D /fand/eébdly meo/'y
an n-densional k-bondle is
W= DD ’
See 2 W=0D) D™ attadhiiy vewon
Y b = DR (3p" ) o
AP = (00N« fo) attachrg sphece

Ch—b xfOS tore oM //?"////2/
4

K" = (03 o -core
B2 = fo} FOD""’) belt spe e

jwfn an n'mnt'tco/d M and an ewréea[dmﬂ
¢ 24" = 2

we aflach h/l o M by ﬁfmg,;y he. Lﬁent‘tﬁc‘,qfion Specce
M 1L h*

fre b~ (P e 3 4)

ey Awmension 2:

R=0: i attach
2= s0 SN

0- lmuolk

h='s 7777 b | m‘M
- I*Ltanﬂ//e
h.i_z.." @ o l’|2= O 0 d'ffﬂcé
—Lauo//e.
Rem&/k:

) In all dunengions aﬁ‘%/m'y a O-handle (s just
f-akfny d(g)biﬂr vAicou wZﬂr D"
1) ln all Atriqeﬂ.{[ons N Qﬁaoh}ny Qg /l-—[mhﬂ/@ (s /l-»S"L

“(m//ﬂtéj ofFan §°7 )ooun/a/y Co PN et



Aimengion 3:

A:O! v’
k-:!-. | &1‘&6‘!!;!
Lh=0 9 — /—9j
L"‘"’— )1~ bhaadle
;1L Y
M
h=1: 3 5 L"'- -—— :
ey
(G
L/’ 2 —haudle
;! 7177
M
h=3: v/

—

/?emar/zz /Vo{-e u/hen a /mm//g [_r aﬁ‘acAeJ e Aa; a mam'ﬁ/a/
with Za/nefs ! there o a standa A uay o sSmooth ¥heum
owt (see Will “Diferentsl @o/yy")

CAC/CL e

) oF %,$: 0. h 29M are isotpic , then the veslé of a'{‘@chiy

a Aamd[e, toM viad ¢ s a/t#Z’oMO//‘oth 7o a-/ﬁuéz@- a
hardle o M via &

7‘) e zsofppy ¢ lasg o7£ #’«')_Lk"?D/"f s 0/&‘6/744//)6/6/
1) Z\{ofvf/ class of ¢4\h //41‘; Slvfxfof)
le. a S5 haot i IM)
2) the “‘ﬁ"amwi/o “ of e nowol bimdle of 56/44)
22 an m’/ertﬁ‘tqéq fron 07£ V/ ¢64’&D
W('Fh 5’\"()( D'I—k
€9. nohice that $'%D* tbas an mtegess wortq 0’)£ ’ﬁ’amirfjs

SIXD?. ?n 5 S(XDZ
/¢/lf,9))/——9 (9, (s amé))



@ P

3) More _78/191@4(7 show the 'ﬁ"amay; on a /2-'0//:/1&45('0/1%
Sphe/e m Y7 U 4 one-fo-one (orrespondeace

weth 4T, ( O(a-k))
N e of normal bondle

50 we see o affach an n—dimensonal h-handle one must
specity 1) an " kaot i DM and
2) “elt“ of 7';4( O(n-k)
Q{o rea@«/oez‘ such an elemput need a
canvonciol ‘zero” ﬁ’amiry
A hanﬂ/{e d’eCon?poslﬁOM o7L an A-manitold M 5 a 5e?ue/zce
of manitolds Mo, M, ... My svch that
N M2 and Ml‘é/u
My, i obtamed from M, by a
h-handle attachment- for some K

mmgler
handle aécom,ﬂoflﬁbn; of~ s*

1) 4 o-haudle ﬁ Z*handl)e,

D
Z : ‘; ¥
) @/ o-bhaufle - handle ﬁ

/—7 Gﬁ' —>
Z—hMJ/e W 2 - hande
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| Any Swmooth Lompa cf mandold has a handle decon;m;/ﬁbn

a brief shetch of the pmmc goes as llows.
recall @ Morse function
fMm=n
s @ hncton all of Whose critial potits are nonfa/ejeyzemfz
12 f p eM a crifiéol poirt hen locdll 600/‘0(,,,70[(35

aéaa/z"p the watik _'_a:_'[_'_[p) U mvertalle
9K, 9K

gxerdse: ) Show p U a non—o[efeﬂe/az% crety sl /doz;’zt" of+
&2 Af 15 pansee fo He a0 sectzon of 77y at A(p)

2) E_m)/ Ffunction FiMIR can be pertared 1o
be a Morse Junction

3 H p s a non-deggnente cifof powmt of f: MM
Fundamental - then d coordinates about- p svch that £ takes

lemma of 'ﬂ‘*‘—’ ,ﬁ)
o
MO/jg ‘/’heﬂﬂ/ #[K' ) ...)'X,‘) > .F{/o) - Xlz' "'-X}: +FXA2;:P ...t x:

k is called the Mo%’o

Mai Ta*® of Morse Theory:
let F:MR be a Morse favcton
I) rf' [a,6] confats «ao mf'a'/oe U‘a[ues then

£ (1ab]) = £7'(a) x fa.6]
N vanibold since o /Cfu(a/ valve

I ~+ 3 Cfri"[W/olvz.t" pE £ Z“J’]) st +p € (ab)

he

” £ Y1a8)) G obtawied from £ (2)x[aasc] by
a‘f't‘ﬂc/nh/a a h-bandle +o £ (a)xia+€}




Caample :

cﬁ‘&cﬁ p ”S’
2-hand(e
attach
O Tl—lml | .
—
[t o-bunt ¢ @ _ @
)74

Rewark: hpndle decomposition thesrem oﬂfaféf follow,s

Idea_of ,p/ano;[ Maw T2 "
I) bt §: MM be the (normalied) gradient Fou of +

then  [-Ya)xfo p-o] — M >
(rt)—— 8.0

I cn ouibedig outy F (52,67

L) let O be nbhd aécm‘p where ¥ basthe borm gs i epercesy 3

above 1n U we see
[Rn—k

\\&%IJ\/ “cml(e a‘fﬁ%ﬂe“‘{'
h
> f & f\-‘""? mﬂnmﬂm
/Yi-\ R LY g) S/

kN fteee)

s 15 essentally a h-hondle attachmenr

trercise: Fuash /o/vm[ of I) Y 4



D Wewsteiin //b,yh[p/cfs

jc’u-crl a ﬁnaﬁbrz ¢5M—9K we- saf a yc(for 'ﬁ?&(ﬂf v
l5 ?myfz'enz" Lhe F
veé 28([vi] +:u¢/§)

for some. $30  and some m&ﬁ’ti})
thes means ¢ o mofeasz;t/ oy ftocinsy of U
and U0 (=D ld¢,9=o

let pEM be o me»nd-e?en&zal‘c sero of U
Set TEM = mnf epeavalves of @'%' (9)) have * real purts

(o [Iﬂé
let CLimaMm pe the flow of v (here debred) ceords

let W ()= fxed 55 i H(w =p}
W) s called e statde wanifold “poutts ﬁoa/u/fj fo "

P4 *[,0) Y t( on 5-/69(8 IlWﬁ{Q// ‘;00114"65 )C[ou/@q awa?, ﬁfaq ,o"

grercse: T, W= TSM

.l S 2 T
'F{)‘U .o x',) - x, b ‘kax‘*l*.-.f-xk

s0 wore of lundle port of ll/;
to-tore part of u/;

a Westei manfold i a weanitold M 1—9/@%9/ wekh

N a Morse Hunction MR Wity boundarsy
bewrg /tfu[a/ level sets
2) a sym/h%fz& structure. o

2 a vedor héld o that & 7/&0’(@;41‘ (ke for ¢
o enpandig © (12 L, =)




%e/cts'&:
() Show X{Q:o:@%*(_):efu (/AC/C ‘f/('?C/oc/a/'v'

and F Az (0 then L Ae*A

lerma T
/9D (/‘1, 4’,0,1;—) (5 a Lf/ea/rs{em' mam%u ond p a c/zi"c(}t/

poit of ¢ the, W, i sotrop
(A /ﬁd/ﬁcu(a,; mdex (P) £ n F dwiM=24

Rewark: This wighes M cant be closed
(find anstbe, proof of this | )

ere/usé: Under hppottesis of lemma ghow W,

G tolsotrope.
M" We £rst note we can hieariie U at p:

A= Ao T, Mo T M

(w\ locsl ceords ﬂna //(“ [r\ea[/ R Hﬂ #M )

p=° Xl-—)lx,y(x))

drtor TR -TR)

note the Flow il —m 1odees a fow AL T TM

owesusé VThis flow 5 gloen by T et o
L) A= &) in locol tords

0 —6/9:45/4695(//(- ar= Ti

nol/ w see for u,wéﬁ-/’l

ewluw) = £ wluw) = w(dw 2h) = o(e*y, e*w)
RHS &5 bounded siace wiw éf,—//l 50
€. To M u Gotrepe !

wWluw)= O



QEZ/US:@: l'f U € g(,‘/‘,-/’ﬁen é(ﬁ)x[v‘j — 0 as +—o420
Hint: near p /ea_/ part of @‘f*)x Gn 7; V-
(5 V€9a hve (now congiler ‘be°‘fls:cfs+f>

now/ ffué@b/j{ﬁe.q we have

e, (u)=(7’é A)x («) = Atcr) {W))
m T W™ 5o Gs 7‘4)0,40

. AX(M) =0 L cw=zdA=0 on h/f;ﬁ
\A/Cl;’l 57‘6(;\ hana{ {ej:

conscler R Mo TR un-k)

R bas coonts 9% Q,

n
Tﬂﬂ (Y3 7] 7!"'741 /‘ /‘4
-h)
m‘l(ﬂ “

el

Xy -+ Knoh, Tnh

h n -k
set w = ;z:l A1y, + T drgady;
: ey

R n-h
L (23,- 43) +4Z (30 3)

2=1

o [N u-h
pote: Xy w =, 0+ (S = A Torply g o +4 T xidy, -y, )
u.—‘l ==
= Zd? 1/,1' + Z Jxao(f, = w
(=

f= Z("zﬁz)*' Z(?‘ w,)

0 o) =ZZ'7~?10’47+&0% £ T nlie by ()
Z}Z_m”_'.’z%?' -(-‘l‘-f Y,L-etf:' 70 f vz
So U G5 7rao&e'm" lke for +




fi Hk { - Concave

P4

§(-%)
%% 1y PRV (K,0,v, ) Wepstea houdte

note: )
) _H hes an piduced contact $rAuctue

wad DM p-pacel s a legeadian A"z
2) We can choose o modd 1or Hk 5o that 0 P H' is
contawed 14 047 p/fasg&mfc/ Méha/ o{’ Ak

now let S be aun csobropid scomanitold of (/4, 7)
le¢ o« be any I~forum st T=ker o

Mlly  symplectic | Tse TS
st Csa(5)= (T 5““)/
TS

ol wdes a symp/&ﬁé structure on CSV(3)

aud AHfeent- contact- form #or | would mpZo(ce
a confprmal symplechl structare on CSA/C 5)
so CSMS) &5 called the corformal 6ng//€éz‘m'
norwal bundle to s {




note: 77’1[; f® 77"’/7 = (CSA//5)® 75 ® 3/T5L) ® K

/6144 wa (Wew; 5{(:1:'4):

R spamed éy a Reel vector feld

eresuse: T(T*S) = TS@® I/rgt
S50 e om%l pa/f of T/W/j nof- Adete -miied éf S
15 COMS)

Froof:

Jet (/’42,”«1,) be a symp/ecﬁé raaitld 1= 1,2
v; an eapandling vector el for o

z , G hypersc/rﬁce, M, transkcage o Uy
[orented so0 7, positively truaa Sverse)

let 7,=/<€/[(z; w()/z- be the widwced contmct st
amg/ /l7 an ('501‘7’29/1.6 -5&

Guwen o y{[‘ACCDM@///N}M P /1,"'4/\2 Yhat s covered 6/
a bundle (somorphism  (SAIA) = Cswin,)
| neédréo/howfs /{/; of A in M, and an exteatios of ¢

fo a o/cfféomo//hckm
PN — N,

suclh Hat
) f(/f/an")= Mo T,

2') S,P“([zri"r-)ft) = C‘Ui “ lz;
3) é* CJZ = wl

§) ()= 1,

let &= Ly @ /f'. be the contact forms om Ly




Clawi: 3 neyééoftloaofs /12 CZ, of /1,, Gad a
M—Ffeama//ohisma T A 24 st PN = K,
9u}en e claim, recell ThEs™ gues on (lentsfeation (usl»? Foe
0')£ 4’4) 07[ a nééa//V, o7£ /l.z " /4, V‘ﬂ'l
((-f,chc/l?:, a((gf',(t))
sice fp/efefoﬁ: A, W€ can extend ff-o f/V,—ﬁ/VZ
of. fk‘%’ <, aad b}/ constuctzon )=t w
theorem are trve ‘
Froot of Clawn:
é‘:_zﬁ I:Je Ay,ae/fz//ﬁc(/ K{ =A% D¥ ™™ such Hat
a) 3, target- fo Ry along A= A, < ff
b) de; symplectzi on Z;
) Z, X to Reeb Feld X,
t0 s@e ‘this nofe the normal e to 4, (1 Tz v
V= (SHN® T/

let R, be the wizpe of a nhcl of the #uo sectwn

A \)1- umde/‘ e no/‘Ma/ m,’/auenz‘zé/ may
(vse any m&z‘/@)

note: R, safizfes all ,0/0/?7’5'53",

ST 3 a symplectomorphizm ¥: (R, ot - (R. )
Ufw'if the deatrfiations of Hhe CSV bundles wi
e hy/oo{’/t%é and e fact that A, (s 50k opii @,ﬂ%}
we can buld a ﬂfcﬁ%omaﬁh[fm R, — R, that

tahes ol to de, along A, (¢t &5 small exteusor of
the argument o o T g)



Th2 .| now Sys we Can 20 Atteo fo be
a symectomorphism wi a abhd of /N,

Stepll: Buld desied abhds Ay ond Li47 > 7,
Using the Reely wector feld X, boild a nbhd /l//: of Ry
W 2 of tae form (-€5) xRy
ertend YR, 2R, fo qS.'//:',a,{};

siice the Reeb flon of o, preserves du, we cee

¢ (A= A,
[ -
e ¢, = ¥, on TZ,} (/mre same henel
A an/ ef/a/ Same.
onN X‘(()
we now build on empedding Pt N ek thor
1) f=dy, ,mea# need to Shrotk

77) 76'*’[‘?,0(1—): ol
50 ¢ - pof s deswred may

to boild £ consles
ﬂf'-f 0(“"*(‘#*"(2" Mk)

note: B, i contact near A,
(s0 on VoF A small 5“’0“7‘1)

s is becavse af A, hkes p = ker &,
and o((;t =ﬂ(o(( oA }zefﬂf (s 5}/»}//,
J. /{S(_ SVM/I- onN /(e/ @f— near A\

now o([‘f’lo(,,- )= O and
¢¥"(2' « = O on N,



: d some function b:N,— R st
Ah= - (- o) and
h= 0O on /

F Xp is the Reeh vector held of p.
then set™ Vo= h Xy oud dewste the flow of
e by fe

now ﬁfﬁ*ﬁf: f;(gfvjﬁjfﬂ,@f) o
=7f;(o(lve(sf+9{ofﬁ~/l')

= fo(dh-oAh)=0

76:/5(5 ﬁo ﬁ

[e mma 9:
/7[‘ [/"MG)\ G fymﬂ/etﬁ-c mam-"[Dlﬁl with conver éown/a/;/

and § wduced confacf structice oup M
wen Lo any isotropd §/ke/e A ( 27 and
choie of trwalizaton of SCw( A) (m@‘,{,,-;" ; f‘f net
one may atfech o Wewrstem k-bandl to M 1o yef’
a view symp/enfé mon told o ith Lonver bawm(a/)r
Moteover, F Mo) was Westem, then The result
of atlrhing the k- handle is also Wenisten

P/;JOIC : by lemma 8 we have an Aen é"géaﬁ‘yp'



now extend aéwzj lﬂa/?‘ of the Sym//ezﬁzaﬁbn

onercse: Show W}/Ml;y H75 ﬁfe*ﬂze/-

V274

w: Show & (M, °~’,‘U’,(P) /5 L‘ém‘sﬁ‘:z;:, then M o obtawied
from & by a seqcence of Wewister) havdd b attackmen ts
as v /ﬁm/vm 9.

Th% (Creligbak - E/mséée/j,):
let ¢: MR be a profer Mosse funiton,
bonded below with no critzeal /001;1'[3’
of dex ? N
let ¥ be a wnon-degonesate I- fornr on M
¥ n>2, then J a Wewmstewn structare (v, $)
on M such that Y aad o ace homa-l-o/zé
{%/‘ou]h non—déﬁene/éfc Z- forms




le Ca//a Comflg)( Ma/)hé// [/'4;(7) §7‘€rh /;C 1 F ao/M/'ﬁ
an exL\ausﬁh/f J-conver fuactzon ¢! M-SR

erhavsting means: ¢ s bounded below avd proger
J’_wnma/)( (aka. é—fy-,'cf[7> f/u//}yébna/mon/Z) it
c-d (dpeT)

5 5ym/7/ecﬁ;

ereruse: 1) J s comptible with @y

Y Wy ,J define a metri g,
H X & (s the grodient Wity reggect=1o 9
then L ¥o Vg = D¢
[s0 F ¢ s Morse then [M,w¢, Ko $)
¢s a Wewisten Mdnﬁé//.l)

2 .
NF M i an wered ho/amw//z:(, Cuvve
then ¢, can bave no vitwor local maximia

and any W{Ma o BZ s not a Cflﬁ(d//ao[:ﬂ‘

(Flr s sibharmonit)

_TLf w/é/‘aug,r-f):
A wm/%’ panitold AT ) 15 Stew
&
(M¢7> tan be Wmé/ Ao/ama/p/um//
ombatlod 10, €° tor same N

Nofe: c’-R: @,., &) —Z (&
is plorisiobarmomi 5o qun Mc€”as wm A%

c/ea//y 7ef plurisulaharmum L



so the bo A part of the theorenr s (=)

note: F X< " (s any complen somandtold
ard HCEP i a Aypffpéne
then X-H is ¢ St maniold
Th¥ (Cizlieloa k-Clashbesy)
if m, v, qS)a Levistew Mﬁrzﬂ[b(c/ theu ere

18 a Sen Structue on M sueh ThE A~
el Wewnstew stracture s oo z%,pcc'
o (M,eov,6)




