
VII. Surfaces and Dehn Fillings

The main question we want to address is

when can essential surfaces be created

or distroyed by Dehn surgery?

Th☐1_:

Suppose TZCÑ is a torus in a 3-manifold,

K is a knot on T and F is the framing
on K coming from T

'

1) if T
'

is separating , so M - T
'
= Mi vMI

,
then

Mktf ) = M ,
#Mz

where Mi = Miu 2-handi.gg?-rahId'e-
and attaching sphere of 2- handle
is K C2mi

2) if T
"

is non - separating , soMIT = ÑI , then

Mk (7) = M
'

#S
'
✗5h

where M
'
= Ñ u 2-h v3

-h u 2-4 v3-h
--

solid tori
and attaching spheres of 2-handles
is K on each boundary component
of Ñ



exercise :

what is Mktf + 4) ?

example :

given a knot K C M

let Nlk ) be a neighborhood of K

choose the longitude
-meridian basis for t.czN)

the Cp. g) - cable of K is the curve Kpq on

ZNCK) realizing the homology class pit q M

"""

:*
""""

exercise :

If K is null - homologous (so has a Seifert

framing ) the the framing on Kp, given
by 2 NCK ) is pq

so from That 1 we see



MK ( poi ) = Mpfoyp ) # - Llp , g)
Pig

this is because
,
Munck)=(M -NIKI)u NCK)

so we Dehn fill M -NIKI and NIK)= 5- NCD

note : if K c s
'
then we see a surgery on

King , gives a reducible manifold!

2.e. an essential 2- sphere is created

by surgery !

Conjecture :
( cabling conjeture of Gonzalez - Acuña and Short)

If Kc S3 and 5¥) is a non - trivial

connected sum
,
then K is a Cp.g) - cable

of some knot and r=pq

Gordon - Luecke, 1987 :

if 57, Crl is a non-trivial connected sum
then r EZ and one of the summands

is a lens space
Greene

,
2015 :

if S? (r ) is a connect sum of lens spaces
then c) K is either a Cp. g) - torus knot



or a (p.gl - cable of an Crs)-

torus knot with p=qrs± I

a) r = pg

3) 5k (r ) = -(Lcp.gl#LCq,p))or-(L(p.ps7H-LCq,+-D)
respectively

Remark : The cabling conjecture is true for
1) alternating knots Menasco -Thistlethwaite, 1992
2) satellite knots Scharlemann, 1990

( and other families )

so Cabling conjecture can be formulated as
"

surgery on a hyperbolic knot
is irreducible

"

exercise :
3

Show MK ( pq -11 ) = M }<(P9p 1

PM

Proof of That 1 :

let N= nbhd of K

glue D-✗ to} to 15×523My (K) = MTN U S
'
✗DI

→
and both 15×43 's

={[Mi-N ✓MEN ] u [[0,13×1504.2]×15]}/



"¥¥¥¥¥¥:¥¥
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now T-N = annulus A

meridional disks in 5×15 glued to 2A s
'
xD
'

II

let D
,
= {01×15 Di { 13×15 c G.2) ✗D%

A UD, Utz = 52

and 5 splits My CK) into 2 pieces

one is MIT u [oil] -115

Where [oil] xD is glued along [0,13×215

1-e. as a 2-handle and { 4<3×215 is

glued to 24in ) along K c-T

now 2¢mTN) ✓ [0,11×151]=5
glue in 133 toget M,

similarly get Mz and Mg /Kl = Mi #Mz

exercise : prove part 2 ¥7



let T be a torus

the distance between two slopes r, , re on T is

☐ Cr , , rz ) = IV. • Jd

where Ji is a simple closed curve on

T representing ri

exercise :

If ri = %/bi , then Dlr, , rz) =/
a
,
bz- azb, I

ThM_ 2 (Gordon - Litherland 1984 ) :

let K be a knot in a 3-manifold with M - K irreducible
.

If Mklr ) and Mk Cs ) are reducible , then

☐ Cris) I 4

Corollary 3 :

if K and M as above
,
then there are at most

6 distinct r such that Mr CK) is reducible

Remarks :

1) Gordon - Luecke 1995 :

1inproved Th ☐ 2 to Ocr , s) ± I

i. at most 3 reducible surgeries

2) this board is optimal :



let Ko = K
,
# Kz in M= Me #Mz

where K; are no
trivial knots

in non- simply connected irreducible

homology spheres Mi
let K = (p. g) - cable of Ko

exercise : M - K is irreducible

note : MK 6) = M = M
,
# Mz

Mptp9)= Mk
,

Ip ) # - Llp. g)

and OH
, pq ) =\ to . ¥1 = 1

there are non - cable examples , but
harder to describe

hues to 'n : is there a KCM with MK

irreducible St
.

there are 3

reducible surgeries ?

Proof of her 3 :

lets be a set of slopes on T with Dlr, s) en H rises

claim : we can choose coordinates on T such that

f. C In

where Sn = { % :O Eaa be 1} u {no}

given this note



Si { 9
,
'T
,
¥
,
E. ¥5

,
}
,
# 4. ¥74

,

-3

has 8 elements

but 01¥
,
%)
,
0 (2-3,4) , 01¥

,
%) > 4

so Lc Ly must omit at least 2 of 43
,
43,4474

: corollary true !

for the claim consider the n =L case

given r,, rz c-I

exercise : F coordinates on Tst
.

r
,
= 9- , E- to

G-e. r
, , reform a basis for H , (T1)

3)
so the only other curves that
r

,

^ intersect r
, , rz one time

are 'T
,
I

TI ÷

±
,

but ol 'T
,

-

f) = 2 so can only have

one of these

it 1- EL then he { % : oeasb.si}u{no}

it r
, ES

,
then note

+ (9) = I]



so it we take rz and r, as

a basis for H
,
(T) then

r
,
= Y

, rz=
'
lo r
,
= 9,

so again SES ,

now consider n 22 choose r
, , rz c-I with Otr

, ,rz)=n

exercise : there are coordinates on Tst.

r
,
= to and rz= § with

0 2- a <b

Hint: r, is a basis vector for H, CT)

there are lots of choices for

ris.t.r.ir,
'

is a basis
,
choose

the right ri .

now Dlr, , a) = 1.b- Oia
= n so b= n

(and a > 0 since he 2)

if rj Ed c-I then we can assume d? 0

and so Dlr
, f.) =D E n

☐ Cruz ) =/ ad - n 4 en

:
.
ad - ne e n and nc - ad In



[
positive

so - C E 5¥ ⇒ cz and - 1 > -1

and CE I + and < d -1 I
:
. 0 E C Ed E n and rz C- In

E#

now let's give a slick generalization of the corollary
lemmalAgol2o

let I be a collection of slopes on T2 with distance

bounded by n .

let p be any prime greater than
n
.
Then 1St sp-11

Proof :

fix a basis for T2 so slopes correspond to

pairs of relatively prime integers , up to sign .

each slope ± (a.b) gives a point in the projective
line Pttp

'

over the field Fp by sending

Z7± → PIFP
'

u

ICais) 1-7 [ a :b] mod p

given (a.b), (Cid) c-S distinct points we know

04det 1% 'a) I < p



and so they map to distinct points of PFP
'

exercise: show IPttpl =p-11

so 1St a- Ptl ☒t

Suppose M and K are as in The 2

if Mklr) is reducible, then the is an essential

embedded 5C Mklr )

this 5 must intersect the surgery torus
(or else MiiM - NCK ) would be reducible)

let P = 5h Mk

assume 52 intersected the surgery torus minimally

lemma 4 :

(PPP) c (MK
,
211<1 is an incompressible

and boundary incompressible surface

Proof : if P is compressible we see

compressing disk

⇒

compress alongIp dish to get ¥



this contradicts minimality
of intersections with surgery torus !

if P is boundary compressible we see

¥1y
µ ii

so we again hid an 5with fewer intersections
i. P is incompressible and boundary incompressible

¥7

so essential 5's in Mkcri yield
in

'

compressible , boundary incompressible
planar surfaces in MK

note : all components of ZP have the same slope on 2Mk
call the slope of one of these the boundary slope of P

let PSCMKPMK ) = set of boundary slopes of
tri comp, , 2- in

'

comp. planar
surfaces in MK



The 5 :

If M is oriented and T is a component of 2M

then H r
, s

C- PSLM
,
T)
,
o Cris a- 4

clearly -14^-2 follows from lemma 4 and The 5

let It be a solid torus and V'CV a sub torus

(with V
'

isotopic to V)

let Kp.q be a alp curve on V
'

p e 2

let Cpq = V - nbhd ( kpa)

t"
(
p, g

is called the standard Cp. g) - cable space

exercise :

1) Cp ,q is a Seifert fiberd space over an

annulus with one singular fiber of
order p

2) ( pig is homeomorphic to Cpiql
⇐

p=p
'
and 9=-1--9

' mod p



if T is a torus boundary component of M

then we say (Mit) is (p. g) cabled if

M contains a submanifold C homeomorphic
to (p,q

such that Cn 2M = T

lemma 6 :

if there are r.sc-PSCM.tl s.t.ocr.se 5

then (Mit) is cabled

lemma 7 :

if (M
,

T) is cabled
,
then 0451<-1 for

all r.se PLCM. T)

Clearly Th "5 (and hence Th "2) follow from 6 and 7

Proof of lemma 6 :

let M be an oriented 3-manifold and TÉ 2M

let (P
, ,2P;) c (M,

T) be an incompressible
2- incompressible planar surface for 2--0,1
with boundary slope ri for Pi
(assume Pj connected)

isotop so 1) Po is transverse to P ,

2) each component of 2 Po intersects
each component of JP, , Otro , r, ) tires

so Pon P
,
= A IS



where A = disjoint union of properly embedded
arcs

5 = disjoint union of embedded circles

to each Pi we get a graph Pi in 5by looking
at A in Pj and collapsing 2- components of Pi

→

lemma 8 :

we can assume

① no component of Pon P, bounds a
disk in P;

② no edge in Pi is an edge of a
1-gone t.e.no •

Proof :

① if c c Pon P, bounds a disk Do in Po
then since P is incompressible it
bounds a dish D

,
in P

,
too

we can replace D
,
in P

, by Do and

then push P
,
oft Po to remove c



ÉÉ:e.De↳

② it a is an arc in
'

Po bounding a t -gon

Do in Po then Do is a 2- compressing
dish for P

,

since P
,
is 2- incompressible a bounds

a dish D
,
in P

i÷¥÷¥¥
I

we can again swap D , in P, for Do to
eliminate the are a . ¥7

let n
,
= number of boundary components of Pi

so Pz. has n; vertices



and each vertex has valance on
,+ ,

where D= Otro ,r, ) , 4+1 is taken mod 2)

note : can assume n
,
> 1 since if not

then Pi is a disk

:
. Pi has no edges ( if there were

any edges there would be a
1- gon )

and hence D= 0 and no = r,

lemma 9 :

let P be agraph in 5 with no 1-goons
suppose that for some n ? 2 every vertex

has ordergreater than 51
n - 1)

then P has a mutually parallel edges

Proof : one can assume M is connected (add edges )
consider n= 2

assume no parallel edges
so each face has at least 3 sides

,
so

E 2 ¥ ( valence > I ⇒

where V= # vertices
each edge touches
2 faces )

E- = # edges
f- = # faces



all ventricles have 7- 6 edges touching them so

E- 2 b¥

so 2=4- Et F E Es E - E - } E = 0 ☒

:
.
there are parallel edges

in general, form P
'

by identifying parallel edges
•

→ I1)
r

•

r
.

so P
'

has no parallel edges and no 1-goes
:
. by above some vertex v has E 5 edges

but no has valance > 5in - 1) in r

so v in r must have at least n

mutually parallel edges ☒-

now assume 025

so each vertex of Fi has order

☐ Me ,
> 5 Nee , > 514+1

- 1)

:
. Ri has me , mutually parallel edges
denote the parallel edges to

,
. . - , Ana , - ,



where Aj and Aj , , ↳ bound a disk Dj
note :D . are disjoint from SE

circles in
j Pin Pz

'z3:A°# note : all
mii

oriented in
2-P.gs#..i2+P, same direction

the Aj are oriented and go from one

2 component 2- B- to another 2, Pi

denote 2± Aj c- 2± Pi

label components of 2Pa , cyclically alongTO

t÷÷¥E÷
"

so we see



so on 2- Pi we get 2+Aj=TCj ) component

of 2Pa ,
for some permutation

TT of { 0, - . , nail } where one

is of the form

Ticj ) = Ej + smodn.in

for [ = -1-1 and some s

so we see

①
⇐ '

0 c- - i

2- Pj <
° ' 2

<
° 1 2 24.

With AN
"

yep,
y
. •

a µ;) y
. • ,

**:| yep,to) -2

I tj ji→ -j-12



claim: IT has no fixed points

Proof : note :3 Aj = •

+
•
-

so we see

n oppositely
-

;; > % oriented 2±P;

<
+ oi

?
j=Tj)

so must have { = -11

:
.
5=0 and Tlcj )=j H j

so each A
; as

seen on Pie ,
is

①

an

"

liner most
"

one is a 1-
gon ☒☐#

Case 1 : { = -1

Tic;) = Til - j + 5) = j - sts =j
so Ñ= id and thus {0,1, . . . nail } is grouped

in pairs { j , a-cj)}

each pair gives 2 arcs Aj and Aaj) that bound

a dish D in Pi



' Pi

consider Aj , An;) in Pye , : get a circle g-

for each j get a circle Cj in Pet , and they are

all disjoint , so an inner most ch bounds a disk

=L whose interior is disjoint from other vertices

so in Pie
,
we see ①

An Atan )

and in P
, we see 0

Ah Actin

O
g
solid torus

in the Dehn filling Mcrae, ) -- Movie ,

we see a Mobius band



meridional
dish

B- Dµu Eu B
'

is a Mobius band

note : ZB = 2D

so Bu D= IRPZC Mcrae
,
)

and Kai core of Vee , intersects IRÑ once

in IRP there is an IRÑ and a knot K that
intersects if one time

indeed, IRP
}
= lnbhd IRPZ) u B

}

nbhdcipp){l-g
K

let N= nbhd of IRR in Mcrae , ) and

M
'
= (Mlr,+,# u 3-ball

set 14=14, e , n (McN) ) closed up in
'

M
'

with an unknotted are in 3- ball



clearly M Cru , ) = M
'

# IRP
}

and K
, , ,

= K
'

# K

lemma 10 :

CMT ) is a (2. 1) - cable

proof : IRP
]
= ① let K

'

= core of surgery torus

note : IRP}k , = IRP- nbhdck ') = S '
xD
'

and a meridian of K
'

on S
'

xD
'

is a curve of slope 42

exercise :

④ ,
K

, ) #(Mulk)]
K
,
#µI 1)K

,
UAEA 2)

Kz

where Aj is a nbhd of the meridian
to K ; on 2 Mike.

Hint :

Niki

← connect sum sphere

so m = (Mcneil,↳,= (Mip) ua4RP?i )



let 1-2×10.11 be a nbhd of 2 (Mid)

so C = (7×10.11) UAKRP? , )
5×15=117PI ,
O

÷
. ¥"
diffeomorphic to

=¥
z.e.CI standard (2,1) - cable space#e

Cased : { = -11

so Tej )= j + 5 mod Che , ) some 5=-10 mod@up

and so it has D= g. c.dcn,+, , s ) orbits

each containing q=
"

¥ points

for each orbit 0 there is a circle ↳ in %
circles are disjoint so Fan innermost
one that bounds a disk É in Pee ,



let 0 = { 2, < . . .

< i
,
}

for s --1, . . . ,q ,
let D; be the dish on Pi between

Ay. and Ai, e ,
let N= nbhd of Eu (UD;) in M
V = NUV

,+ ,
c M Cried = M ✓ Val

E-= E- u q
-meridional disks in the , corresp.
to 4 , . . . , 1g boundary components of Pzei

how V1 É = 2 copies of É ✗ {oil]
u q

1- handles u & - D 2- handles
-

¥ ,
cut along
#

nbhds of the D;
meridional disks

* ¥.¥
""

of ✗
net

cores of 2-handles

note : Vi É I 15×10.1] and we get V back

by gluing 15×903 to D-✗ {i} with

a twist

now remove a nbhd of K, , , from V to get a



(
g , p

cable space

so (Mit) is labeled c☒

recall Cpq =§
'

xD
') - nbhd (Kp.g) where K core of5

'

xD
'

call 2 nbhdlkp,g) C2Cp. q the inner boundary and
2 Cpa - 2 nbhdlkp.gl the outer boundary

lemma 11 :

every incompressible, 2- incompressible, connected
planar surface in Cpg is of the following type
d) an annulus with both boundary components

on the inner boundary with slope pq
(2) an annulus with both boundary components

on the outer boundary with slope 9/p
(3) an annulus with one boundary on outer

boundary with slope 9Ip and the
other on the inner boundary with
slope pq

(4) a surface with p inner boundary components
of slope ltnP9- and one outer boundary
with slope knhpry-lsome.hr)

(5) a surface with one inner boundary of
slope IMI and p outer boundary

components of slope 1m for some

land in s± ep = Hmg



Proof : recall such a surface -2 is either

vertical (union of fbas) or

horizontal ( transverse to fibers)

Cpiq
•

t
A

vertical surfaces are

D C =

type (1) type (2) typed

horizontal surfaces

given E a horizontal surface

let A bean annulus of typed
cp.gl A = solid torus



A becomes 2 annuli A
'

and A
"

in
'

24p.gl A)
these annuli have slope %

to get Cpq back again just reglue A' toA
"

we may shift along annuli

now I 1A ccp.gl A is a horizontal surface

in cp.gl A re
,
a union of a Meridiana / disks

each dish intersects A
'

(and A
") in p intervals

so 2- = no -handles u np
1-handles

so ✗(E) = na - p)

€1A) A A
'

= np intervals

when gluing A
'

to A
"

can shift so 2+1 interval

is glued to Gem)
"
interval

"" ÷: Adish before

exercise : for -2 to be connected need am

relatively prime



on the inner boundary :
2-2 • (fiber of fibration) = pn
3 -2 • (Meridian ) = m

so in this basis slope is %
we use framing on irina boundary that
differs from fiber framing by +pq

so slope is P4+mm9)_ and there are

de g. c.d. ( plntmq ), m ) =g.c.d. (p.m)

components

alternate computation :

it shift m=o then get pn (on )

now if shift by m in direction ( t.pe)

get pn (Q1) + mci,pq )= (
m
, pntpqm)

so slope is Patnode
on the outer boundary :

arguing as in alternate computation above
we see

n(0,1) + ml pig) = (m p, ntqm)

so slope is n+m9F-
and there are



dz -_ g. c. d. ( mp , ntqm) = g-c.d. Ip , ntq a)

components

note m and ntam are relatively praise so
d

, and dz are too

1.e. p =D, dza some a ? I

:
. dzE Pld

,

since -2 is planar we have

- ✗E) =n ( p
- 1) = ditdz-2

I d
,
+ Pld

,

- 2

2- p - I fled, Ep )
:
. h=l and all inequalities are equalities

so either d. = 1 and di P

or d
, =p and di 1

in the first case we have It qm=ep

so we are in case (5)
in the second case we have m = pk some k

so we are in case (4) ☒,

Proof of lemma 7 :

we need to see that if ¢4T) is cabled then



☐ In, s) El for all r, s c- PS (MT)

first let C C M be a cable space with

2C = T IT
'

r t
inner outer

and set M
'
=MI

let CP.JP) CMT) be an incompressible, 2-incompressible,
connected

, planar surface

choose P so that P n T
'

is minimal among
all

such surfaces with the same boundary slope

Clavin : Pnc and p n m
'

are incompressible
Proof : let D be a compressing disk in M

'

for Pn m
'

213--8 CP bounds a disk D
'

c P

D
'

must intersect T
'

or D would not be

a compressing dish for Prm
'

replace D
'

in P with D and get a new

surface P
'

that intersects T
'

fewer times ☒ choice of P

same argument for Png

claim : Pnc and Pn M '
are boundary incompressible

Proof :
we need



lemma 12 :

If (-2,2-2) c Miom) is incompressible
and 2 -2 C torus component of 2M

then it is also 2- incompressible
or an annulus

(will be isotopic into 2M it M irreducible

given this we are done since if Prm
'
or Pnc

were not 2- incompressible then it would be
an annulus and we could replace it by one in

T
'

and then isotop to reduce intersection
with T

'

we will prove lemma 12 after we finish proof of lemma 7

so Pnc is a union of pieces from lemma 11

i.e
.

it can be I) Annulus with both 2 components on T
with slope 9

Ip

E) Annulus with one 2 on Twith slope %
and other on T

'

of slope pq
U annuli with both boundary
components on T

'

II) a surface with p 2 components on T

of stope
'

+knP9_ and one on T
'

of slope HkhpP1-



E) a surface with one 2 component on T
of stope link and q on T

'with

slope in where lq = Hmp

suppose P is of type # ,
then note Pnm '

must

be p disks so P is a disk with

boundary on T
note : a neighborhood N of Put is

a solid torus with a ball removed

i. M = M
'

# (51×15) and 7=2 (5×15)

and the only incompressible surface
is the meridional disk so lemma true !

the distance between surfaces of Type I ) and I)
is 0

,
and between one of Type I ) or I)

and # is 1

so we are left to see the distance between

2 surfaces of type TI ) is E 1

suppose P, , Pz are 2 such surfaces their slopes on

T are r
,
= \+hiP9_ and on
ki



T
'

are ri = ltn÷I9 for kith

:
.
Dlr

, , rz ) = 1h ,
- hd and Ocr

,

'

,
rit =p'M-hat

if pZ3 or p= 2 and 1h
,
-hi # 1 then

by lemma 6 (M
'

,
T
') is cabled

so we are done unless 1M
'

,
T '/ cabled

so F coordinates on T
'

set.

r
,

'
=
Hkip
ni

changing coordinates by \
' -Ñ") givesO l

ri -- Ii
but in other coordinates we haveri-ltnh.ippfi.tt

a coordinate change [É
"

w] c- 642,2h

* [ : 1%1.1--1411=1-1:D
2- her + wllthpq) = -1-1 ⑦

11

Wtkip ( PZ + wq ) i = 1,2



subtracting
Ck

,

- help (pztqw) = 0 or I 2

if = 0 we get pztqw = 0

and plug ing into ④ gives w= It

:
. q=±pz ☒ pig rel . prime

in
'

the other 2 cases we have p = 2 and

1h , - Kel = 1 so Dlr, ire = I
#+

Proof of lemma 12 :

let D be a 2 - compressing dish for I

.

caset-i.JP on same component of 2-2

¥¥-E



since D is connected a nbhd of op in p
lies on the same side of 52 in TÉZM

so I an arc 8 C2 -2 such that put
bound a dish 0 in T

note ✗ v8 is a circle in
' -2 that

bounds a dish D u o

I incompressible ⇒ ✗ v8 bound a

disk in -2 ☒ D a 2- compressing disk

cased : op in distinct components of 2-2

on

a nbhd NlD) =D ✗ [ -1
,
I ] s.t.

N(D) n -2 = Nlt) nbhd ✗ in -2

NlD) AT = Nlp ) nbhd p in T

let D=, = Dx {-1-1}

and 2D± = ✗±uP±

note : J = ④ v81 - use)n2Ncp]]u 1×+0×-1
is a simple closed curve in -2

and if D= annulus 8
,
v82 bounds



minus Nlp

Nlp)

then 8 bounds the dish D-1000 D-

i. 8 bounds a dish E in -2 since

-2 is incompressible
i. I = Eu NH ) = annulus !

<#

exercise : if M is irreducible show -2

isotopic into 2M

or moregenerally 1- M
'

, M
"

such

that I CM
'

and cobounds

a solid torus 5 with an annulus
in 2M

'

and M = M
'

#M
"

where connected sum is done

in S


