
# Characteristic Foliations

by Th
*1

.
5 we know the characteristic foliation on a surface

determines the "germ" of a contact structure

here we study characteristic foliations more carefully
(why are surfaces so important ?

can cut a contact manifold into simple pieces

using surfaces. If you understand the contact
structure on the pieces and near the surfaces

you might understand contactstron original manifold

let I be a surface

can area form on
I

~ a vector field onI

the divergence of a is the function divor satisfying
Luw = (div, 2) wo

or equivalently
disco = (divost co

note :

1) if x is a singular point of 0 (ie . ~(x = 0),
Then the divergence is independent of 1 (defsameorientation)
indeed let =ef

any positive function can
be written thisway

der = d(ef(ow) = ef (d+1 Gw + d(yw) 3 form on Iso O
mr

ef(df(u)w +d(yw)
④((df1c) = 0
I

= (dfl + dire2) e.e
df(x)w -d



so div , ~ = dfle+dire

If V(x)= 0 then df(O(X) =0 so at X

dirg ,
= div,e

2) let's compute dire for

dic = d(flyd = dfelpw +fd
= (dfict + f dir

,
ofa

so ifx a singular point of o and dire = 0 at X
then divgr = 0 at x for any rescalling 5 ofe

so it makes sense to talk about whether or not a singular
point in a singular foliation has te divergence !

Prop 1 :
leto be a singular foliation on an oriented surface
↑ is the characteristic foliation induced on[

by some contact structure

E

all the singular points of I have non-zero divergence

Proof : (=)

on E x[-1, 13 with + variable on [1

consider a contact I-form

& =Pf + Ujdt

for B+ a 1-form on [

Up a function on [

here [= [x(0)

I
,
= Ker Bo



dx= daB+ +d + defecte
↑
don z

o since 3-formon

and = Bf1 de B++ Beechtn + Benduedt + Up dt 1d e->
= (p+ndu+ + u+ dept - B+15)not

let x be a singularity of Ey he Zero ofPo)
then at 4 UpdeBorde O

so dP . 70 near x on [

so dBo is an area form nearx

so Jarector field o St. LydPo = Po
(recall an area form gives an isomorphism

w : A(2) -v() : r+ (w)

so dodpo = dP and thus divg It at 4
= 1#

(E)
if <= B+ thydt is any I-form on Ex[-1, 1)

then it is a contact form

#=>

n
+ dB+ + B+1(duy

- ) + O

we aregiven 7
leto be an area form on E (given correct ort

suppose F is orientable /so 7- flow of some rector field of

| + B = Lw

let u be the function on [ s.
t. dB= W



Claim : There is al-form W on E St
. Unp = 0

and Wed > 0 away from zenos of B

given this set p+= B + + (du + 2)

and x = B+
+ udt

we compute dx = de +&B + duit
as before

-so xndx = (BedBe -By + Bydundt + udBt)It

= ((B + +(d +2))1)-du - u + du) + x(dB + +d2)]ndt
= (2rp- +dun + 420 + tudW) edt

= (1B + 4w) de
at t== 0

note : U is the divergence ofo

so I 0 at singular points ofF

i. Ledx 0 there

at non singular points UnB>0 and n
=
= 0

so 2ndx 0 there too

:- x a contact form for + near zuo .

now for the proof of the claim
exercise : Show there is an almost complex structure

↑ on I such that wh, w 0 Fw0

given this let U = Loo W

note W1B(2,) = U(n)B(iv) - U(ov)Blu



-= Whir
,
) wir,out - we whe, 2

= (who)"I0 and 70 O

so U has desired property

ifI not orientable
,
then can work in a cover

exercise: check this case #

Prop 2 :

let O be a 28generic property of rector fields
let I be a surface embedded in a contactmanifold (M, 3)

By a CP small isotopy of I we can arrange for
Is to satisfy P he. I, flow of rector field

satisfying P)

Rof : let x = p+ tudt be a contact form on a

neighborhood N= [x[-1, 1) of E in M

letw be an area form on I

since (2)+-'() : 01> LW is an isomorphism

= vector field such that I w = &
t t-

perturb It to 24 sit
. Wo satisfies O

let By = I W and

x' = By +udt

if Ey close to By , then I' close to a
and since and>o is an open condition
a is a contact form



and so is x = 3 <+-33x

so Gray's Th" (Th*I. 6) gives an isotopy
P .: M->M St

. 0 * 2, =Xs S

/

since Zuckers is given by Bo it

satisfies & and 45' (2) is an isotopy
of I to , (E) #-

a generic vector field has isolatedzuos and they are either

·. ·.--/ 4//
node (or elliptic saddle (or hyperbolic

call a singular point positive if divolak o

negative of diro (2) <0

for
any

area form to induring orientation on[
and anyvector field o directing Es

note : this is equivalent to whether or not the orientation
on 3 and on TI agree at the singularity

indeed if <=B+ tude , then at a singular point x
Andx = u

+ dB+ ndt > 0

(since B+ = 0 a +x



so Godbo is a positive volume form on t near 4

let a be a vector field st.

I 4 dBo = Bo

we have dir Yodpo = &Bo

so divodbo ~=
so if divergence >0 then 4 > O

and aBo induces corrector on TxI

but also induces out on Ex

i . div >0 => + singular point

similarly for dir<o -

exercise :

it x is a nodal singular point then
& Is positive if

↳
T-

x is negative if
↳
T

let's think about saddle singular points
Consider x = de +ayd + bxdy for a

,
b > 0

andx = (dz + aydx+ bxdy)1)-adxndy +b dyndy)
= (b - a) dredyedz



Soa contact # b-a 70

if PositiveContact sa
a

by dyedndt

so positive contact str here

xy-plane has a singularity at 10.0
let c = dxudy
note z = [B] satisfies (W = x /

xy-plane

so characteristic fol is

dr() Tr
> < >

1it iY
pos . singularity neg. singularity

we end this section with a lemma we need later
.

Lemma 3 :

letL be a Legendrian are in [C(M,
3)

xEL an isolated singular point of Is
If4 crosses TI along Lat X in a left-handed way

then x is a source (sink) of fol along Lif
the singular point is positive (negative)



if3 crosses TI along Lat x in a right-handed way
Then x is a sink/source) of tol along Lit

the singular point is positive (negative)

example : left handed tristing we see

↑
ro-

L < · s or
-

so fol could
be
-

L 3< or

,

right handed turisting we see

- +
- &

> ⑳ L
O> C

so fol be Lun

- > Cul-
·2S

4

Proof : we check left-handed twisting at+ singularity,
exercise : Check other cases

let's recoll how to orient (x = >x1>

a vector 8
. Ely orients ex if



there is a rector 8
- Ex ,

and is < Tx[

such thatVire orients It , Wit Orients Ty

and using orients Ty M

EBo↓en---Yes

note 8
, 2, 3 orients TIM


