
2. Homotopy groups of spheres
we will use spectral sequences to compute homotopy

groups of spheres, firstwe show

ThE9:

My(53) = E/z

Remark: recall is (sY) =2

so Tux Is" not fixed

it will take awhile to prove ThE9, we start with a def

if X is a CW complex then, then for each n
=a sequence of fibrations

k(πq(X),q) -> Ma g =1....,
n

and maps XY Yq- 1

St.1) T((X)(*T (T) is isomorphism & bEg

2) πy((q) =0Vk>g

3) YoKCEn(X),n) -> fn

↓(T(X),3) -
↓ & commutes

1(π(X),2)- ithP3i
*2

1(π,(X),D =Y,c X



this is called a Postnikov tower for X

and the Yq are Postnikor approximations ofX

Lemma 10:

for each n, every CW-complex has a
Postuibor tower

Proof: given a CW-complex X, by The 1.27 we can

attach cells of dimension n+2 to kill the homotopy

groups Tu(x), k>m, without changing in for ben
call resulting space in

build You by attaching cells of dim In+1 to kill
the homotopy groups in,k>n-1

continuing weget XcYn<Yn-1 ... CY,

and the inclusion fa:X->iq induces an

isomorphism on mk = 9
on page 22

of Section I we showed how

to turn an inclusion into a fibration

Cupto homotopy) so we get fibrations

Na -> Y9-1

now the long exact sequence of a fibrationL

1 Cor 1.7) gives



#n+1(q) ->Th+lYq-1) -Tn(F) -+ Tx(Yq) + Th(Yq)

#b79 or 9-1, the outmost maps are

isomorphisms so Tp(F) = 0
for k =9

0 -> πq(t) -> πq(Yq),πq(Yq-)
πq(F) =kerpx =πq(X)

for k = 9-1
↑

by construction

πq(Yq -1) +Tq-(t) + πq,(Tq)Iπc-(Yq-
b

so F is a KITq(X), 9) (
Lemmall:

#g(s)= Hgx(Yg) for 973

where You is the 19-1* thm in a Postnikov
tower for $3

Proof: the Postnikov tower for has

↑=Tz = pt (since only nontrivial to is to

Ys =k(πy(S3),3) =k(z,3)

Yg =s"v(9+2) - cells U(9+3)-cells r...

note: Hg(Yg) = Hqx(Yq) =0 for 93



since is has no g or gil cells!

consider the fibration K(Tg(53), 9) ->
Yq-1

we compute the homology of "a using the

Leray-serve spectral sequence for this

we need to know

t =0

t = 1 --. 9- 1H+(k)πq/s-q)=SEME1s3 t = g

? +cq

the E-tam of spectral sequence is

Ex =Hs(Yq -jH+(k(πg(53)),9))

as above note o SETERits(jgy)=Si 5 =4

s =g

since Yay = S"rk-cells with k19+
E

t=9

***...:
O

H O 0z0...0HqxlYq1)?-
s =9+ 1



We know Ex
sit

is

Sf=g+1

-
all o

St=9

⑧
note: alld": Ed ->E

ar1, 9-h+1

are zero except when 4
=

gt

:Since EP=0 must have a"onto
0,q

but ofKerd" 70 then Eto: herd"
but must be O

idk an isomorphism
9 + I
-> E9+1Eq+1 8 0,9

SI

Ha+1 (Yq-) ↳"IS")
ED

Cor 12:

↑x (53) = H5 ( K12,31)

Proof: by last proof we have

#u /S3) = H5(T3) = H5(K (TE (s3), 33) = H5 (13(2,3))
EA

ThA I3:

H5 (K 12,31) E F/z



Proof of TE9:

Co-12 and ThE13 = πy(S3) =F12#

Proof of The 13:
some of
↓

we start by computing the cohomology of KIE, 3)

recall from Cor1.9 for any X

#n -(-x) = Tn(X)

solk(z),3) =k(z,2) =kp*

&indeed
S'+ sp

=*

is a

↓ fibration
Cp*

and SP = pT so

Mn(SP) +πn(EPPE Tn (S1) -> Th-, (SP)
b !

we have a fibration (IE, 2) = KIE,3) -> P/E)(by lemma#.5)

k(2,3)

and PKIE, 3) = pt

the cohomology Leray-serve spectral sequence has
t

E.= H(K (2, 3), HT(CPP)

recall H*<PD** (a) degree a =2

and H. (K (7,3)) = He (K(2,3)) = 0 since T, = Tc =0

and Hurewicz

↓H'(K (2, 3)) =H (K(2,3)) =0 by Universal Coeffic.
The



So EBot is i i :
*as C O

O O O

*al O O
=

O O O

#a O · H3(k(E,3)) *H"(<p*)
O O D O

* O O H(k(27,3))
Eto this part of
sit
de =0

2 S

so E,=Eit

we know E = 0 tr (s,t) = (0.0) since PK(2,3) = *

i i :
# C O
(a)

O O O

*(az] O O
=

O O O

-(a) O O H3(k(z,3))*HY(<p)
O-c O

* O H(k(27,3))

is an isomorphism

So if we define s= da then a generates H(K(2,3)

so H "(k(2,3)) =E(s

and sa is a generator of H "(k(*,3)*H"(CPP)

dya= da.a+ ada Esiz

-s.a + a.s = 2a.S



so in Est we see

(a) O O

O 00 p

Lay 0 0 (a"s]

soare doin
d4

[12 O O <s>HY(k(z,3) HY(K(Z,3)) H"(k(2x,3)

note: do,dy mapping to a come from O

and d for 124 also O map

so if E to the EY FO

*PK(2,3) contractible

so HY(k(Zx,3) = E2
40

= 0

similarly do, dy into to come from O

but d5: E." -> ETO
=a4=E= E gen by a

"

but da"tO so EY=0 k<3

↓ds into go also o

and de TO for >5too

so as above HP(k(2x, 3)) =0

now Est looks like



(a) · 0(abs):
O O O p od
(a) 00 (as)0 0

dy
O*o 00

197 00(a.s] O O

ds
0 O O 000,
[12 O 0<S> ·0Hk(2,3))

SO

-(a2) x2

X
*(as]
↳

H(k(2x,3))

#Herds not (as then F=E12 and

soisEUK (no other do can

kill it but Es
i
= 0)

moreover as most be onto E, or it would
live to to, so

H(k(2,3)) =E,00= E/2

recall we want to compute H(K(2,31
the Universal Coefficients Theorem gives

& FH5(KIE,3) EfreeHy/k(2,3) * for Hp(k(2,3))
>from above

=Hy (K(*,3)) is all torscon



=>I =H(k(2,3))E free Hc(k(7,3)) * for H5(K(2,3))
↑

from above

:H5(k(2,3)) =Ele

we are done with theproof but let's compute a bitmore

of HE(K(2,3)

we know Est looks like

(a) O #2
- ocass>; io
O O O p

(a) O O Cars 0 0 Ela
O 00 O O O

-

197 * 0 Lash0 Ele

0 ooo 0.0

#OCS> 0 0 E HT

="O must be zero since domains of

all de mapping to it are shown
above so all dare O

but EP = 0
-HY(k(E,3)) =Eg

0
= 0

so we now knowE looks like



O
-

⑧

(93) 8 ⑧ cabs) =I ↑

↑
-

O O ⑧ ⑧ O
-

x (a2) O · as) 0 0 E12 o

O 8 0 O O

19) 0 0 cast 80
o

&
Ez O

O O O d 0 o O

11) <s> O 15OEk O

3

note: d(a3) = 392s

do (as) = 29.3
= 0 in Ek

i. E =z/

the only way E3t does not "live to x" is
ifit is onto some Est

only possibility is ES-Ear
also Ea =E80 (since all maps do he3, 4

in andout of E are of

·
. d5: Eg->E80 is an isomorphism

SI
5

= H0(K(2, 31)

so we have computed

g O I 2 3 4 5 6 T D

H 9(k12,31) E 0 0 1 0 0 1 0 Es



#

14:

π5(33) =2/

if we try to compute as we did for ipls3)
we will run into problems in the spectral
sequence because we cannot determine some

differentials, so we need a new idea!

given a CW complex we can construct a sequence
of fibrations :

↓(πn(X),n -1) -> *n
↓
Xn - 1
:
↓

↓(π,(X),0) -> X I

*

such that is X isn-connected

12. πn(Xn) =0 UkEn

2)Tk(Xn)ETn(X) tkOn

3)Xn -> Xn-1 has fiber KITh(x), n - 1)

this is called a whitehead tower of X

note: itgeneralizes the universal cover
and is kind of "dual" to Postnibor towers



Lemma 15:

Every CW-complex has a whitehead tower

Proof: 1e+ x0 = X

to construct In from Xn-attach cells of

dimension- n+2 to kill the for ken+

this gives KITn (x),n) =Xn.,wyv
+2
...

let Nn.- paths in KIT (X), n) from a

fixed base point Xo+K1T (x), n) to Xn-

O ·

x0

k(π(X),n)do
Xx
- 1

let p: 1n-. -> Xn.be evaluate at end point

like in the proof of Lemma .5 that
- (x ->P(x) -> X is a fibration

one can show pin.- Xn+

is
a

fibration
↓
recall on shifts thby one

the fiber is(k(Tn(x),n)) = K(πn(X),n -1)

Ijust take xot Xn-1)

consider the exact sequence of fibration

Hm)k)Tn(X),n -1)) -> πy(n -1) - πp(Xn-1) -Tk-1(k(Thn(X),n -1)



IfRIn+, then ThAnleTuYurThIx
induction

IfR =nz, then TAnETh 1Xn- Fo

we are left with
·K(Tn(X), n)

C -
0Tn (n= ->Tn (Xurd -> Th- (K(tm(x, n-1D -> ThAmio

SI

Tn (x) Tn (x)

if 2 is an isomorphism then in (n = The Ant =0

so if we sety =Mn- then this is the

next step in Whitehead tower

for this note

X
am
KCT1X),n) = Xn-wentln...

so i riduces an isomorphism on in

Tn (Xn.1L, Tn (KCTn1xjn1)- The GneK1in, n

exercise: exercise show this composition is

exactly b

Hint: proof Tn (x)eTh+/MX) uses
2 map in

L.E.S. of fibration



Proof of Th14:

Whitehead tower of 53 is

*<KCT2 (53), 3)
↓
x <- KCZ, 2)

1
53

↓Harevicz
#= (53) = T5(xx) = H5Xu)

we first need to compute the homology of X.

we have a fibration

3
<-K 12,2= Gp*

33

recall H*((PP) =229] and

*= 0, 3
H*(53) =3E others seO

so Levay-serve sequence gives
Hsrt=H "<5"; H1400K

so we see



· :
O O 8 O

192) 00 (a>n)

O & O O

Ca) O p cau)
O O ⑧ O

<1) 00 <u)

d
z
=0 So Ez= Es

recall H/xg) = 0 for K = 1,2,3

(by Harenicz)

so Eb looks like

O

↓ooon
↓
We must have d a:n

thus d a= na""U

and we see En = Eg is
·

O O * =/
O O ⑧ ⑧

⑧ O O #Is
& O o O

O o O #/z
⑧ ⑧ O O

O O 0 O



Since there is only one nontrivial term on
Sit
= H9(X)each diagonal Exset=g ↑Lemma 1

thus we have

q 0 123456789

by Universal f
H9(Xs) #0000 120*0*N

Coefficients
Th Hq(Xs) = 0 0 0 1204130*/0

now for the homology of Xp
we apply the homology Leray-serve sequence to

k(πy(53),3) -> X4
X
3

the Ettam isES-Hs (Xs;H+(k(πy(s3),3)
we computed Is (xs) above and

Ht(((πy(s3),3)) ESe
t =0 by Hurewicz
y = 1,2,

#+(S)) t =3

#L

Hp(53) O 00

d o 0000 0

O O 00 O O

I o 00 #2 0 E



we know HnlX4) =0 for k =1, 2, 3, 4

So EP must be
O

*ofthis
2 34

s E = Ex must die at some point4,0

only possibility is
d Y:E" -> Fo

4,0

SH

22 SE(3)
this must be an isomorphism or

something lives to EP

note: this is another proof tp(s") =E!

Lemma 16:

Hy(k(z(2,3)) =0

H5(k(zk,3)) =E/z

so now Et looks like



O D O O O O O↑ r

00 O O
E2 =E3

and amust be
H2 j O O O

an is omorphism
O O O O O O O

d Y

O 8 O 00

*
*1

0 2

so E,it is

#(2 00 O O

O D 00 O O O

O j 00 OIO O 00 O O O

O 00 00 0 O

=#0 0 0 Es

the only possible nonzero differential that hits
E5 is

dg: E0o -> Eos

E E

but there is no nontrivial map Es to c



↓EO: #12 and
05

500...
5

:Lemmal says Hg(X4)=*
and we saw earliest, (S,) = H5(X4)

(

we are left to prove lemma

but firstwe need to compute homology of
↓(E1z, 1) and K((2,2)

so =pt
Since it, (IMPP)=E2 and I is its universal

1p8

cover we know in (MPP) =0 for 1 by TheI.18

50 IRPO = k(*(2,1

exercise: show H*((RPP) = E(C]K2a) degc = 2

I x =0

= \zx *even

* odd

Hint: Can't use so-sosince IRPP not simply con
but s'-

ooRPES's **CaT degar(
from earlier exercise



also know H. (MPP=21

·H"(1P*) = 214 free part by Universal left Th
man-

you willsee this is o

lemma K:

g · 12 3 4 5 6

H9(KI12)) z 0 0 11 0 1 EI

Ha (K(212,2) 7 0 #I 0 2/ EI O

Proof: We use the path space fibration (Lemma 1.5)

->KCE), 2) -> PKCE2, 2) =pt
SI ↓

#(E), 1
1(E), 2)

f=0

He (1121,2): ROE t=I HurewiCE
H= I

So
f = A Univasal coefficientsH+ (1171, 2) = 3+=12 ThM

so cohomology Leray-serve gives
Est *

<p> 0 O

O O

#CT ⑧ D

O ⑦

22 (27 ⑧ *

O D o

7 O O

in this part dz = 0 so Eg= Ez



# (f) =(0.0)
we know Ei= g O otherwise

so ds:Ej->Ego must be an isomorphism

↓H3((((X,2)) =E,,0 =E0z=*/z

and isgenerated by p = d.c

So now Es:Ec (in region drawn) is

*2(a)) O O O

8 O O O

&(xY
o O #(aip)

O

O O O OH O O

#(x) · oF(216)
O

##/zip) 0
↑

since no nontrivial di
hits this must be o

dy:Ej"-> Egi and d= 2x8

12 dg =0 here

but last chance to kill E is at Ex page
Call other maps to and from ES are of

5dgiEs">E60 must be nontrivial

and if not an isomorphism then

Esid lives to a so is an isomorphism



·H "(k(*(1,2)) = Eg6,0=*/2
generated by d((p)

=0
"

so now at Eg we have

#2 [aY) O O O

8 O O O

&2(xY o O *(2(a-p) O

0 O O O OI
50

*2(a) 00 *2(cp) O

O O O O O
O O

# O O *(zip) 0 Eg
*

(z(bY

Since dyiE04 ->EB is zero

last chance to kill E is at Eg

and as before dries?" ->E5O must be
an isomorphism
(note Egio-Eio)

30H5(k(Zh,2)) =E50 =E=*/c
thus we have

8/0123456#Elk(12,2) I 0 0 EOER #12

and Hq(K(*(,2)) follows from Universal Coefficents The



Proof of Lemma 16:

we have KEX,2) = &K(ER,3) -> PKIE.3) =3
K(E12,3)

so the E of the cohomology Leray-serve spectral
sequence is

· -
& o D

0 0 p

*0 0.-.

and Est=H"CK1E1,3); H "(E1,2)

we know HT151, 2) from lemnea 17

Hs (11E1,31 =3 S from Hurewicz

#Iz S:3

# SO

so H(K12,31= G0 51, 2,3

Et free 3 = 4

so we have

Est #2 D D O #/2 D

#Iz O - o z/z O

& O o o O o

#zO ⑧ o #2 O

0 o o o o o

"O 0 o D ⑧

# · oo* @ H
G



no free part or lives to b

must be 0 or lives to b

for this part Ez:Es=Er

dy must be an isomorphism or something
lives to infinity

Es and Ec look like

#(2 O
D

O ↑ 8
00

oothe
6

·S
O

z of 00 · H

do must be an isomorphism or something
lives to a

swe see H5 =0 and HO =E/2

Universal coefficients says

1)E/c = HO(KIE12,3)) EfreeHs(K(*,3)) #for (H5(K(*12,3)
(0 =H5/K(*(2,3)EtheeHz(k(*(2,3))* for (Hq(*(2,3))
2)F/c = H"(k(*(2,3)) Efree Hp(k(*(n,33)*for(Hy(*(2,3))



()> Hs/K(*12,3)) is torsion

and (1) says it is 2

()-> Hy(K(*12,3)) is torsion

and (2) says it is0


