?r-E'f
let Rt)= %) i & & vector at x
ard R i a vectfor feld on P

note: flow of R is the 5{06{7'0/1/

exercse:

1) ja J~form o« on P Svch Vhat £ (R) =1

L, =0
« called a Lonnctzon [-for m R

2) ;"R Aol =0 and le oot =0 Hwt: check 24 forpola ou R and

— g ) ‘ . Rer o

3 N show i uifp/ze; d o e 25 (m)

;ﬁ\% soch Hiat T ¥eo = dx

iizz L s ca//w/ '("16 cur vature O'; oL 51w'|,0/e cose. of (/fe/,{f—
38 3) show 'Z%TK is i H(MZ) and €(P)=L'L'[w/z-r] -

- Eule, ¢ lass

Now Svgpose NS G sym,a/ecﬁ& /3/»«1 on /ﬂw

ond consider
R x P and wp = T o+ Alrod) = T¥0+ dran+ rde
L,

) n+|
noté: = (n+1) draw ,\Gr*w)n + r (other ferms)



let 4.7, be liearly wdepondant n heyot ot Some pt- x
cle AT iomorthipn 4
0/‘9 Y /— o P! i:d—[-/:rd
@) (o) = W (%0 G 0,) %O

1)
dran aGrw) ( 597‘, R, @:“) )0

sfor su-fﬁaz'en{)/ small {Sa}/ reC-¢, {,))
pry
" (3,80 2,) 0
Wy, sou fdfjeﬂe/‘a te /
7w «q éympleoﬁi form on [-£,£) x P
le¢ Hilew)xP— R be projection

50 AH=dr and o the Houmiltonan vector feld s X, = - R

7ene/afc: (mmus) S'— acton

now H 4[0) =P
50 H"(tﬂ/gl £ M and wduced form (s ©

avd  positve symplectl cut oA RxP ot 0 & an R>budl over M
ity @ symplecti strutwe and “Euler class” e(P)

meveoves, (M, w) embeds as' tro sectrion”

z
5(&1'11‘/6!/‘7/ neym‘u}a cwt o-F KXP aft 0 s an ”?—éunc/é over M
with a symplecti structwe and “VEuler clags” _e(P)

moreoves, (M ) embeds as “ero settion”

ProoF of Th™2:

Jwen the embedclings f; i (W, )= (Mw,) From theores
let V, be trewr rormal bundles and P be wnit Sl'ér/na”e i VY,
let ¢ = T+ A7) or (-6.£)xP as above

Jet (;‘: 2 symplechc cut of (-£)xP at 0.
and 2__,, vhe GMé?dde of (/}’,UA/) (" C:-”



from loIL ¢ 'I{,[/V) has a ne'yﬂoréooa( U__“ 6ym//eofvma//h 1c to
o nbhd of Z-Gl)" " C(j,){
bx{ 4/1/1/'1/1157 € Can assume (ct,)" g Sym/e&ﬁ;npqoéé
to nbhd ({i:)" of £ )

note: U(ﬂ) - fz[A/) 5yn7decfomo//ézé to (0,£) xP
(/C-l) - ‘F‘ w) w “ (-£.0) xP

S0 we can glve M-(fM b W) oad (-4£)xP
to get a symplechi st on 3 M

P -
VARY
AN
M

60/3 ((Jomlo-)c)"

let G be any fnrtel, presented group
Thena there (s a closedl symplectee
20-manifold (n22) M with T (m)% 6

Remark: There are strong restriztions on the fundamental groups of
Kahle, manctolds ) &g we already saw b mest be even

50 tuis result shows Vhere are many more symplectz mam'yék/!
than Kahler

broof:
Ve construct a 5ym/erﬁ4' Y-manmFold M then Mmxs*<..x$™

will realite G any dimension 21, n22.
et G=X3.-9 07?2

let 7 be a surface o—fygnus k



and o ...eqp | b - (3, ~,
be stendard W

generators of H(Z,) « « %

note: ’77,’[2’,2)/<P' -l (s the free 9roup ?enemt%d by ..,
( connected to common base pt 1)

Jet ‘lz be an mmersed Curve 1n Z;; /'ea/:ém‘j rg m above ?uoﬁenf
(whese o are substhfuted for i I /;>
also let Vyoo= i Pr =1k

 (3,)
so ! 2;/41,---’62.,0

m

G

Clawi: We can find a surfuce T ad curves 6. ¥, sochthat
ﬂr(i%b’}..-ﬂﬂ) 6 and 3 closed |~form (oonZ

thet resprizts fo a volume form on each Tz

asswm'n} ‘fhi; ’Aﬂ/‘ nov WE buila( our mam-FO/d
start wath 21T with a product symplectrz form

et o« p be curves @ m T o(xg
let 6 be a/yabr coord o1 o

o
50 A& closed |~form on T2
note: T, = b’,x X s Lajmngrqn Y¢

?

but F we set Y= M ’PAT,*AG' (uhe/e T, are projfo 12 ot 2%
ﬁzm‘u/s)

Hhen @+ ty s sywplectic for small ¢
moreover T, now symplectic [
note: We can pe/'ﬁt/é the T; fo be ewbedded and sy»’a/ecﬁc'

mdeed T xT =(Zrg)x ol
and we can cleardy CZsmall pertub % xfgau) v Tep
tv be embedded - when crossidg these Cuvves ith
X we get qforus (% cloe to origmal T (shll call T.)

suice bewy Symplectri an open Londition the new T
still symplect




exerdse: normal bundles tv oll T, trivial
Fact: m E(N= &'Pz#q P A aan embedles 4),»%/&4&4' torvs T withy
bririal normal buadle and T(EN-T)= {1}
now T (Z«T*)= T (Z)x T (T7) (maybe  prove late

N gea by «,f but well-knom fact)
Van fémpgﬂ 'y THh4 sayy L xTz#,qﬂ_ Ea) -

has fundamental oy 71,'(1’)@2/0,0
(nvte: 717(3( T KT - bt (T))) = 2’ 9en byﬂ(/b’“me/‘w',(én)
5o if we let X= ZxT* normall ssmed a copy oF €0) for each T
and an E0) for TS we see T ()6 and X 57"4,”/“19?-,
50 W€ are dome one we v€/{79 clacm  exerccse: think about

it
Proof of Claim: base poin

for homobyzéal reasons ovr oriy wal b Yooy m 2
myht ot bare sch a P 5o we sﬁyn‘ % moolcifm/ our SN toce

W@ Can assume X, itered VWSWSC’[;’ so we get a 7’”’/‘" A CZ:?
QB>
<
. 2.= D add a nrve ¥
now consider T =&¢p @01« pacallel o
” and a Aisk D about

‘Fp/ eaolz edfe e o*[ r connect Pf " \(
o T° as follows

] L=
C/f

/et' ZL( Z;.#"//'f“e;g@,-(' aVlO( ); s b old b;
(# weth 7:;.7”3) and the Ota»vfé 79.0,"74"

clearly we still have ’ﬁ,’[i)/{r . ~ G

i




.bw'l- also each ea{;e 1M ney 7faﬁb I has a !«.’7:&9«2" " a T*
[on O(,é o/ b’)

We vnow construct P

hirst note Tzhas a closed I~forva A Hat lbas fos/ﬁo-é
m'i?ml on Xp¥ and (5 O on D

< F 3 s!
D —
(DY g <
5 (a,p) b——> %+

et 2= 6"1&)*'6[9'

now lef 2 be Ve |- form on T thot eguals A ou
sl Thaud 0 elsewtbere

note: § g, 20 Vedes ia 7

Hm;;ongare Has ﬁ/eacﬁ 71 ,3 a vo/wzeﬁ/ma; s for each e m
3 s0

o hide Le:Lr
verden I’ fojﬁ{ncﬁa/u 'F: on 'X‘ 54 /7[;-: €, - po and F

is O at €ach vertex of I
*/;' Adefvie a function on " thot extends to F:Z =R

now/ /=/g"’o[F is the deswred form 7



