
VI Contact structures and symplectic cobordism s

A Contact Structures

a contact structure on a manifold M
" "

is a hyperplane
field T

"

CTM such that for each point pen

there is a I - form x defined near p such that

} = herd

an @L )
"

=L O I means never zero )

note . if a
, p both satisfy her 2=3 = kerf then

F a nonzero function f such that x = f B
1- I

so add a )
"

= f
"

p n @p )

thus if n is odd } defines an
orientation

on M !

( even it 3 is not orientable ! )

if a can be globally defined we call 9 co - orientable
icall t a ( Tmz is I - dimensional and a orients this )

contact form

when M is orientable
,

this is equivalent to 3 being orientable

when M is oriented and n odd we call a contact Str

} positive if and a
"

defines orientation and otherwise

negative ( it is common for contact str . to mean positive
contact structure )

exercise Show da defines a symplectic structure on 3

I note if a -

- f p then dxlg= fdpl
, so a contact structure

has a canonical conformal symplectic stature )
"

contact str odd din 't analog of symplectic str
"



examples
1) given any manifold M

let X be the Liouville form on T
*

M

a -

- dz - X is a I - form on T
*

Mx IR such that

f- her Idt - X ) is a contact structure

Remark T
*

Mx IR is called the I - jets space

of M and denoted J
'

IM )

2) IR
" "

= T
*

IN
"

x N has the contact structure

9
see

= her ( dt - X ) = her ( dz - I yzdx ,
)

:e¥t¥
- y

T contact planes tangent to y - constant

and " rotate
"

in a left handed way
2h

3) If ( Mio ) a symplectic manifold with boundary

and v is a vector field defined near 2M

pointing out of M such that

Lu w = w ( symplectic dilation )

then low is a contact form for 2M

70
indeed w -- Low = I #tdcvw

and

er w
n

= n Krw ) n w
"

- '
= n flow ) n @cow )

" - '

Remark : So contact structures are a type of str
.

on the boundaries of some symplectic manifolds



it M is compact we call it a symplectic
filling of GM, her Ivo )

e.g.

let 5 " "

c G
"

be on it sphere
note o -

-

ELk¥+4
. Fyi is a symplectic

dilation of w = Edxzndy ,

So a = Ir WfHEx. dye - Y, dxe) Ipa . ,
is a contact

52 n
- I

form on S2 n - I

and ( B
'

? used ) is a symplectic filling of ( 5 "

? hera)

What does the
"

contact condition
"

mean

Frobenius Th '

let M
"

be a manifold

D c TIMI be a h - plane field

D is integrable ⇐
D is closed under

Lie bracket

Recall D integrable means V p EM there is a h - denier science I

manifold Eh St . p
C- Eh and TIK =D

,
V x E Ik

if D is integrable then M has a k - durie foliation
( that is M is the union of images of injective coiners coins

of h - manifolds set.
each point has a nbhd = 1174112 " - k

where k - manifolds go to Nh x Spl )

being closed under Lie bracket means it one END ) CHIM)

then [ v. u ) E MD )



it D"CTM
" "

and D -

- herd for some I - form x

then for v. u e PCD ) we have

da iv. ul = v. attu.at?aCcu.vD
=

- L I Euclid )

So [ V. a) ET ( D ) ⇒ da ( v. a) = O

thus it D closed under Lie bracket Chen dal D= O

so 7- her L a contact structure is as far from

being integrable as possible

some people say a contact structure is a

" maximally non - integrable hyperplane field
"

exercise

it Iceni"

,

'

I ) is a submanifold and

TI "
c3× t x E -2

then show Tx -2 Isotropic
in X× ,

da )

where 7- Kera

so k E n ( recall
,

this means TIL c Tx It da )

we call such a -2 an isotropic submanifold

and it ten
,

Chen -2 called a Legend rian submanifold

examples .

) recall for any manifold M
,

the I - get space J
 '

I MI = The XIR

has a contact structure

} = her ldz - X ) where X is the

Liouville form

given f : M → IN the I - jet of f is

j If ) : M -7 J
 '

( m ) : x to I dfx
,

text )



note . y
' Iff I de- X ) = df - df

't

y -

- df - df  = O

so Pf = image ( j If ) ) is Legend rian !

exercise : a section o : M -7J
'
C M ) is the I - jet

of some function ⇒ ol m ) Legendre
-

an

Hint let  

Tiz : JIMI -7 R be projection to IR

consider f  =
 

Tizoo

Remark a It order PD
.

E
. on M is simply a function

F : J
'

IM ) → IN

an a solution is a function f : Me IR set
.

Fo y
' (f) = O

or more geometrically a solution is a

section o : M -754Mt set
.

1) Fo 0=0

→
27 im lol Legend ricin

Lie used this to solve PDEs

2) letM
"

be a manifold

let P*M= M -E) In
,

be the oriented project
- vised

cotangent bundle

here Z is the zero section in T*M

and the positive reals IR t just acts by molt
.

note we still have IT :P
't

M → M

let 3=1 re Ty ,
( PM : 2 IT

, D= o }

here a E T*M and Ca ] is equivalence
class

exercise

1) show I well - defined hyperplane field
n - I

2) fibers of  Tl are S and tangent to 7



we claim ( P*M
,

3 ) is a contact manifold

one way to see this is note it g is a Riemannian

metric on M I so induces metric on Thr )

and U
*

M -
- { a ET

*

M : Hall
,

= I } is the unit

cotangent bundle then the projection
P

T
*

M - Z  → u
*

m

descends to a diffeomorphism
P

P
't

m → u
*

m

now if V ET
*

M is the
" radial vector field

"
in

each fiber lie
.

in local words q,
on M and

% , pi on T *

M

v -
- I p , Fpi )

then Lu DX = d
Liouville form

V also transverse to U
't

M

so from example above

as lard Intern
is a contact form on U

't
M

exercise : Show p : P
't

M → U
't

M

maps 3 to her a I = : I
' )

so ( UM
,

I ' ) depends on g but is contact morpho

if diffeomorphic preservingto 1PM.
3) which doesn't ! ( contact structures )

exercise .
U

*

IN
"

is contact morphia to it
'

l s
" ' I



clearly if f : M → N is a diffeomorphism then the induced

map
"

f
't

'

! p
't

N → pin a contact morphism

the contact analog of an earlier question is

Major Open Question :

are M , N diffeomorphic
⇐

P
*

M and P
* N are wntactomorphci

Remark . maybe nicer than symplectic analogsince
P

"

M

compact I when Mis ) but T*M not

As side . recall the metric g induces a bundle isomorphism

TM → T
't

M

an :
.

an isomorphism
¢

UT

-97
U

't  

T where VT unit tangent
bundle

exercise : is it X.Is herd) a contact manifold
, F ! vector

field Xd such that

↳add = O and 2Nd = 1

Xa called
a Reeb field of I

note : Xd AT 3 and flow of X
, preserves I

y Show a vector field v on ( Mil ) is a Reeb field ( for some a)

⇐

v ht I and flow of v preserves I

So Xluxm gives a natural flow I Reeb flow) on U
't

M

Recall
, on

UMthere is also a natural flow
,

the geodesic flow



Ee : um → um

v i→ ri Itt where Tv unique geodesic with

Volo ) = Tlv )
,

Tito ) = V

Fact log intertwines geodesic flow on UM with Reeb How on M

lots of information about g can be seen from geodesic
flow

,
so it can also be seen from the contact geometry

of U
*

M ! Arnold
"

contact geometry is all geometry
"

now it S c M a submanifold of dimension k

let L
s

= { HI E P
't

M '

. ahh -

- o to c- Tams }

this is the
"

unit
"

co normal bundle of S
-

exercise .

1) Ls is an S
"  - h "

- bundle over S

so doin Ls = n - I

2) Ths C 3 so Ls is Legend ricin !

3) it s and s
'

are isotopic in M then

Ls and Lsi are isotopic through Legendrian

submanifolds in P
't

m

Remark :

So we can use invariants of Legend rian submanifolds
to construct invariants of smooth submanifolds !

e.g .

Knots Kc IN
'

are completely determined by Ls in

UM = O
'151

and there are invariants of Legend ruin submanifolds
of J

'

I 5) that gives a complete invariant of knots !



B
.

Local Theory

That
.

. M
" "

a smooth manifold

. N CM a compact set with a nbhd U

that strongly deformation retracts to N

I e.g .
N a submanifold )

• 30,7
,

be contact structures defined near N

To = I
,

on TM In

if n > I
,

then I q set
.

3
,

-

- herd
,

and

do =L
,

and dao = da
,

on TM In
Then F a diffeomorphism t : M → M fixing N

isotopic to the identity on M ( rel N )

St
.

f
't

w
,

= Wo on some nbhd of N in U
.

Remark Proof very scimitar to proof of Th ' II
.

I we leave it as an

exercise ,
as well as the following .

Cor 2 ( Darboux Tha ) :

2h

Given any contact manifold ( M I) and p EM
,

there is a

neighborhood U of p contact morphia to neighborhood
1- I

of the origin in ( IR
"

,
7 std )

So we could have defined a contact structure to be a

hyperplane field locally modeled on IN
" "

,
I sta )

Gr 3 ( Legend ricin nbhd theorem ) :

• (M
. 3)a contact manifold

. L c M a compact legend rian submanifold

Then L has a nbhd in M contact morphed
to a nbhd of o - section in I J '

CL )
,

7- her lot - H )



Tha 4 I Gray 's Tha ) .

•M a manifold

. It
,

te So . it a family of contact structures that

differ on a compact subset C CM

Then there is an isotopy Ye : M -7 M such that

YE To = It and

Yt = id off of C

now given a contact manifold (M ,3) with 3 w . oriented by v E HIM )

let S C MM) = I a e TIM : x em
,

her 4=7
,

a
× lol xD > o )

then DX is symplectic form on SCM , I )

51mi ) with form dx is called the syrup tech Eaton of ( Md )

to see DX is symplectic on SCM
. 3) we choose a I - form a set

.

7- herd

and define to : Mx M → T
*

M

⇐,
x ) 1-7 et a Cx)

exercise .

i ) 4 is an embedding
2) of DX  

= d Ceta )

3) d les ) is a symplectic form on IRXM

we also sometimes call ( Rx M
,

diets ) ) the symplecfizatiou
of do) ) ( but note the original def '

only depends on CM
.

3 ))

exercise : If a
, f are contact t forms for 3 and a -

- fp ,
f- so

then
y : Rx M → Mx M :# x ) t I Zt In Axl

,
X )

is a symplecfomorphism from (Rx M
,

d legs) ) to ( Mx M
,

delta ))



Clearly it 3) is contact morphed to LM:3 ' ) then

SIMM is symplectomorphic to SCM :3 ')

Open problem
.

are 2 contact structures 3,3
'

on M contactor orphic
⇒

SIMM and SIM
.

I
'

) are ( exact ) symplectomorphic

Remark Sylvain Court showed I C Md ) and LM:3 ') where M is net

diffeomorphic to M
'

but S ( Md ) is krait ) sympl ectomorphic to Knit )

If IM
"

,

w ) a symplectic manifold with boundary

and v is a vector field defined near a component
C of 2M such that

Lu w = w

then we say
C is convex it u points out of M alongC

we say
C is concave if v .points into M along C

as discussed earlier a = Luol ,
is a contact I - form on

C it C is convex and on
- C it C is concave

THE 5

let C be a convex ( concave ) boundary component of CMO)
,

V the associated vector field
,

and a = low Ic

then I a nbhd of C in M symplecfonrorphic to

( C - e. 03 x C
,

d let )) it C is convex

( lo , e) x C ,
d les ) ) it C is concave



exercise . Prove this ( almost lui mediatefrom That III. 1)

Tha 6

let (Mo
, Wo ) have convexboundary component Co

(M
, ,

w
, ) have concave boundary component C

,

let

to
be the inducted contact structure on

Co}
,

" "  "  H  - C
,

If I a contact morphism to :( co
, ! → t 4,3 .

)

then there is a symplectic structure w on

Mo U Mi /
× e Co - told Eli

such that w/
n

.

-

- Wo and off of some nbhd of

C in Mi
,

w = hw
,

for some constant k

So we can

"

glue
"

symplectic manifold together it the

contact structures on their boundaries agrees

Remark . Many of our previous constructions can be proven

using Th " 6 leg .

blow - down
,

blow - up ,
normal sum )

Proof

let y be vector field from def of convex I concave

and 4 = l
v. write

,

so 4*2
,

= f do

if we scale w
, by a constant then a

,
also scales

so I so k St
.

OH ha
,

= } do with In tg KO



)
I

Inc.ae#nI ⇐x I
!,

I

( ( 2-  t In } ,4h) )*
adean,

by Tha 5i
we can now use do to glue (Mo

. Wo ) to I and

.

oh and I to glue I told, hw
,)

E#


