
D. Handle body Theory

an n - dimensional h - handle is

hh = Dk xD
"  - k

Bh
•

hh
Set 2h

" =DDh ) xD
" - h

attachingregion
2 +

hh = Dk x @Dn
- h)

%aEaz.gs mere
on

Kh
-

- 103 x Dn
- h

w . core

/ 1/111 / /
M

B
"

= lol x XD"  - h) belt sphere

given an n - manifold M and an embedding
to :3 - hh → 2M

we attach hh to M by forming the identification space
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Remark :

1) In all dimensions attaching a 0 - handle is just

taking disjoint union with D
"

2) In all dimensions n attaching an n - handle is just
' '

Capping off "

an S
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boundary component .
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Remark : Note when a handle is attached one has a manifold

with
"

corners
"

there is a standard way to smooth them

out ( see Wall
"

Differential Topology
" )

exercises .

i ) if 40,0
,

:3
.

hh → JM are isotopic ,
then the result of attaching

a handle to M via Go is diffeomorphic to attaching a

handle to M via oh

2) the isotopy class of pit .

hh → 2M is determined by
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Ah

( Ah -

- Sh
- '

x lol )

he
.

ask " knot wi In )
2) the

"

framing
" of the normal bundle of 4(Ah)

i.e
. an identification of v lol CAN)
with Sh - '

× Dn
- k

e.g .
notice that s

'
xD

'

has an integers worth of framings

S
'

xD
'

# s
'
xD

2

(4. Hot ) t lol
,

Cr
,

at no )



⑤"
→

3) more generally show the framings on a h - dimensional

sphere in Y
"

is in one - to - one correspondence

with in I O I n - H )
T din of normal bundle

so we see to attach an n - dimensional h - handle one must

specify it an Sm '
knot in 2M and

2)
" ett " of That 01h - m )

T
to really get such an element need a

canonical "

Zero
"

framing
A handle decomposition of an n - manifold M is a sequence

of manifolds Mo
, Mi ,

. . . Me such that

1) Mo = 0 and Mi M

2) Mu ,
is obtained from M

; by a

h - handle attachment for some h

example .
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Any smooth compact manifold has a handle decomposition

a brief sketch of the proof goes as follows
.

recall a Morse function

f- : M -7 IN

is a function all of whose critical points are non - degenerate
2e

.

if p EM a critical point ,
then in to call coordinates

about p the matrix (32¥:p
, ) is invaluable

exercise 1) Show p is a non - degenerate critical point off

⇒ df is transverse to the zero section of  T*M at dflp )

2) Every function f : Mt IR can be perturbed to

be a Morse function

3) It p is a non - degenerate critical point of f : M -7 IR

Fundamental p
then I coordinates about p such that f takes

lemma of
the form

Morse theory f I x
, , . . . , xn ) -

-
ft p ) - Xi -

. - .  - XI txhei . . .
txt

k is called the wider of p

Main Th 'd of Morse Theory .

let f : M -7112 be a Morse function

I ) it [ a. b ] contains no critical values then

f-  ' ( Ea . b ] ) = f -  ' la ) x I a. b ]
T manifold since a regular value

I ) it 3 ! critical point p c- f -

Y la ,
b ] ) St. .

fcp ) E Cab )

then

f- ' Haid ) is obtained from f
-

Ya) x Ea
,

ate ] by

attaching a h - handle to f
- '

La ) x late }
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Remark . handle decomposition theorem clearly follows

Idea of proof of
"

Main Th '
"

:

I ) let Iot : M -7M be the ( normalized ) gradient How off

then f- '
la ) x so

,
b - a ] → M

( p ,
t ) 1- Effs) t t TT TP

is an embedding out f-yga.gg,
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I ) let U be nbhd about p where f has the form as in exercise 3

above in U we
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this is essentially a h - handle attachment

exercise : finish proof of I )
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Weinstein Manifolds

given a function to : Mt IR we say a vector field v

is gradient like it

v.

428C
Hull 't Ild 4112)

g g

for some S > O and some metric g
this means to is increasing on f- towlines of V

and V -

- o ⇐

Hdolkg
= o

let p EM be a nondegenerate zero of V

Set Tptm -

-

span { eigenvalues of CP)) have Ireal part }
in local

let Ye : Mt M be the flow of v ( where defined ) words

let W
"

Cpl = { x c- M set . I'Is ± ,
4th =p )

W
-

Cp ) is called Are stable manifold " points flowing to p
"

W
-'

(pl u " unstable manifold "

points flowing away from p
"

exercise Tp W
't

Ipl = Tf M

eat : l

"in" " " " " " " " " " "

"
 "  "  " "

so core of handle part of Wtp

WE co - core part of w
-

p←wt
p

a Weinstein manifold is a manifold m together with

1) a Morse function to : M -7113 with boundary

being regular level sets

2) a symplectic structure co

3) a vector field v that is gradient like for 0

and expanding w he
. Low = w )



exercise .

c) Show Lvo -

- o ⇒ 4¥ w = et w where Tt How of v

and if 7- cow then 4ft 2- et X

lemma 7 .

if (m
,

d. wir ) is a Weinstein manifold and p a critical

point of 4 then Wp
-

is isotropic

in particular,
index Ip) s n if dim M -

- 24

Remark This implies M can't be closed

( find another proof of this ! )

exercise Under hypothesis of lemma showWpt
is co isotropic .

Proof . We first note we can linear ite V at p :

A  =

"

doin
' '

:Tpm→Tpm( in local words v : IR
"

→ N
"

( really IR
"

→ Knew )

p -

- O X 1-7 l x
, ycxl )

dot To IR
"

→ To Mn )

note the How Ye : M → M induces a flow dte :TpaTpm
exercise . c) This How is given by on ett no

2) A  = ( 3¥ ) in local words

so I eigen spaces of A are

TIM
now we see for u , we Tp

-

M

Ew C u
,

w ) = Ye
't

w Lu, w ) = w ( d 4th)
, dytcw )) = u ( eAtu

,
eat w )

RHS
. is bounded since a. w E Tp

-

M so
wcu.ir ) = O

re
. Tp

-

M is isotropic !



exercise . if vtT×W
-

,
then @4) xlr) → 0 as t  → x

Hint
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-

is negative ( now consider 4+045 Ystt )
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now if u C-Tx W
,
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"
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Ahh has words 9, . .  . an

T
* Ahh u it

q ,
. . . q pi - - cpn

1122M
- h )

v  '  '

X. Yi ,  
- .  - Xu - h

,
Yu - h

set w = ¥
,

dqrdp , !
,

chardy ;

" E. tram.

-

a. ⇒+ IE.ie#eaEd
note Low  = der w + cutoff d ( ¥

,

-2prdq-qdp.tt?!x.dy,
- y ,did

= I dqrdp ,
t dx

, ndyi = W

f .
- ¥

,

@i_tzpii-hyEECxieyiIsodfCvl-LI-2qdqtpedpitIEXzdYzty.dy
, ] ( v )

= [t2pi+29,2t ¥ xieeyi 70 if Veto

So v is gradient like for f



f-
 '( g

convex

atry→ ←

→ ← Pi¥¥÷
. .

I . . .

9mi ' Ii ( H
,
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,

f ) Weinstein handle

" t

z
. Hhhas an induced contact structure

and 2 .

Hhn I pi -

space } is a Lege adrian Ah = Sh
- '

2) We can choose a model for

Hh
so that in 2

.

Hh is

contained in any preassigned nbhd of Ah

I

\
Ah④1/1/11

enbhdahI
now let S be an isotropic submanifold of (M

,3)
let a be any

I - form Sf.
7-her L

dal
, symplectic ← recall Tsc Tstdd

Set

CSN
( s ) = ( Tst " )/yg

dx induces a symplectic structure onCSN Cs )

and a different contact form for I would induce

a conformal symplectic structure onCSN C s)

so C SNCs ) is called the conformal symplectic
normal bundle to s



note .

TMI
; 3 ④ TMG = ( CSN C s ) ④ Ts to Ytst ) IR

IR spanned by a Reeb vector field

exercise T I T * s ) = TS to 3 list

So the only part of TMI
,

not determined by S

is CS Ncs )

lemma 8 I Weinstein ) .

2h

let (M
. ,

w
, ) be a symplectic manifold is 1,2

Vi an expanding vector field for Vi

I
,

a hypersurface in Mi transverse to Vi

( oriented so v
, positively transverse )

let I
,

= Ker ( in well
,

be the induced contact Str

and A
,

an isotropic Sh

Given a diffeomorphism to : A
,

→ A
,

that is covered by
a bundle isomorphism C Such → CSN CAD

F neighborhoods N
,

of A
,

in Mi and

an
extent o is of lo

to a diffeomorphism

OI
: N

,
-7 Nz

such that
,

§
I N

,
n -2,1 = Nan Er

2)

I
't Cry4g! = Lv

,
4 le

,3)

Et
wz = w

,4)

Ex
.

I 4) = Ve

Proof . let di law .
I -2 ;

be the contact forms on Ei



Claim . F neighborhoods I
,

C -2
,

of A
,

and a

diffeomorphism I : NT -1 NT set. I *

a =L
,

giventhe claim
,

recall Tha 5 gives an identification ( using floor

of Un ) of a nbhd N
,

of A
,

in M
,

with

( I - E. c) x NT
,

detail

since I preserves a
,

we can extend I to I : N
,

→ Nz

Set
. I

*

we w
,

and by construction it - 4) in

theorem are true !

Proof of Claim .

Step I . I a hypersurface Ri  = An x D
"  - h -2

such that

a) 3
, target to Ri along AE An x lolb)d di symplectic on Eic)E

,
ht to Reeb field Xd

;

to see this note the normal bundle to A
,

in 3
,

is

vi. CSN I Ad 3
' Itai

let R
, be the wi age of a nbhd of the zero section

in Vi under the normal exponential map

C use any metric )

note : R
, satisfies all properties !

Step It : F a symplectomorphism 4 : I Rudd, ) → I Ra
.

dad

Using the identifications of the CSN bundles in
.

the hypothesis and the fact that A
,

is isotropic in CR
, ,dg)

we can build a diffeomorphism R
,

→ Ra that

takes da to dha along A
, ( this is small extension of

the argument in Cor II. 5)



Th ' II
.

I now says we can csiotop differ to be

a symplectomorphism is a nbhd of hi

Step II. Build desired nbhds In and I : NT → NT

Using the Reeb vector field Xq build a nbhd NT of Ri

in -2; of the form f- e. e) x Ri

extend 4 : R
,

→ R
,

to to : NT → The

since the Reeb flow of a preserves da
,

we see

of I dat da
,

also
of

't

a
,

=L
, on T -2

, In
,

( have same kernel
and eval same

on Xa )

we now build an embedding

fi
: N

,
→ N

,
such that

i)
f

,

= id a
,

t
might need to shrink

Ii )

FYI
to

't ad = d
,

so I = loot
,

is desired map

to build f consider

Be  
= a

,
t tf Hq - a )

note Be is contact near A
,

( so on N
,

if N
,

small enough )

this is because et A
,

her pikers ,

and d pie
= old

,
on her ft is sympl.

i.  . dpt sympl. on her Be near A
,

now d I 4*4 - a) = O and

4*4 ,
- L

,
= O on A

,



:
. F some function h : N

,
→ IR set

.

dh = - ④a - a
, ) and

h = O on A
,

if Xt is the Reeb vector field of Be

then set ve h Xt and denote the How of

Vt by ft

now da ftp.e-f-ELLqfttddtft )
z

O

= f I ( dive pet¥ .

- dh )

= f
't

( d h - dh ) = O
t

: . tipi Bo
EH

lemma 9

If ( Mcw ) a symplectic manifold with convex boundary
and 3 induced contact structure on 2M

then for any isotropic sphere Ak - '

in ( and ) and

choice of trivialization of SC Ncr ) ( theyinsight not

one may attach a Weinstein k - handle to M to get
a new symplectic manifold with convex boundary

Moreover
,

it Lmao) was Weinstein
,

then the result

of attaching the h - handle is also Weinstein

Proof by lemma 8 we have an identification

adf.in::



now extend along part of the syrup lectization

THE

glue in handle

Ftt
am

Um
exercise . show everything fits together

EH

exercise . show if ( M
,

w
, v. to ) is Weinstein

,
then M is obtained

from 0 by a sequence of Weinstein handle attachments
as in lemma 9

.

Tha C Ciel ie bak - Elias hberg ) .

2 n

let lo : Mt N be a proper Morse function
,

bonded below with no critical points
of index > n

let 7 be a non - degenerate 2- form on M

H n > 2
,

then 3 a Weinstein structure I w
, V. do)

on M such that 7 and w are homo topic

through non - degenerate
2- forms



We call a complex manifold I M .
J ) Stein it it admits

an exhausting it - convex function to : M -7 IR

exhausting means : to is bounded below and proper

J - convex I a.k.a
. strictly) plur i subharmonic ) if

WE
- d ( dot of )

is symplectic

exercise : I ) J is compatible with we

2) Wp ,
J define a metric go,

It Xp is the gradient with respect to go,

then L×µw¢= cool

I so it to is Morse
,

then (Miwa .
Xp

,
4)

is a Weinstein manifold ! )

3) it EcM is an liner seed holomorphic curve

then lolz can have no interior local maxima

and any
maxima

on JE is not a critical point
( lot is subharmonic )

Tha ( Grauer t ) .

A complex manifold CMJ ) is Stein

⇐

( ME ) can be properly holomorphically
embedded in EN for some N

hole .

EN → IR : Hi
, . . .

, Zn ) t I IZZY

is plur i subharmonic so given M c EN as inthis

clearlyget plur i subharmonic



so the hard part of the theorem is ⇐ )

note it Xc EP
"

is any complex submanifold

and H C EP is a hyperplane

then X - H is a Stein manifold

Tha ( Cieliebak - El cash berg) .

It

IM
,

o
, v. 4) a Weinstein manifold then there

is a Stein structure on M such that its

induced Weinstein structure is home topic
to ( M

,
w , vid )


