
B. Homotopy groups
recall Tink ) = [ s? ✗ ]

,

and since S
"

is an H
'
-

space there is a product on Tn (
X)

but what is the product ?

given f.g :$ ? p ) → (xx)

✗define f.g to be

•i'¥ ÷
is

equator →⑧"
f.g

easy to check that [ fog ] = (f) • {g ]

sometimes it is useful to see TWX) as

[
,

215)
,
IX. xD]

2.e. homotopy classes of mops D
"

→ ✗

sending ZD
"
→ ✗

◦

Indeed if K :D
"
→ S

"

collapses ZD " top c-S
"

?⃝ ±
•

p



then E. (X) → [CD ? 20%(4%5) is

[f)↳ C-ok]

this is clearly well-defined and injective

and onto since any f :(D; 2D
")→ (k

,
xD

factors through $ :p)

2.e. given
CD?oD")# (Xoxo)
"

(snip, " f-

similarly any homotopy in [(D? ZDY, IX. xD]

factors through &?p) so the map
is also surjective

what is the product structure on [ CD? JD
")
,
IX.xD] ?

think of D " as Da
- '

✗ [oil]

so given f :D"
_ '

✗ [on] → ✗

g :D
" - '

✗ (on]→ ✗

then define Fg :D
" - '

✗Eat→ ✗ by

C. f)1-{
f-1×12+7 ◦≤+≤ E

g /✗it -1)
'

{ ≤ c- ≤ I

so



⇒0f

B-
'

f g

0 "
z 1

hole : it is easy to see E. (X) is abelian for n≥ 2

here the homotopy from fg to g. f- is

2€04
start xo

I

t '4
,

f g →
f

g
→

114 97.

↑
✗
◦
on all

↑
constant ✗◦

solid lines

//1, f

→ → g t
9 "I,

using these definitions it is also easy to define
relative homotopygroups

given a space ✗ a subspace A and ✗◦ c-A
let

Tin IX.A) = [ (D? ZD? s), (X, A, xD] where ⇐ 3D
"

the set of relative homotopy
classes of D"→ ✗ sending ZD

"
to -1

and so to Xo



the product structure is

given f,g :D
"
→ ✗

-
✗

°
"" """"e①€⊖?⃝• %

?⃝→g

-
fog

note : this product does not make sense on TIX, A)

can't put

¥

base point
→g ^g

A

• on equator
so

neither point needs
to
go to Xo

to prove Tn IX. A) is agroup it is helpful to

give a different definition
let D^= [ on]

"

and

J = ZDn_(Dn-# = (D ^
_ '

✗ {03) v2 D "
_'
× [on]

exercise : [ ( D ? JD
"

,
so )
,
(X
,
A
,
xD ]

◦
is



in one-to-one correspondence with

[ (D
"

,
2D? E)

,
IX.A. ✗d)

◦

(note (D ", JD
"

,% ECD ? 2D? so ))

now given f.g
c- Tin IX.A) dehné

f.g (x, . _ ✗a)
= {

f-(2×4×2--4) ×
,

c- [o.iq]

9 (24, -1, ✗z - - ✗a) ×, C-
[ 42

,
I ]

and f-
'

(✗, , - - ✗a) = f-( 1
- Xi

, Xz, - - ✗a)

exercise :

1) show Th Ck Al a group with identify
the constant map , if n ≥ 2

2) tnlx,A) abelian for n ≥ 3

3) Tl
, IX.A) is just a set

Cze. product doesn't make sense)

4) talk, xoxo ) = Tn (X, Xo)

the following lemma will be useful



lemma 16 :

f :(D? JD? so)→ (X
, A. x) is 0 in Tn(×,A)

⇔
it is homo topic rel JD

"
and so to a map

whose image is in A

Proof : ⇐) suppose we have
such a homotopy f tog

we know D
" deformation retracts to so

H :D
"

✗6. ☐ → D
"

Hlx
,
0) = ✗ HCX, D= So Hcso

,
f)= So

now go
H is a homotopy from g to constant map

i. f is trivial in Tn (X, A) lemma 16 :

⇔) if [f) = 0 in Tn (X
,A) then f :(D? JD? so)→ (X

, A. x) is 0 in Fn(✗A)

3- It :D"×[oil]→ ✗ such that ⇔

Hiko = fix) it is homo topic rel DD
"
and so to a map

4-IX. D= ✗
◦ Whose image is in A

Hex, t) c- A f ✗ c- 2D
"

Proof : ⇐) suppose we have
such a homotopy f tognow H/

pay {,} ✓ XD" u [oil])

is a map of
D
"

→ A with 3D
"

-7A and so↳✗◦
we know D

" deformation retracts to so

H :D
"

✗6. ☐ → D
"

so we can use It on D
"

✗ [oil] to give a
Hlx

,
0) = ✗ HCX, D= So Hcso

,
f)= So

homotopy f to a mop with linage in A row go
H is a homotopy from g to constant map

i. f is trivial in Tn (X, A)



you can write this out explicitly but here is
the idea

note : I a homeomorphism D
"

✗ [on] -413^+1

to define ¢ on

M →
F)

•- •
✓

• 2 and
cone

there is also a map 17710,1] ¥ D
""

that collapses 2D? {on] to equator
4

☒ → em define %.
2 and

- ✓ cone

now Ho 4-
'
◦ 4 is the homotopy ☒

note : ① (A. ✗c.) c (X, ✗◦ ) c ( X, A) inclusions
i j

then i. j induce maps

an (A)¥ Tn (X)# THX,A)

② If f :(Da
,
JD
"

,
J) → IX. A. xD

then define It D? 5)→ (A.%) to be flzpn

this induces a map

E. ( X, A) → Tin_ , (A)



note : E. (A) = [ (2D?J)
,
(A. ✗d)

◦

exercise : show this is well-defined.

That> :

given IX.A. xD we have a long exact sequence

.
. .

→ An (A) E. (X)¥ E. (×, A) Tf_ , (A) → . . .

(and it is equivariant under HCA ) action )

Proof : Cleary/y )* ◦ 2* = 0 by lemma 16

now if (f) c- her I
* ,
then

f- :( D ? 2D
") → (×

,
A) and

3- homotopy H :D
"

✗G. ☐→ ✗ s#

1) H (✗ ,D= fad

2) HCX , 1) C- A

3) Hlx.tl C-A ft if ✗ EZD
"

4) Also
,
t ) = ✗◦

note : D
'

=D
"
✗ {I} U 2D" ✗ [on ] is a dish and

HI
,
, :D

'
→ A set

.
H lap ') = ✗

◦

so g. = HI, ,
:D
"
→ A is in E. (A)

and as in proof of lemma 16 H gives a homotopy
from f tog in Tn (X)

:
. [f) c- 1in 1* and we have 1in 1

*
= kerj*



Suppose (f) c- Tn (X,A) and 2 [f) =@ ]

so I homotopy H :S
"_ '

✗ [on] →A

s.tt/(x.o1=f(x)Hlx.i--
✗ o

Also
,
't) = Xo

D
'

=D
"

us
""

✗[0, I] is a disk and

f
'

:D
'

→ ✗ : ✗ { 1-1×1 ✗ c- Dn

Hcx) ✗C- S
"_'
✗[oil]

and f
' lap ') = Xo so C-

'

] c- E. (x)

easy to check f-
'

~ t in Tn IX. A) so

j*( [f '] ) = [f] and her 2 Cim J*

now if [f) c- In /×) then for D") = ✗◦

so 2 [1*(4-3)] = [ constant] = [0] in ta - , (A)

So her 2 = in j*

exercise : show in 2- her ?* 1.*

The 18 :

let p :X→ ✗ be a connected covering space
Then Tin II. E) ≤ Th IX.pH for all n ≥ 2 and I. EX

Proof : p* : II. IF E) → In IX. PIED is a homomorphism

recall given f : Y→✗ with yoc-YS-t.fi%) =p/xD



lifting then I ÉY→ I s.t.tk/o)--XoandpoF--f
criterion{ ⇔

F* (-414%1) < p* (41×7%1)

P* is surjective for n ≥ 2

indeed
, given [f) c- Tn (X, p#

1-
* 141 Is? so )) = {e} < p* (41×7%1)

so I Fi s
"

→ Ñ s.t.tlso)=Ñ and p◦F=f
:
. p* ( [I]

) = [ f ]

p* is injective for n ≥ 2
indeed suppose p* (Cf) ) = (o) in E. (×,paid
then I a homotopy H :S

"

✗ [on]→ X

S.t. Hfx
,
07 = pot 1×7

Hlx
,
1) = pÑ)

H ( so
,

f) =p

recall covering spaces satisfy homotopy lifting
so 3- IT :S

"

✗ {oil] → ✗ s-t.lt/x,o)--tcx)
since Elsa

,
1) cp

-

Ypcxo))↳ HTX, 1) = to
+ discreet ttl soit ) = Io

% [f) = [o] in g. (I
,
×.JP
"e

☒


