
I Introduction to Convex Surfaces

let (M, 3) be a contact 3-manifold

a vector fielda is a contact vector field if its flow

preserves 3

if < is a contain form for 3
,
then is a contact restor field

it flow of of a preserves 3 : Ber

which is equivalent to ↓
pos-function

2nd =*** (t
== Eff+ /+ = 0

= 94

for any g
: M -> R

so i is a contact vector field) 2,x = 9 x

example :

X Reeb vector field ofa

2x
,

a = 1ydx +d(y = 0 +d1 = O

:. Xo a contact vector field

note also Xx is transverse to 3

exercise :

① show a contactvector fielda is a Reeb field for

some< V is transverse to 3

② show a contact rector field er is always tangent to 3

=>

v =0



lemma 1 :

(M . 3) a contact manifold

x a contact form for ?

a rector fielda is a contact vector field

E

there is a function H : M ->R s
.

t
.

x(z) = - H ↓ Reeb field

(wdx = dH- (dH(Xa) <

Proof :
assume i is a contact vector field

set I = - x(v)

now ga
= 2ph = d4x +1,dx = -dH + (pdx

so lodx = dH +ga

plug Reeb field X> into equation toget

0 = dH(Xx) +9

so (pdx = dH-dH(Xx) <

now ifa satisfies equations ther

2n = (ndx + diyk = dH -(dH(x2))x - dH

=> dH(Xg) <

soa contact field #

exercise :

given H :M-> RR there is some vertor field o

satisfying equations in Lemmat

Remark : this says any locally defined contact rector field can
-

be extended to a global one



a surface I in a contact manifold (M, 3) is convex if there is a

contact vector field o transverse to I

lemma 2 :

a surface I is convex > I an embedding EXIRM such

that $(2x403) = I and 4
*(3) is vertically invariant

(that is invariant in the IR-direction)

Proof :

if I is convex
,
then let o be the transverse contact o

.

f.

set H = -2 12t (some contact form < for 3)

cut off It near I (so it has compact support)
let be the contacto.f. associated (by lemmal) to

new function

flow of 8' (which exist for all time since has compact support

gives P

conversely, given 4 let t be coordinate on IR

the vector field z= $xE+ is a contact r.

f
. transverse

to I #

exercise : If I is a convex surface in (M, 3), then show,

using lemma above that I has a neighborhood/

ExC+, 1) such that 3 is given by a 1-form

x = B + ledt

B a I-form on I and u : I ->I



note no dependence for B ,
u

note : with < as above

E = kerB

2) for ↓ to be contact we need

andx = B1(dB+duedt) + udenB
= (Bedu + udB)ndt = 0

so

Bedu + udB > 0 ①

lemma 3 :

let I be a surface in (M, 3)

1 : I ->M the inclusion map

↓ a contact form for 3

B = 1
*

x

the surface I is convey

E

- a function u : I-> RR St
. UdB +Beda 70

Proof :

If I is convey we are done from above

If a exists then on EXR consider the contact structure

Ker (B + udt)

char folt on [x103 and I are the same

i
. We have neighborhoods of Ex203 and I that are

contactomorphic and contactomorphism sends t

to a contactvector field transverse to I
#



dualize equation Q : fix an area form on I

so there is a vector field won I such that

w = B

note w is in herB and so directs I
,

h
.

e
. Tangent to I

,
and O at singularities)

if I conver then

Bndu + udB > 0

↓ I

Bidu + u (divg) w

I

↳cndu + u (div,w) a
I recall

danw =o so

1
(n(du(w) = 0

Edu(w) + udiuow) a H

duln)co-durtw
l

So dul)w edu
-du(w) + adigw 70 ②

Oexercise : for a fixeda set of a satisfying - is conver
2

"W - is conver

example (of non convex surface) :

IR3 words (v
,
G

,
E)

M =
/R2,

z + z +

3 = her (dz+ r2do

Tc = 4(
,
0

,
z)/n = 23M

characteristic fol on Tc is linear

note s above on T
c
is de+cd

so db = 0

if w = donde on Tc then=



satisfies (ww =

B so w directs char
·

fol

and div- W = O

i. If To conver Ja function : Tc -> IR

such that-duln) O

so w decreases along flow lines
leaves of(Tc)

,
are closed

or dense

so T
,
not conver

exercise :

let I be a surface in (M, 3)

if one of the following is true then I is not convey

I
,
has a flow line from a negative to a

positive singularity
(2) I

,
has a dense leaf

.

given a surface [

a singular foliation Funny property embedded arcs and

simple closed curves

we say a multi-curve divides F if

(I N = E+
#2 -

(2)T is transverse to 7 and

(3) there is a volume form won [ and vector field won I

such that (a) Idiow>0 on EI
(b) W directs F

> ~ points out of I+ along 22+ -(62+ 122)



exercise : if M
,
We both divide F then T, and E are

isotopic through dividing curves

if I is a convex surface then near I we can write the contact

form Atadt the multi-carve
can assume O a

M = Ex + 2 : u(x = 03C) regular value of u

is called the dividing set ofI

Th *4 :

given a compact orientable surface [in (M, 3) with 2 Legendrian
Then

I is conver #) there is a dividing set for Ey

we will prove this theorem and the ones below late

but now we give a user's guide to convex surfaces
and then see how they are used to study contact structures

examples :

1) Sund! sphere in IR3 with 3 = ker(dz +rde

·
indeed it r =Er + Ez

then 22 = 2 so a contact

and < (2) = z so Ugz =&z = 03



2) recall
+c = ((, G, E)(v = 23 c IR

z+ z+ /

with2= her (dz +rdo

above we saw To t convey

[Tc)
,
is a linear foliation

choose> so slope is rational Plg

pick2 orbits U.
S of (Tas

- changed coordinates on

torus so picture clearer

--

T

, - (rS) = A
, Az 2 annuli

push A ,
out a little and Az in a little toget T

with Th
&E- / +

1

3

---- 3

. S

-->N

note the new torus has dividing curves so is convey

so a CP smallperturbation of the non-cover To is context

note : we could have perturbed T, to have any even

number of dividing curves

moregenerally we have



The 5:

any closed surface is CP-close to a convex surface

if I contains Legendrian curves L.... with to (i, 2) 10

for alli then I may be Co-isotoped near Li1

and CP-isotoped away from the Li to become convex

so conver surfaces are very common!

ThE6 (Giroux flexibility):

suppose.
I a compact surface in (M,3)

· I closed or has 22 Legendrian with non-positive twisting along
each component of 22

· I is convey with dividing curves VE and transverse contact

rector field e

· i :I- M the inclusion map

let U =i (Pz) and of be any singular foliation on I that

is divided by M

Then in any neighborhood U of I in
,

there is an is otopy & .-M

for St[0, 1 such that

(1) %= i

(2) Os is fixed onM

(3) P(2) CU for all s

(4) Ps (2) is transverse to 2 / : Convex

with Wag(z) = NE

(5) (4, (2),
= 4

,
(f)

recall The# .5 says I, determines 3 near I
, coupled with that above

we see Ne more or less determines > near [

way easier to understand multi-curves than foliations !



example :

this flexibility is very powerful !

in the example above we saw a torus with foliation

-

xxy +
-3-

y: &

--- 3

. S

-->N

now consider the singular foliation

im flesofsigrariee
of stones

-

Tres ris (different from slope of

curves
singular foliation is lines of singularities)

-

alsodividedby so we mate
is fol as characteristicfoa

this is surprising as fol is very nongeneric and
we can realize my shopes It slope of sing.

lines)

we call a torrs with foliation as above a torus in standard

form and it is determined by the slope r of the

dividing curves and the slope Cany str) of the

ruling curves

let I be a convex surface in (M, 3)

We the dividing curves

a graph 6 CI is called mon-isolating if 6 is transverse to NE



and every component of 216 intersects Uz

Th * 7 (Legendrian Realization Principle or LeRP) :

& a convex surface in (M, 3)

6 a graph in 2 that is non isolating
Then there is an isotopy of [ (ve/GI) through

convex surfaces to I', s.

t. 6 is contained in

the characteristic fol of I'

a useful corollary is

corollary 8 :

If C is a simple closedcurve in a convexsurface [

thatnontrivally and transrasely intersects

Oz then I may be isotoped so that is

Legendrian on I

we can say a lot about Legendrian curves on a

convex surface

Th * 9 :

let ( be a Legendrian simple closed curve in a

convex surfaceI that is transverse to
,
then

tw
,
(

,
2) = -E #(1Nz)

if L= 22
,
then this gives +b (L), moreover

r() = X(t+) - X(z)

we can also understand tightness using conversurfaces



↑+10 (the Giroux Critation) :

& a conver surface in (M, 3)

a vertically invariant neighborhood of I is right
=

(1) I= 52 and Oz is connected, or

(2) IF Sand We has no components

bounding a disk

we end by seeing how to "transfer
information" between

convex surfaces

Lemmall :

I
,
I' conver surfaces with dividing sets UE,

YE
22'CI a Legendrian curve
let S= Pn22' and S'= P , 1&I'

I

then between any two adjacent points of s there

is one point of S, and vice-versa

Pictorially

E



we can say a little more

lemma 12 :

If I
,
I' are as in Lemma ll but &T = It'

and look like
--

--
--↓ -
coorientation

then one can "round the corner" to get a

Smooth convex surface with dividing set

i-#-1-&---


