
B Fibration s

it ÉP is a Serre fibration with B a CW-complex
B

let B
"
= h- skeleton of B

set Ek = p
- ' IB
'")

this is a filtration of E

∅= E-
'
cE-

°
C- .

.

CE
"
= E

and induces a filtration of C* (E)

Fs (* (E) = (* (Es)

and the homology
Fs H* (E) = im (H * (Es)→It* LED

so by THE we have an E
'
- spectral sequence with

• E's
,
+
= Its++ (

'*⇐%
*
(Es

-g)
• d

'

connecting homomorphic in long exact

sequence for (E? Est, Es
-2)

• GCH* IXDs.EE?t

lemma 3 :

if IT (B) = O and B connected then

E's
,
+
= Hs+c- (

↳ lE%*(Es-g) = (B; HelFD

where F is the homotopy fiber of p: E-→ B



Proof : we consider the case of a locally trivial fibration
( this just makes things easier)

Hs++(
G- 'E%*(Es-g) = Its# ( (* les, Es - 'D= Hs++(E?E")

↑
by def

ʰ "
by defa

± Hs + + ( EYES -t.ES/es-,)--Hs+flEYEs-i)
↑
excision

let of beans-cell of B

P
"Eyes . . =P

" ( B"%, (Bisi)
=

Y
p
-Yao;)

Clavin : P
"/"Yp-ipgos.GE Ds-1%

,

S ✗F

PI : 5- ' ✗F CDs✗ F = j *E- Is Eloy. CE
t ↓ ↓

5- ' c Ds j→0,? C B

J /
wit Ds is a homes onto into,

?

and jlgs. , is onto 20,?

so J induces a home

Dˢ×%µ×
,

→ Eloy =

P
-Y

Floors P
- '

too?)✓

now [% (B;HfF)) = Hsl B", B←''; 11-+4=1)
deth



=o H+ (E

also
Hs++ (EYEs) = Hse+ CPloytwss)

=o Hs++)P"lo?-cross
=O Hs++ ($'x+)ss-x

so we will be done if

Hs++ (PSxTTS5-xE) E HICF)

exercise: for pro Hp (T) =Hpy([i)
where IT is the suspension of i

recall [T= S'T = "MY'y
so=S'n ...
S
-

P tim2S

so
=Y= S' ..ng'nT = s'aY

note: Jan 55 in D'x53S-xF
just take D3xspt]/g3"xspt3 =S

exercise: for any spaces X.5.z with <X

xEx,sts) =
xx2

)

8



from thisfly, stressosand
slots*Mabore

= SnF

so for 1, the long exact sequence of a pair gives

Hsi+ (S) -> Ase+)PxTS-xA) -> Hse + (P445XA, 53- Hs+++/S'
E SI

! Hs++ (["xF)
"

Hes

exercise: think about = 0.1

this finishes the proof, but note if Fa CW complex

then (s+H)-cells of DXF come in 3-types

D
=

(0 -cell) 0 (Is-1)-cell) r(s-cell

*i
so (sta-cellsof D'xt are

1) (o-cell of DS x (2+H -cells of F

2) (IS-D-cellof DS) x ((+1-cell of FI

3)Is-cell of Ds) x (+-cell of F)

and Hst+ (P*xT)s"xF)= Hs ++sst)



=Hs++)<x(cells of type (31)
=H+ (F) #

Remark: why do we need it,(B =0?

toget Hs++)*E*CALESY) = 6 (B; HCF)
we needed to identify Eloy with Di

Elars SxF

there are potentially many such identifications

but if we fix one identification of pcpt) with <p4]XF
then the identification if fixed

so if we fix an identification of ppt for a point
in interior of each s-cell in B then we are

OK, but there are many such choices.

if H, (B)= 0, or 4, (B) acts trivially on Hy (F)

then we can make one choice once

and for all

if not, then lemma still OK but need to use

"twisted coefficients"

now d'E'st-Est is connecting homomorphism in
L.E.S. of CES ES" ES2

Hsx+CES ES") s Hs+t-ICES" E54
5) SI

Cs (B; H+(F) Cs-1 (B; H+ (F))



exercise:show d-boundary map for
chain complex (x(B;H+ (F) (

·
El-term of spectral sequence is

E+ (B; H+(F)

so we have proved

Th*4 Leray-serve spectral sequence):
E

if up is a Serve fibration and B
B

is a simply connected Cw-complex
(or it.(B) acts trivially on Hx(F))

then there is a spectral sequence

couraging to C (HxCE) with

E= Hs (B;H+ (F)

here are some consequences

Th25:

HaleS4): SOE sackie aeo
↳ < 2



↑path space
Proof: recall we have no sk-pgK=+

↓
sk

T,/S4) =0 for RI2

Es=As (5"; He(es4) = H+In2S4) S = 0, KS
O S0,K

if we write it for Ayles) we have

· ·
↓y H
#e He

O O ⑧
Hi I
-↓o Ho

S=K
O

only nontrivial differential is al

so Ez ET=.
..

ER

and ER=ER+=
. . .

= E*

E= 6 (HCPSY),t

but Ip (PSM) = S # p= O

p O

so Eg is ·

O g *

8 0 0 --

#O

now look at ER



Hm Hht

i

Hi§ It ,

Ho Ho

so E-2- Ekt ' is

t.tn/im-dhHn-Yinidh i
i

(2) { Hh-2 herdk
at:b herd

"

so Ho by it

H
,
--

_ _
= Hk -2--0 by (2)

and dh : Ho → An _, is an isomorphism
since herd " _- 0 and

Hn-Yim.dk = ◦

actually dk:He→He+k - , is an isomorphism Fl≥o

" Hq /Rsk) = {
€ 9=aCk -D

0 otherwise
<*



The 6 (Gysin Sequence )

E
let tgr be a fibration with fiber F=s

"

assume TilB) acts trivially on H* (F)

then 3- an exact sequence

Hr /E) ¥ Hr (B)→ Hr
-n - fB) → HmlE)

¥ HmlB) → . . .

Proof :
we have a spectral sequence converging to 61 ACED,+
with

E}
,
+
= Hs/B; 1-1+(1--1)=4 Hs

(B) += 0
,
n

O t -1-0, n

tin Ho H
, Hz It} - - -

all other entries 0

t=HtH

So the only non -triuil differential is

d
""

: E-
" "
→ En

+1

5. O S-n - 1
,
n

( so É=E3= . . .
= Ent

'

and E-
"→
=
. . .

= E-
•)

so we have



E-7-E-
4+2

"kinda" . .

a.
i"

nerd
""

. .
.

so from lemma 1 we have

for k ≥ n -11

◦ → t.tn?-j-n+ ,→ HnlE)→ herd
""

→ 0

" ^

Hh-nlB)- HnlB)
in 1dm" : Hm ,

/ B)→ AgentB) )

so

d
"" dnt /

Are , /B)→ HaulB) → Hk /E)→ HnlB)→ Hn -nu , CB)

is exact

so we are done except for identifying the
map HnlE) → An CB) as p*

exercise : Check this [not so easy)

note : we also know Hn /E) = Hn (B) for big - in
- I

☒-



exercise: if F-E is a fibration show

there is an exact sequence

..

-> HrIF) -> ArIE) -> Ho-nCF) ->Hr.. 15) - ...

this is called the Wang exact sequence

The 7 (Leray-serve for cohomology):
F-E

let to be a serve fibration with Ba CW-complex s.5.
B

4, (B) acts trivially on H*(F)

then there is a spectral sequence converging to 6(H*CE)
t

with Est = H3(B;HCF) and

1) SEtY is a bigraded algebra
1.e. Jproduct Et Eda- Estpi++9

2) dr =Er -> Er is a delivation

1.Ifat EP byEst then

or (9-b) = (dra).b+7110a.Idb)

3)E. EH*(B) as rings and

Eo*EHIF) ""

what is the product structure on Easte
#0(B; H "(F) x H5(B; H 15)) ->HOts(B; H9CH4H"IF))

N

* * FxrB:<pes1B) -> HYIH &H "IF)



now compose with cup product on HIF)GHA) toget

xUB:<pes (B) -> H9+
+1F)

so EaPx Est-Ests,p++

example: let's compute the cohomology ring of 4p"

we will do up" butgeneral case similar

recall 4p" is simply connected and we have
s-> 55

↓
Z

4p

so the Leray-serve spectral sequencegives

Est=H"G0;H"/sl=[Hcept
too.

t = 0, I

let a be the generator of HYP"; H'(S1=H<GpY

③
"

↓ S of H0(4p?; HYs) = H'ss

universal coefficientsays &isthegenerator of

#"(Gp3;H'ss")

rest= 0
30 Ez is

HCGPH's0 HYGp? H's) 0 H"(00H'ss")

#Is OH "(GDYH"s") 0 HYGpYHYs)



so

# de
O *

⑧

D #
B
-

&*B&
= ⑧

S
# O

S

*
G

4 = 0, 5
note: Since H" (55 =S*

n F 0. 5

must have E

D 0 o O *

* 0 O O O

so the two de's above must be isomorphisms
sinced for >2)

·dB = x Ior-2, but then replace a with -a)

thus de [D= dex
+ *deSar

1)

a

m

(x*1) v(a)

see comment about

product structure
above

:Gra generates H "(xpY

clearly Guava = 0 since H3PY = 0

this H*(4pY = ECC3/<x37 with degree(a): 2

exercise:show H*(GpM=*C]/ant's
and H*(<PP)=#Cd]



#D: Sexterior algebra
H*(U(n)) =x(X,, . . ., Xentil

with degree toi

Proof: recall (n.(C)= VUni Egax-

so we have a bundle

& In-1) ->In

Yan-
S

so we compute cohomology inductively
# K = O

UIDES'so H "/UCD E S*(x,3 k=I

O & IO, I

=1(x.)

for UKwe have sup
53

so the EC term in Leray-serve is

Est =H3(s,H "(s)

#01s"&Hs) O · H"(sH's"

Ho/s3) O 0 HPCS3)

all maps d2=d = .= 0



so Eg is same

� *
:H"/URD-

b

=
o

*xsS=xixs :
O

= 1(x1,x3) degX=i

we could continue doing this untiln = 5

there we have UI) -U15)

o
s

9

* Exix@7Xj45
7 #xx,
6 *xix5
5 =45 da
4 #xiXS

2 D

↑3 ↓ ·
3 #

I E #xixg↑I

O E
·"O

2x
9

O 9

da(x.x2) = (d9x.). x) - x10dg*y = 0

similarly for dg/x5.45) = 0



so do and dy = 0 fK

:Ez = Ez

for each k on the diagonal s+t=k
at most 2 non-zeroterms

so lemnal gives

OEr.set -> A"(U) -> Eestt- o
-
free so sequence
splits
9,6-9"H" /rcnD = EYNG Ex

exercise: all products non-zero unless they
have to be so get

#"10(51) = 1 (x, .. . xg)

the 175 cases similar #

Remark: from this you can compute
H*(BUIN = EC c,s ...(n]

from the 3.17

for example:H*(BU(ID = z/c]

to see this recall UID-EUID=13si
BUCI)



H 5(B U(1)) X = O

so Est=H" (BU11; H(s))= SH(BU(1D).x, += I

O #F0. (

Hix, Hix, HX de
->

Ho 3

#)IH
"

Sivice Et =6CH*LEUNs+ is

!
-

O O

=O-- .

and 4K = 0 k > 2

we must have H= 0 and dan isomorphism

de: Faxis-HYBUID=
22. HYBUL = EC, where

<z = dX,

H x, = 0 and d2:Hx, ->HI so
#= 0 similarly 12 "(BUSD) = 0

&2: HEx, -> H4 E

so d2(x): dey +Cidx = ci4

generates H "(BU(l)

similarly 3 generates H "(Bul



&
.H*(BUID= 19c.]

now lets try BU12)

U1) -> EVI2) = [*3
I
BU /2)

E

we know H*(UR) EX1x,x2) E Ex,
OS"# I
X3

#
I

and HIEUID=2

so the Levay-serve spectral sequence has Enter
· -
A O O

O O O

*o 0---

and ES=H5/B01; H"(UA) write Its for
If "/BU/21)

·

D ! · ·
·

O

Hx.xs O
dz
I "x,x3 Ode Hex

Ho *His ⑧ Ha* diI O- 2

->

D

D O O 0 O

H a O
dz
H
↑

O H
O &>
H O ↓R O ↳

"

↑↑must bee same once we

or lives to know H= 0 so

E""=o



de: EC-Ero must be an isomorphism
or EV" lives to 0 or a

quotient of E30 does

so M = = gen by cdxc

this cix, generates E.=z

and didix, can't be 0 on Ellies to o

so dcix, =dic, is agenerator of
HY

dx= 0 Sivice target group O

de 4ixy = (ix) is the generator
of E = His

&fixs" = (ix54 is agenerator
of E."3

so EstIS
! · · :
O · 0 0 HYxs O

He 0 0 0 Hxjc O

O 8 0 O O DI
g #

cic, 8

O D 0 0 Hix, ⑧

Ho 0 HY
T

must be O

or live to e



now can go back and update East
·

D ! · ·
· ↑

"
D !

H
O

O I "x,x3 · HaxyO (xixs 0 ⑦
X.XS dz dz #xix3

Ho *His ⑧ Ha · His 0 itsdi3-
D O O O O O ⑧ O gI

O &>

->

↳ 6 ↳

O 2 HG a 14,H x, O
dz Hx, O H dy *I dz

# O ↓R O H
4
O H O H

⑦

-
must be a since

only think that could
kill if dies at Es

dx.di2 = 264. Must be nonzer

since only thing that could

kill it dies in Es

similarly d2x,2.2c = c,4 must be

nonz2o

So now Eg is

! · · D : O ·
O O O & Redz O berdn o

her de

HOHe O O · HixjC O
-c0 Hexs/xC4

O o O D O ⑧ OI*o
· !

O · Kedz a herds 0?

Ho · HYc.c, 8 HYc? O Hatg #



d= 0 in region shown so Ep=Ez

dui He -> He must be an isomorphism
or something lives to b

set (z = d4 x3

and Haciny=Exce
So H EEGE generated by , and G

but now back to Ez again and notice

de :E - Eu
C++ CI

22x + G, 4

must be an isomorphism or a

subgroup of EM" lives to b

:Ho =E = EAE generated by 43Ch

now Eg is
!

! · iii : O ·
O O O O O O berdn o

her de

He 0 0 0 Hxjc OI ·"Too loryhisisO 8 0 O

O D ① O

Ho g o #Yc0 O 0 HYCY, c2cq



again Ez: Ex

dy:EYE must be an isomorphism

so If = Ese@ZGE
generated by acc.c

let's inductively assume that for R14

# K = O

O ↑ odd
H "(BUK)=

229-2 cl K= 4/S freelygenbyeiaie,eac K = 41+2

consider Ez
· : · · ·

! ·
* 8 O O

D W

4dt in +4
· Ha · fase Has O H

x, xy

4n + [ 4n+ 4

· Ha- o Hin 0 Hxg · Hxe
O O

g O O D O O

41-I 4r 44+[ 41t4
& H x(

& H
*I OdeHx, ⑧ Hx,dz& ->

O H
4n-2

& H
4M

O H
40+2

O H
An+ 4

de must be an isomorphism since if not the only thing
that could kill herde is do, but as above

we know the domain of dy dies in Eythm
also if do not onto the ECM will be nontrivial
and live to

so Hontz generated by de of X.Ctexsputans...



12. by pants prices ... 94In
4n +2, l

de is injective or a subgroup of Ez

lives to rifinity since only by could

kill it but, its domain dies in Eg

as above we will see Eg is

<xs) O & O

8

· oo
NinetyO ↓ O ⑧

Inth In

9. G, G,... cM

and Eg: Eg now do must be an isomorphism

5 Hint is generated by cartric... chant

exercise: try computing *(BUB)

can you come up with a proof that

H*(BU(n) = ECC,
.. . .
()

using spectral sequences?
Ithere are other proofs of this


