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Introduction

while we don't have a complete classification of

3-manifolds
,
we do know a Lot about them.

we can break them into simple pieces
ze

.

Seifert fibered spaces and

Hyperbolic manifolds

and we have lots of tools to study each of

these pieces
In this course we will

1) gives several constructions of 3-manifolds :

identifying polyhedra
Heegaard splittings
Dehn surgery

2) Discuss the decompositions of 3-manifolds
mentioned above :

Prime and Torus Decompositions
3) Show how to convert algebra into topology !

Disk and sphere Theorems

4) Extensively study Dehn surgery
e.g. Kirby 's Theorem , 3-mfd that are
not surgery on a knot, knots

with

same surgeries, knots characterized

by surgery, loosing &gaining properties
via

surgery - . .



A. Examples and constructions

simple examples
1133
,

53
,
D? -13=5

'

✗ S
'

✗ s
'

,
Ex 5

,
I ✗ [on]

Construction 1 : Identify faces of 3-dim. 'd polyhedra

2D example : every surface is obtained this way

T = 5 T =P
'

T

projective
> plane

at/1,2 IT etc
.

]

In 3-dimensions :

example :
E

?⃝ = →

identify opposite
faces by translation



example :

-

'

i. . -
'

. . . -
i identity opposite faces of
i.

i. a regular dodecahedron
i.
÷
.
-
.

.

iii. . . after a rote of
"

'

"

-

,
.
.

!

÷

this gives a manifold D called the

Poincaré dodecahedral space

exercise : check D is a 3-manifold

(easy for points on interior of
dodecahedron and on faces

and edges .
need to be careful at vertices)

exercise (harder ) :

suppose IT is obtained by identifying
faces of a finite # of polyhedra

1) show I is a manifold iff

the link of every vertex is
a sphere (the link is formed

by taking a nbhd of vertex in each

siñsphx and gluing them & taking 2

eg in 2D
•

⇒

inn* %
,



2) let ✗ be the result of the following
identification

I

>

!

~ I
2 >

n Vu2-
-
-
-

-
⇒ -
-
-

z

"
"
'
'

→
-
-

zi
<
a

"
→

4 4

in
. the quotient space is a

unique vertex and its nbhd is

a cone on
T2

i.e. its link is TZ

so this is not a 3-mfd

but X- vertex is !

3) show ✗- vertex I 5- K

where K= ④
(this is quite hard ! maybe

google ! )

4) show I is a 3-manifold

itt

XCI) = 0
[ Euler characteristic



note : the dodecahedron has has 12 faces
30 edges
20 vertices

edges are identified ui 3 's
vertices in it 4 's

faces u ' ' 2 's

: . we have 1- 3-cell
6 2- cells } ⇒ ✗ (D)so10 1- cells
5 0 - cells

so D a manifold follows from

last exercise

exercise :

H
*
(D) I H* (S3)

but til D) * 1

( extra credit HTCD) / = 120)

example : take a
"

lens
"

~ identify top and bottom
faces after a rotation

through 2%1
where (pig)=

1



the quotient space is called a lens space
and denoted L (pi)

exercise :

1) Show 41
,g) I 53, 40,91 I 5×5

4 Show ai LL Cp. g) ) = ZIP
3) let 53 c Et be the unit sphere
let Ztlp act on 5 by the
action generated by

it9/p⇐ , ,zji→Lei"%z, , e z)

show up, g) E 5%
~ = quotient space

gear by action

a topological space ✗ is triangulate it XEIKI

where K is a finite simplicial complex
the

. obtained by identifying faces of
a finite number of simplices )

in dimension 3 , we are gluing a finite

number of tetrahedra
y



Fact (Moise 1952) :

any 3-manifold is tryinga table and

any 2 triangulations have
"

subdivisions
"

that are simplicially isomorphic

construction 2 : Heegaard splittings
a handle body of genusg is a 3-manifold V

homeomorphic to

YE
that is consider the embedding
of a surface of genusg in

1133 shown above and V

is the compact region bounded

by it
lemma 1 :

M
?
is a handle body of genusg
⇒

Fg embedded circles G, . . . , Cg in 2M

g. f.. 3- disjointproperly embedded disks D, . . Dg
in M St. 2D; = Ci and Ml (fibular nbhd (V D, ))

is diffeomorphic to 133

exercise : generalize this by replacing second statement



with D
,
- - Dg -in disks that cut M into

the 1) 3- balls

we will prove this later , but for now

a Heegaard splitting of a closed 3-manifoldM is

a decomposition of M

M = V
,
v-2×2

where V. ik are

genus g
handlebodies

I = Y nvz = 24=2 Vz

I is called a Heegaard surface of the

splitting , thegenus of the splitting
is thegenus of

-2

another point of view

if V. ik are two handle bodies otgenvsg
and h : ZV

,
→ Dh is a In orientation

reversing ) diffeomorphism ,

then consider
It
, Uh Vz=

Y # V2/p←zv, ~ hip e) Vz

exercise : this is an oriented 3-mfd

we say 4, Yuh) is a Heegaard

splitting of M it
M E V, Un Ve



exercise : show definitions are
"

equivalent
"

(and why
"
-

" ? )

lemma 2 :

given two n- manifolds M, ,
M
,
and diffeomorphisms

hah
,
: 2M

, → 2Me

that are isotopic , then

Mi ✓home IM, Uh
,

Mz

Remark :

1) This is very important and even the

proof is useful as we will see later !

2) this shows that the second definition

of Heegaard splitting only depends
on h upto isotopy

Proof :

let h : {oil ] ✗ 2M , → 2Mz be the isotopy

from ho to hi

and write It :[oil] ✗ 2M ,
→ [oil ] ✗2M ,

(tip )- l t
, h-johlp.tl )

clearly It is a diffeomorphism to- exercise !)

recall
,
3- a neighborhood N of 2M ,

in M
,



and a diffeomorphism 4:[on] ✗ 2M , -7N

St. 411, p)=p c- 2M
,

we now build our diffeomorphism

I'd
→" I ! "
i

¥ :Moh
,

Mz→ m, you, :p ,→{
P PENNANT

4 ° Hot
- '
(p) p c-N

note : I well -defined on Mitt Mz since

on N nMI = to] ✗ 2M
,

H(o
, p ) = hfohloipl-hfoh.CM =p

so 40 Hot
- '
(p)=p

( if you make h constant near 1=-0
,
this is clearly

smooth too )



I descends to give a well-defined map on the

quotient space because

p c- 2M
,

~ h
,

Ipl on left

and h
,
Ip ) c- 2Mz€→ h

,
Ip)

while p
C- 2M,
¥ 4011-04 - '(p) -- To HII.pl

= You , h oh
,
(p))

= hj
'

oh
,
Lp )

and on the right hi
'
oh

, Lp) is identified

to h
,
(p)

exercise :

1) show I is a homeomorphism
4 show

,
with care

,
can assume I

is a diffeomorphism
Hint : first recall or look up why

Mi Un
;
Me is a smooth mfd !

Ett

exercise :

Extend this lemma to show

if A C 2M
, is a compact domain and

hah , : A→ 2mn are isotopic embeddings

then M
, Uh ,Mz I M, Umm

[
maybe check homeomorphic
(unless you know how to put

smooth structure on it)



Proof of lemma 1 :

⇐ ) clear ¥y¥÷?⃝
I remove nbhds to get

i¥i¥F¥= ④ ④

⇐) note if M '
= M - nbhdl properly embedded D)

→

toget back M just glue 15×80.1

back to M
'
where D- ✗ {o, 13

is identified with the copies
of D C 2m

'

so if Fg disks D, , . . Dg iñ Met.

M- U tubular ubhd ID;) I 133

then M = 133 with g copies of D 410,1 ]

glued on along embeddings
of D

"
✗ {oil}

but so is a handlebody ofgenusg !
now done by



Fact any two oriented embedding of a
collection of disks into a connected

surface are isotopic

(maybe try to prove this ! ) ☒-

Theorem 3 :

every close (oriented ) 3-manifold has

a Heegaard decomposition

Proof : let K be a triangulation of M

r.e.ME IN K is a bunch of tetrahedra

glued together along
their faces

let V, = nbhd of 1- skeleton

exercise : V, is a handle body of genus
# edges - # vertiiies +1

Hint: cut along one dish per edge use lemma 1



exercise : Vz= M-F is also a

handle body
Hint : cut along faces of K ink ☒

M a closed 3-manifold , the Heegaardgenusgon) is

91M ) = min {genus (E) : I a Heegaardsfc form }

note : if g (M)
= 0

,
then ME 53

indeed
,
let D= unit disk in 1123

53= unit sphere in 1124

set f- :D
}
→ 53 :(x.y.tt lay,Z , E)

g : D
>
→ 53 :(ay, E)→Cay, Z, - fF5-y~_z→

53= init u ing and iuifninig = STIR> CRY

so g /5)
= 0

now if 4--91*0 (1-12,3)-1 then

53 = ☐
3
uh p3

it h
'

is any homomorphism 5-75

then we claim D
}

Uh , D
'
E D

>

un D
'
E53

to see this we vote

Fact : any homeomorphism to :S
-

→52



extends over B.
3

Proofs : just cone
133 = 5×101 ']/5 ✗ {o}

☒ : 5×10, D/~ →
5×80. ☐In

Cp,+71-7 (Gcp),t)

is a homeomorphisms

now let & = h
- '

oh
'

then 0 extends

to I :B >
→ B

'

and

I

hi
him

h
'

Ip)

Id

gives a homeomorphism

(prove this if not obvious !) <*

now consider glm ) = 1

then M = s
'

xD
'

un s
'
✗ D2

for h : 51×215→ s
'
✗ 215
(orientation reversing)

Fact (see Rolfsea) :

his isotopic to

hlo
,
4) = [ ab Pg ] [F) = (ao -1pct, bo +90)



where aq - bp = -1

if p=0 , then aq =
- l so we can

assume 9--1
,
9=-1 and

410,01--10-1 be - 4)

it b-- O then we have

¥0 ¥0
i
this circle @ = const)gluestoth%

f- const circle

this gives an 52 in M= 51×1545×15

and we get one for each of c- s
'

intuitively weget 51×5

rigorously let f : D=>s2
lay)l→ lay,FxIy2)

g : D2→s2
G. 4) tcx.y-F-x.IT

we get §: 5×1505×15 →51×5
Ct, D1-→ (4, f-(p)

lol
, p)→ Col

, gcp))



easy to check IT induces a

homeomorphism
s
'
xD
'

uns
'
✗D-→ s

'

✗5

exercise :

1) check this

2) check youget 5×5 for any b

(with p=o)

now if p to then

Clavin : M = LCpig )

to see this recall Llpig) is

] glue top
to bottom

with 2T¥ twist

now

this is a torus I

after gluing

exercise :

1) show components of Lcp. g)
-I

are tori and compute
the gluing map h



2) show for any h w/ p to

you get Up ,g)

3) Th IL Cpi 9) ) = Zp

4) Up, g) = Up, q ') if q=±q
'

modp

(this is iff but only if harder)

5) Show Lcm
, g) is a p fold cover of

Ump . g)

In particular
,
all Up. g) are

covered by LCI, g) Elcho)
= S3
t show this !

exercise : show Poincaré homology sphere has a

Heegaand 2 splitting

if I is a Heegaard surface for M separating M
into V

, Uzvz , then

let ✗ be an embedded are in' I

push the interior of ✗ into V
,
or Vz

, say Kfor now, call itI

-•??⃝
note : ✗ v2= 2 dish D

let Y
'

= V
, UN(2) a tubular nbhd of Ñ

Vi =h-NÑ



-±¥÷
note : Nca )= D

'
c- I let D. = D

'
✗ Ipt}

and F disk Dzc V
'

z given by Dnvz
'

now V,'-nb-hdD
,
I V

,
and

Vi-nbhdD~ I V2

so Vi and Vi are handle bodies (check this if not
obvious)

we say I
'
= 24

'

is the Heegaard surface obtained

from I by stabilizing
exercise : show stabilization

, upto isotopy, is independent
of a or whether interior✗ pushed into Y or V2

Fact :
any 2 Heegaard splittings ofM are isotopic

after some finite number of stabilizations
( think about how to prove this )

construction } : Dehn surgery on links

let M be a closed 3-manifold with

T C 2M a torus

a Dehn filling of M is any manifold obtained

by gluing M and 5×15 along T and 215×15)



2.e. M v s '
xD
'

= MI s
'

xD]$
p
c- 215×15) ~ 4 Ip)

Where & : 215×154 → T is a homeomorphism
denote this by Mlg )

lemma 4 :

the homeomorphism type of MIA is determined by
✗ =D Iµ) up to isotopy, where µ = {pt} ✗ 215

t
meridian of s

'

✗ DZ

Proof : S
'

xD
'
= I XD

'

v I ✗D-

÷ ÷
he hrs ⑦ s

'

xD
'

" "

nbhd of rest of

{ pt} xD
"

s
'

xD
"

h2

suppose ¢ ,
and 102 : 215 '✗5)→ T set .

✗
,
= HIM ) isotopic to ✗5-01dm )

so isotop 9 , so that &,=$z on hzn 215×15)

define a homeomorphism
Muti → my.li4

,

by the identity map

to get Milo, ) need to glue h
'

to Mvp
,

h
'

by 4
,
on his (25×5) and the

identity on rest of 2h3

denote this map by To, : 2h
>
→muqh

'



¥
and similarly for Milord , E : 2h

>
→muq.li

so we need Tojo 0T : 2h3→ 2h3 to extend over 43

recall
,
above we saw any

homes
.

of 5=24
'

extends to 133=43

so 1- I :b >→ h
'
that extends 4%05

now

Milo,) -1M¥
'

) ugh
}
→Mlk )=(Muqh4¥i

p Icp)

is a homeomorphism
☒-



exercise : show that for any simple closed curve ✗ CT

thatdoesn't bound a disk I a homeomorphism
10 : 215×15) → T such that to(a) = ✗

so Dehn fillings determined by a sec. ✗ CT can

denote this by MIN

given a basis X
,µ for HIT

"

) any simple closed

curve ✗ c TZ that doesn't bound a dish is

represented by
[x] = ± (a 7 + b.µ)

for a pair of co -prime integers a.b

exercise : check this

thus non - trivial s.c.ci on Tare in one - to -one

correspondence with
Qu {no}

✗ → bla

so it we have a basis for Hft) then Dehn

fillings can be denoted by Mlb/a)

Common situation : K a knot in M
}
(K= image of embedding

s
'

in MY



let NIKI = small tubular neighborhood of K
E S

'
✗DZ

MK = MINI

1- = 2N(K) c 2Mk

then Dehn filling TC 2M ,, is called Dehn

surgery on K and is denoted

MKH ) or Mklbla )

note : in T we have the curve µ = {pt} ✗ 25

this is called the meridian of K

any curve X C T
,
withµ, forms a basis for It, it

is called a longitude for K it is also called a framing
note : infinitely many longitudes ✗ + nm any n

c-Z

given a longitude we can express Dehn surgery
using ④ u {no}

note : Mk (a) = Mktµ) I M !

exercise : if K is null- homologous in M then

F ! simple closed curve 7 CTCZMK

that is trivial in MK

moreover ,
X
,µ forms a basis for H.IT

)

in particular since H , (5) = 0 we see we can
use rational numbers to describe

Dehn surgery on knots in 53 !



example :

D if U is the unknot in 53

then S} I 15×5
'

(recall 5=5×15 u DIS ' )

¥÷ no,

u

exercise :

1) 5} 107 = 51×52

2) 5? C- %) I Llpiq )
( ? might have gotten orientation wrong

in

def" above
. . .
so maybe

5ft Play ) = Llp, g)
but we want to Orient so we

the claimed statement )

2) any knot Kc S3 bounds a Seifert surface

that is a surface Ec 53 with 2-2 = K

⇒
note : 7=2NCK) n E

we use this 7

= a
to describe
Dehn surgeries
using ④ u{x }



exercise : show
E Poincare homology

sphere
(this is hard ! )

Theorem 5 ( lickor ish
,
Wallace -19607 :

every closed, oriented 3-manifold can be obtained

by Dehn surgery on a link in 53

to prove this , we need two results, the first is about

homeomorphisms of surfaces

let I be an orientable surface

8 a simple closed curve on I
NHI = S '

✗ so . ☐ a regular neighborhood of 8

NCD

0
.i.✓

a positive Dehn twist about is a homeomorphism

Ty : I →I

defined by

↳ = identity on III
and



Ty : not → no)
" "

S
'

✗ {oil] s
'
✗ {oil]

G- , t) 1-7 (o - tut
,
t)

or

exercise : to is well- defined up to isotopy
(ze. if you isotop 8 or choose
a different neighborhood of
8 then resulting homeo.is
isotopic to To )

Tjt ' is called a Dehn twist about 8

Fact (Dehn -Lickor ish) :

any orientation preserving homeomorphic 's of a surface
-

is isotopic to a composition of Dehn twists

in fact
, Humphries showed you only need Dehn twists about

-

⑦?⃝⇐-



The second result we need is

lemma 6 :

let I e m
'

be a surface and M
'

be the result of

cutting M3 along I and regluing by a Dehn
twist ¥ '

then M
'

E Mgl 7-+1) where 7

is the framing on 8 induced by I

very useful !
we will use this__¥;;. again !

¥8
here is one more snipe lemma

lemma 7 :

suppose the homeomorphism to : -2→E is a

composition 4=4,0012 of two homeomorphisms
let -2 CM and N= Ex E- i. i] be a nbhd of 2-

4 -2=-2×103
set I

'

= I c- { Yz}

let M
'
= M cut along -2 and reglued by 4 and

M
"

= M cut along -2 and I
'

and reglued by
to along I

' and 4
, along E

Then M
'

Em
%



Proof of That 5 :

given M then 1- agenus g Heegaard splitting
M= Vi VI V2

by stabilizing we know 53 has a genus g
splitting
__. s

'

53 = Y U
-2 V2

so F some orien . Pres . homeomorphism & : I → I s.t.

M = 53 cut a- long -2 and reglued by 10

now Dehn - Lickor ish ⇒ to = Tyto . . .
o Thi

for some curves Vj and Ei -1-1

let N= I c- E- lil] be a nbhdof Ec 53

now let Ej = I ✗ { ÷ } 2--1, . . . n

and think of Yi as sitting on In
- in

now M= 53 cut along the Ii and oeglued
along 2T by T.yn.ie , by lemma 7

by lemma 6 each negluiiy by Tyn
, + ,

is a

Dehn surgery on Va -7+1
i. M =3 after Dehn surgery along 70 . . . urn ☐#



exercise : Using Humphries show M can be

obtained from 53 by Dehn surgery on
a link of unknots with surgery weft. ± 1

Proof of lemma 6 :

when we cut open M along I we get 2 copies ofI, I±

⇐

¥

let A = 8✗ [-1, I] be a nbhd of V on -2=-2-1
and N±= A ✗ [ 0,1] a nbhd of 8 c -2± in M

assume TJ '
is supported in A

note : we think of TE
'
: I

-
→ I

+
and

TF ' /
⇐a
:#
-

-A) →⇐+ -A) is the

identity map
let N= N- UN-1cm and N'= N-hej-N.CM

'

so in CM -N) if we cut a long -2 and reglee
by If we get back M !

so M -N and M
'

- N
'
are homeomorphic !

e.e. M
' =(M - solid torus) u (solid torus),~

2.e. M
'

is obtained from M by Dehn surgery on 8



now to figure out which surgery
note : Nt tyg N, is a solid torus

let's find its meridian

.

☐
+

Tej so meridian is DevD-

☐.

7€
. ?

.

-

µ

so c = 7-µ curve

7-e. M
'

= Mk ( 7- - 1)

you can check Tj
'

gives 4<(7+1)*7

Proof of lemma 7 :

we build the homeomorphism



""" ÷÷÷¥É¥¥¥:
FFA - EAid

exercise : show this is a homeomorphism☒

exercise :

1) Show how to get a lleegaard splitting ofM
if M is given by surgery on a link in 53

Hint : put link of a Heegaand surface for

53 so the framing from Heegaard surface
is nice .

2) Gien a Heegaard decomposition ofM find a
Dehn surgery description .

Remark : Two other useful descriptions of 3-mfds
are open book decompositions and

branched covers

exercise : took these up !


