
Contact Geometry

a contact structure on a manifoldMis a special type of

hyperplane field 3

that is 3 is a subbundl of TM where fibers

have dimension
1
.

we give the precise definition below

contact structures
, along with symplectic structures,

grew out of classical mechanics but it also has

connections to PDE, Riemannia geometry, geometric

optics , themodynamics ,...

in the past 20 or so years it has
also had many

applications to 3-manifold topology

This class will cove the basic ideas in contactgeometry
but focus on dimension 3 and see how to

classify contact structures on several manifolds
as well as Legendrio knots (a special knot in
a contact manifold)



I. Introduction

let M be an oriented 3-dimensional manifold

a plane field 4 on M is a subbradle of the tangent
bundle of M such that

3p = TpM1]
is a 2-dimensional subspace of TpM for allpeM

Remark : compair to the more familiar vector field

examples:

in M let3 =Spanx, Ee
so at every p

+ R3

-
Y

↳p = tangent to a paratel copyEl .

IE x of xy-plane through p↳E

2) in M = 2xS' le+ 3 p : T2 G Tp(2xS)
p = (x,

-)

3) in R3 let 3 -spany
,

Ex +yes

y

↳

-#-

1) <Y

4) let a be a -form on M
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Diffe F is able Fisedunder Liebrackets
manybooks
Top.

an integral manifold of F through peM is a one-to-one

immersion NEM such that df(5xN) = Ff(x)
and pe f(N)

F is integrable if every point in M has an integral
manifold through it

we say F is closed under Lie brackets if

2
. W - N/F) => [2

.

w] - N(F)
-

sections ofFX Lie bracket

(e. U(F) is a Lie subalgebra of N(TM)

suppose ? is a plane field in TM, given as hera

for some form

let 0
,
WE N (3) so OptTp-Kerdp 30 X(n = O

similarly for W
.

SO [0
. w] - N(7) > X([2

,
w]) = 0

Recall from Diff Top :

dx(r
,
w) = v. x(w) - w . x(2 - x([v

,

w])

so for r
.
We N(3)

[0
, w] - N(3) =) alu, w) = 0

coupled with Frobenius Th we see









from now on "contact structure" means

"positive contact structure
"

exercise : 1) If 3 is a non-transversely oriented contact

structure on
M I recall this means we can

only define>as ker x lolly) , then show
7 still defines an orientation on M

so non-orientable 3-manifolds do not have
- -

~°

contact structures

2) is this true for contact structures on

m2n+? Hint: consider parity of n

more examples : on IR we have

1) C = dz-ydx studied above

2) x
=

= dz+ xdy-ydx = dz +r de

twisting I on

all radial lines

I perpendicular to

z-ax is

are her a
,
and her do the "same"

definition :

let (Moio) and (M, 3) be contact manifolds

a contactomorphism is a differmorphism
f : Mo -> M,

such that df (3
, ) = 32





Hit : 2) is hard
, maybe come back to this later.

4) <4 = sin(2πz) dx + los(2πz) dy
twists infinitely
often on lines pep to

i xy-plane

exercise : show Tykerdy is contactomorphic
to 3

,
and I

:

example : Consider Sc the unit sphere

recall for any linear space V, TpVEV canonically
so multiplication by i on

4 induces multiplication

byI on all tangent spaces
let 3p = TpS1i(TpS3) Up + S3

Claim : 3 is a contact structure on 53

to see this recoll s = f "(1) for

f : 42 -> RR : 1
., Y, 42 ,

2)+ xity,+xY+y

and This = Rerdfix
.... in

= her 2(x,dy, + y, d,

+ +
2 dyc + 42dyz

~ + i(T3) <) I e TS" ) df(in) = 0

note : it = by
,
i y = -

t ,





Hint : see Geiges book if too hard

This is our first example of a contact structure

on a closed manifold

later we will see that all closed oriented 3-mifds

admit contact structures
,
for now

exercise :

1) construct a contact structure on
T3

-

Hint T = RYz3-"

consider 34 on IR3 above

2) construct a contact structure on the lens space

↓ (p.4) = 3 where 3<K unit sphere and
2π 2491

z
,Ep acts by (z,2) +(20 Tz

we end our examples of contact structures with two
important examples

example : Vet spaces

let M be a manifold

the -jet space of M is

J'(M) = T*
M

given a function f :M-RR the -jet off is

-(M)
a section ↓ given by

M


















