D. Ffbe/‘ bdnd/@s

. ¢ .
tonsider R with o =dxadx, +dx,adx,
let g, be translafron L)/ | i x-dvetion for 1:LU3

9" [x,,wz,x;lxq) = {X, +Xz) Xz_' 7‘3: Xq +l)

Olé’a/'/y j;wf- © for t=24(2,3

7: (AR (d'xrfo‘xq_‘)ddxz-er’ 4d7<? =
L 4 . .

lets Fipure out what H(E)= Sfy 7 i

3
tongider T RI— R X, % %K) (%, %, K,)

Je€ ‘7'; = :'ng Z = framslafion m x; altkec{zc;n

Ji o4
R*—=R _
] LT . Tog, 06 Ky k3 %) =(¥e 53,%) = F,
R? 2‘-—) /]23 o 97_(7‘,17‘1 ,x5,)<q) = {7‘;_*!, X, kr() s i
Trb‘?q (?,')Cz‘)‘—;qu) - /7‘.1 t rl ) x?.e[-) 2—7;
so we hove an wnducedl map
ae E-= T3
Exeruse: the s an 5- bondle

note ! H,[E)—aH,[T? mags Gy to iz for 122,39
50 T onfo ond g, 1ihinte ocder fur 1234

avd wno reloafions ermong tHhem

J 9
a/jo (X,,h,?‘;,?‘q)f-}—)[?‘: Gt %,%,) =5 (x,t%3¢l, X, +1,%, %, )

9'4 -y
Fo (Rrext], %, % %) 25 (%, t1,%,, %5, %)

50 9=L9,9,] : g,=0 in HlF)
o H (€)= &’

we have establiched wost of the ﬁ//owwif



m e ( ﬂll//‘;fpn “'705'I Kodaira WWb/lkW”go):

tuere ore 5w/ecﬁc' mandolds that are wot Kille,
[ \‘(»tey can eveq have a wbpﬂ/?xx sructare, of cowvse not
wM/n.ﬁ'M? witl s )W/l st)

Remark: Thes was first such mm,o/e
Proof: for a Kahler mandold b, even but b (€) =3£
Nnote: p: RY— R+ (5 %%, %) 15 (%, %)
y{wes E vhe Structure O‘F a T? bundle over T?' M-Hq 5ym/0[ ﬁéef;

yene/'a./zy}y s we hayve

Th25 (Thwston):
GCiven q Sy»w@a‘zé wionitold (M, w M) and
a tompact bundle £ by with fbe T

assome a) F dim £ =2, e H;K (€) st

\ >0 Vx €M where Z,=p"t)

>

(equivatently [F]%0 @ W, (€;R))

8) iF Aix 252, 3 symplectsi fam Uy on T

such that the structure group of €
acts by fym/a/ecfvmo/phisms
(s0 Ao, ont each Z.)

and Joce H, (€) st d}z:[w,]
Thea 3 a symplectic form g on E st
W /Z sym/o/eofzz Vx

Moreovers, the age of any prec hosen section
Can be assumed o be symplectu




Re ma/‘/{S :
1) Surface bundles over svrtaces (allorenfable) have

6)""}0‘26"22 structures wth 5ymf/ec{2£ Fbess
e [Z]=*0
note: it I sectnn oM E ttea [G]%0 stace o) T opt

2) S’xSl—gSL where qr:HoPF m/o'n;,
s 4 T'-bomdle over S*
but no symplectii structure

3) Move jewemlé/, [Z.7%0 is automatie wilecs Z=T°

tv e tais sugpose z —?f s a bundle

{4

M
/g{— Ty:ﬁz‘x for yéz.;l‘xé/’i
40 K < TE and 3 an oriented ﬂL' Lum/{g on E

0 JCules class €l3) and €N(LZ])=HT)
so if A(T)=0 ,thea 2y ,oaz'/s ﬂoﬂ-—fhi/ml[[/ with §0meﬁur:z;

¥ cohomology .
Proot: 5
) a )
C[ : g _ P 2 (E) 5-*; C)/ - are m cqse a
Claw: A a closed 2~ form Y €1, 57 o e )
3iv€n ‘("’1;5 conscder (W = ’IT*QM-r t’y € 20
note: Qe = ty7  so Z, Symplect Vx
Now le€'s check wg s symplecth
A oo s dT @, ctdq= Tde),+0=0
whese

choose any metric on E and note 7;5 = 7;2;@ 7;'2: Tey)=X
Now p(‘tfy 5 an z30mo/‘,0/')15m from 7:,2;'.' o T M

bo T, non-degeneste on 1,7,



PSR nan—ofeye/le/a{-c on 7;2;-‘— for small ¢
(non-degen is open cordlon and € compact)
but we already rotized ), non-degen. on T, Zx
L QO mon-degen on E 12 o, Symp/ecfzkl
now i o ME a sechon then
0¥ (T* e, )= y

0 0" (e): Cntto™y whih i symﬂ/e(ﬁé

- I e,
s0 we ase left to check claim for small t

Proot of Claim:

Cover the ba,5g/14 by loca trivializations ;(U,,dﬁ)}

with U; contractible and transtion maps Syn,o/ea‘w
m case b)

S 1.,
) A Urxz>z

AL
Y

let {p3 be a partion of unity whordirate to £}
In case @) let @, be ary area form st ‘5sz= 5{__ x

X
now set 7. = 4>!*'7I'£ &y on 7(4,)

50 7 /z, = @y W cage b)
let 3 € QUE) represent ol € Hy, (E)
7" SIT"{(},) (} Clﬂ%d and/ ﬂo‘(e ’IT"/U‘) g ZX S11¢8

G contrachible

[, 'flf..{u‘)l #[w,J-[9d = 0 [some ui case a) by J above)
5°[%’Slr'u/a)]=o t Ho;(rl(u‘))
LG -forms 6 EL(TL)) ot A€ =15y,

-/:Md[y set 7= S+ d[Z[ﬁ,”/’)%)
Clearly well-defired and d7=0



)712 = glr)‘*Z@:j) (/91}2.’ = SIZ_;‘ Z[ﬂ,a'ﬂ)(’hlz’: flzx)

R

£on$+a/l+‘ oN rx

S S FO T

1
é Z (p,oT)(area form)  case a)
Z(fq o'ﬂ') g caseé b)

(L}

area form Cage a)
w)‘ case b) ﬂ

€ Lefschetz Pencils and Fibrations

5/1&7%/ a lefschets ,oe4Ct'/ s swingly a Fbration ovea S ° esept
fo fpes of "SMyu(O/rﬁéf " are allowed
for a letschete horation only one fpe is o llp e

More rigorously, a [I‘Qﬂo/?lqcéaé) lefschetz penct! on a compact
orented Mam'lco/o( MM,} n=1 aatomotic s called base locus
) a codwension ¢ compact submanifold B <M gl
?) a smooth map T:@-5)— CP=5°

such Huat '
Q) for each peB thesre ore oremfaton presesyiag coorthea tes
about P where B s 2= €,=0 i C? and T m the

complsient-of B (s |
(Z,..2)+ [2:2,]e P

(2e. T on eacly Rler o,[ normol Gomdle s p/o/écﬁ'w?aﬁc’m)
b) there ave a hade Avmber of critiial poutts §¢,.- 5]
such that 'ﬁ:re cach C,; there ase a/!'fm‘aﬁo;ft

p/csen/lit/ coorduwates aout ¢, ond T(C)

wheehh T (s gluem
” j by(au"'l Z’I)H Z.’?'-e,__-f-g‘:'

(Con assume th;e,ac C dclyoa;z-(')



a lefschete fibration s a lefschete peaci| with B=&

Rgma/kz.-

l) ;4:/‘ a Ze/x&ek? ﬁé/az‘lo'/l we can éalre T:M>S
for any orignted cortae S

) The rEqurement- for the crifical PO’”;G s rea /{Y Just Hoot
ﬂtey are don—/?eﬂe/afc ,taen a wﬁg/f/x m‘/zg(a'} of
the. Morse. lemun. gues the desired form

exescese: hind a tompler céw/rac of coordwiates tak iy
Z:Z-Z,z 117 alz+ 37,2- or to 2.8,

Y MNbhd of critiial pounts

N2 case: frpu apovre asome T(232)= 2,

To)= € Kfo} v folx € wifn 5:‘7&&1/ potut O

T '((o)

T%) = 5Ix@ wdeecd 5%k — T 7s) oo
@, t)+— (¢, ¢ ")
y a a(:/éowpiw'm

[}

S

AfL e\ fp‘-([
u (-3
(52) elle )

vami she,
Cye [emj

as £20, T6€) 2T NO)

note there s aq S'c T '(€) that co//q/a;és fo O
as £ 0O

s S' & m//e/ a WM('SZU;I/q' C,,‘/Cé

the vmon of thes s as £—0 aud critezol po:étf—
s a Dt called e thumble




50 ?eneaz foer w this nbhd 15 an anndlvs and s genentor
(A hom(afy vanishes whea vicloded i1 nbhd

orescise: vi bigher duiesscons sbous generté Rber
Is T“.Snﬂ, Vam’sézm‘/ Cy([e ¢ aun S aud
f’he&éle ;S Dn
y) I B2 (s0a [eé%&ef‘ ﬁé/afla'ﬂ) thean ?ew&/c(',
hber is a @a-2)-mandts(d

note: T CTUeed) = (54 Thad))
re= er“[w;:,z)) [Tk )=
a Fiber bendle e
) p
s LIEMaﬁEO//y we write M I

* O
[ 7 —
o tdiate s a 5M/u bor 7466/ éw’lﬂ/[€

5) WMow lefs consiler B
n=2 cases 5={b, bk§
Ll has HW ft u/‘lfo’& a A Q"‘)Oleneni' o)L Lz is

< Yy /
c* o] — P
(Z‘, 3&) — [3,! Z"&J
50 T 1E) 11 the wobhd & a ww/% bing - fé.2)

50 the closwre of T '(e) {
(s just a copy o €

Cz"'f(o.dj
thes T2) c My has
closore « surtface jat:}a z“z/oa/o !/ b,



50 1‘:[/4—6)—9 CrP*- & a Aé/&ﬁOr\ wetth hbers Z, éem/‘
puncﬁtfec/ 5¢//‘hc€; whose c¢losvres —Z_z- i M
5 aa eméea/&?e/ 51//‘/6&6 Com‘nny B

+hws a ée#scéez’i /)encz'/ Alls M ot [Szﬁawéz/)
svrfaces a!l 4!3/'0‘4'{' mﬁ,ﬂﬁ at B

Séhemzﬁéa%/

"\ B

note: H'(’ we- é[m./ c//ﬂ eacé ,oam‘{’ d?L E we 7€-{-
M#, P _
1 Sectrons

then T exteads oven Msu/u/a abld o 7wé a
Lefschetr fibvation M4, &Pt —> <!
avd we hase k sections whih are the G'c P*

exem st a hyhe/ o(mié'—wszoha./ case B bas a wbhol
tuat 5 a € bondle over O
we cad N//are e with a (Zl;"* BY ) - bodle oper B
ond extead T to a lefschetz fiymton of ttus
new wianitold (we “blowup B" te o ‘Wa/amek/(&;/
low op “)

lets now see some. ennmples where lefschetz pe/zcds /La»ﬂ(/&z//// Grrise



%aﬂge;:

') Casc w&e/e we L!alre no C/('h&ﬁg fown’)’
COM/%’W\‘ZW /Me{ «r' fﬁ/buiblq /oo:/ﬂ’ B &P

'M(C/Cfsel
) Jor each [t,:t]E€ P sho. e

Liee1 {Le:yi2] e : tox=t,y}
is a welldehred C,?ofavc < i CPT
all of whech conta, 8- Joioil]

Heat: for f, #0 consiler P'— QT
Zi 2 ]6—9 [.31 %'2',5'2;]

2) for distunct porns [t,:4]%[5:5,]
L[f-,:f,] 1 L[s.:s,J = {B}

3) forany PEB v @ 3! [e:t] st PQ[GOH,_‘]

‘FI‘OM above we have a map
T (P~ {83) > €'
Pr—lee] stPely, g

11 Coords about B we see T 15

(¢ §toa)3) = &'
(2,2) — [3:2,]

s0 this & a lefschete fem[/
if we blsy op base locus B we get o LeFsclete fbratron
PP — &
with wo singulay fibers 1€ S-bondle aren 5*
exercise.  CF # &P s mot a/cflceomo//dfui o STxs"



2) Cubee pena'/ c‘F (Pzarm/ e e//z/‘az‘zé Sufﬁue_ EQ)

exeruse:
1) If P(?:,Zx,ig) (s a non-constant- AWAMS
poﬁfrwm.c.al / then

VP = {[%,:z,zz,,] ed", P(z,,z.,&,):o}
i3 we,[(*a('e'ﬁ/lea(
2) for a ?e/te/(é P J Vp s a 50/‘7%13 of genos

_ (d-1)-2)
9- Z

now wnﬁp"@f 2 7em?/'zi o/@fc& 3 polynomt.d/j P,, P,

For [6it,]1€AF', et
\/Lfo-'{-;] = {[‘Zo:zlzzz]éﬁh: fofbl%"lzllz.")"'f(ﬁllaolzuz")so}

%6/((;5’:
) v[o:d 4 VEhoJ - ;?/o,.{f;]fg

and any \{f ] confamg B
2) F (6] #[5:9] then VopqaVy =8

3) or ony PeB, A/ ft:t] ¢ Pe V;fb,,h]

Fect: for most p.,p,, 7, will be  smooth fort ercest for 12 pot.'tfs

[t:¢,]
from above we bape a map
i (cP-8) - P

that near Pfs wi B locks hkee
(Cz— i(a.o);)—"a O’I
(2,28) > [2:2,] _
moreocven. W has /12 rwn—o?ef@nerafc crcteical penl



S0 W & 4 Leffchei?pgna‘/mc @
F we ﬂ.svc/,a B w&ﬁzfa Lefschiete PY atoon

a 4201#7 - &'
wity ellpte (T°) Fbers
we call tas MM ca)
Froon construcbon EC) is cymp/ecﬁc: and 7o foros ﬁkﬁ
ore also symplechic
txercise: Show E0)-(regular fibes) is simply conmectecd
Hut: consider secteon commig From Yow W

Bem//z: Exestence oq(: & co«p/a‘es //Dd'/: o7£
Cor 3 abeut real: &/;1/ all 'Amf'e(y presented
ﬁ/buf! as T of a 5)/"'70/861‘2& man old.

Th (Donaldson): :
M @) a Sywyﬂ/ecﬁ& wanctold
5,,//056 [«] € H;R (M) is an M'lC7/‘a{0[055
For 50741&1221‘/}1 /a?e vriegers K there s a Tvpo/qju‘og
Lefschets pencil on M whose fibers ave symplectz
and hamolojous fo the Povicare dudd of kI[)

We will prove e /a,r‘e/, but for now we turn to

Th*¢:
T) Am/ Y-manifold witt a lefschetz /oe/lc.i[ (suo& that each

wreducdle. co»}Ocmem’— of eacl ﬁéff mfersects
the base locus non-trunlly) has a sypmplectsi
Structure with fy»y/ecfZé hbers




L) A $-manihld M weh a lefschetz hboratron has o
5ym7olecﬁc' sty ucture. with syhgﬂ/ecf't? ﬁfoefs
P

a genesil hbe s non-trivdl o HLMR)

M" 1) There (s a hyﬁ@/ Aweqsiona| rerswon of this
bat a bet omplicated o state
2) i case I) can let base be any surface S
not jest $%as i case I)
(acte: def? of lefschetr fbration works here)
3) 14 case ), hAber nou- trisial (4 H,(m; 1)
wnless (} 7" and no critiiol /ozv;.f
[/b/ T4 same Oryf' as for 'Fl'ém‘fZDMf, 75/

C/[ﬁcaf /00(;;13 wnszZ/e/ u/Aa;/-we, kmpv
about— el pteC Fbrations)

ﬁfac?’p’
et (TB) be a ZeﬁCAefEPQACI'/OfM ovey S=5° (I)
or a Lefschetz Fhmpion of M over a sorface S (1)

1 both cases a f éz/ ﬁ/e/ s a 50/74«6 z
denote: U (x) by Z;c for #€S

s0 Ly s @ ~' oom,oona/zfs
of Z,

z x’(f‘da‘/ T, * crifical

Stepl: Jye HL (M) 2+ S >0 VY T “Componsuts " of Z,
Step 2 Dehie -fwwt near base locus B and citical ponts e, ]



Step 3¢ Defwe form near hbers
Step ¢ Patch forms above fogether fo et swigulr 57n,o/&ﬁé Stractusre

5f_c£5-'- Alter form near B 1‘0731‘0'@5//'@7( S/mp/ec hc siactwe

Proof-of 1:
case I) let o= Poncare dual of sz], x roulos valve

now (F ZCZ , then ZaZ, *F shsef- B

and all N pts 003(BUS 50
Szx - L-Z>o0

caseIT) let KEH (M) st {2, T5]> =1, for x regular value
(ok siice [Z]%0)

i+ x cx[hc'a/' le =E{ v2, aud fo, say z
&, Zy=0
then note
L, I =1 (recalt L2 Wfl/ﬁ’/ﬂ[[y)
s0 et & = o + cfomcare Dal[T]] some small ¢
now L, Ly = LTyt c (ZT:) = 1
{27 = & TY+c(T, L) =c»0
L) =X, Tu)-4Z, L) = L-e70
Nz In]

Iafoo-pan 5. (2o for otte, Sl'y\yu(a/' hbe s ‘(‘Do)

et U, be wbhds o powts by € B from Letuition of
lefscbete Fencl

Vl L ‘it el polc/-lfs < \\

and set V=(UUZ.> 2% Vz)




dlefme W, v be Ogpf 0N c* vsilg coord chaosts
7@/ (jl G Vz'

note: @, s symplecti on L, AV Vy

P/‘DO‘)C o-F 3:
'va‘ eac}n yés /&f C\)Y be o sym,o/ecf?é ﬁ/m on Z-Y.
that extendls 3, on Z,nV andd [y nof necessasily mooth 1 y)
52’ “ D([Z) vcowwo«/ze,qf-s Z-C—Z), (m[jh{' need to shrwbk \/)

we now %‘(%nc/ Q}' +o ¢ M%/ \/Y o?LZ;, as a closed 2-torm ?)/
for the let 7[},-' —>2, vV be o retvaction Vhot s
wfem‘zi& neor Bu f¢{

ar b€l [T
near b RTINS

set 7Y= 70; (C‘))(Uwv)

by 0/10051-4'7 $m4//e/ né/m/S oF necessary Cacn assome
T &, €S a ué/ra/a"[)/ st l“/y =T(Y) vy
and no crittal po::r;ﬁ’ W - Z';,

ond (/Y contruc fzé/e_
and V' z¢ (/7 , ’7), /Za ('5. 5ym/éa$£
[ 5méc ﬂon—d?eq@mc/ S opan Conéll'fz'am)

Froof of t: let T be a 2-form representing o
(% 3I,,) (5] = «(&)-<1z)=o



Sidce Hilk/y)":’Hz(fy) we see 7)’—5'%:0 1 Hz(%)

~d G st des ,3'1&,7

A & haite numlbe {Uyﬂ_,_ Uyk} of UY &ou&ulgf S

ot d(6:8)= -3 )-(7-%,)

u

©,- 0, neer B
= 0

i aphd of B £ st A= 6,28,
[ cot-ofF 1, outsile ﬂma//né/z/) /‘C/étce’ 9,,1.

with .-
0 we tan assome G 6, 14 wd of B V7,
let {p} be a partstion of unsdy svbsdiote to fU]
see Y= S+ o{'Z(ﬂoT)@Y[ on M-8 |
Yl 2 hom ond Uy ymplectic Vy €3
near B, 7= j"’o(Q;°= fw;yo—f}% = 7,7
“ Y can be extended over B by oo,

near critial powrts of T only one p 0
’7: S-«-pl@;i‘-'- W, nreor C/‘df'ltalpo}nf

%0 ? 7[06@5 closed 2—{orim
7//Zy $ ym/decf-zé

N near Bufe} u

5et wf‘ 7f*&35 « Y 20 small Mote: on[y Aehnedd oA
A M-0

arca /:O/M o1 S

).u,S'{' as i ,O/OO‘F ot Theerem 5§ We s 7'1%/241‘22 outsile of V



ﬂea/‘a&/ﬁzznélooz-d"t‘ we havre a chat Cz and € st
W22 = 2.t 25

- )
and co{_-fr 4:-1-{—&3(2_

I*ﬁ J 14 almost Jom/v/'%’ shHh~ on @L andd €
then AToJ=To AT  s1mce T s Mamor/o/lzi

50 W, (v, To)= (Tl ATT)) + ¢ e [v,57)

= W (LT, ThTV))+ t ope (0,74
zZ0 >o f v*o
20 90 GJ{, Mn—a(?ene/m‘f for €20

S0 we are done 14 Case )

near be B we haje a chort C? st
f]]’:(fz- {(o,o)})’?dfpl
(2,2.)— 2 &]

Wf.‘: ’T“w&p, + f’wtz_
" suigular ot (.0)
50 We symp/e;oﬁi, on M-B and a[u'/6785 at B

Proot-of 5

onsider & e.]— &'
u
Szx(o,éo)
X adial coord r

Let L dlenote any C- luie i €° 'Wlfoujél o
now T, ({rfx )z TLO TL™ = L® L™  hee g &5 st

- z
M&‘ﬁﬂc o C

L/)(sts): ,5’ tHere & @ veclor ﬁsé( U e/““';‘j
S —acton on ol {rix5'

let I be |-fom on C* ftao)S sf. (5[1’):l
and g(r+3)=0



on any L, //era'
$o c‘)‘,z/Lﬁ /‘O(/AK/L:O((JL'IJ’)A(G/L
now T,({3x5%) 7 L3@ spanfv]

s0 T, = .. on L7 (b, deburib. Oy
00}{,3)‘53 C }/ C')Lwtt on O7L &'p)

note. Toluwolt by r)= T

so (mole by/)“o T = T*  aad é«://f éy/)ka(hg: rdx
(M(//f’ A//)#O(y? 5//y,—

= b (T %)|

. onN L_L [ T‘KC\)G/I/
fr)xcs’

/ (A
fi} xs

> —_
avl&( oA L} [ QC/I = 0

%ﬂa M—/ we hare

Gaz T, +d (A

thus Wy = THa, +€ Cg

= (,.,.{-/'-)77"&)0,, + ¢ /[é"z)'tﬁ
o we set R= |« tr® +they

W, = REm* CJC/,, +d(% R oy

l{
0 on b —},o} L, S;ﬂn//eabm//ézj ‘= wcz on

14 £ vswig R coordutant-

- Can 5lue 3: to M-B and extend e over BI‘I
by (4?67_ ﬁ



