
Manifolds with corners

a manifold with corners is a topological space
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is Hausdorff
,
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topologically W is a manifold with boundary

and 2W -

- pts corresp to two in Nat
and Xuxa - ,
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now let A be an atlas of coordinate charts on W

from IN "
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IM
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IRI,

that are smoothly compatible

this gives W a smooth structure

now W is not a smooth manifold with boundary !

let SW = { PEW : p or resp A Xu -
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exercise : it > W is an Cn-2) - di nil manifold

2) IT = yw u > w

3) it SW is 2 sided in 3T the each component
of 2T I SW has boundary a subset of SW

4) it w
, ,

W
,

are manifolds 40
,

then hi xwz is a

manifold with corners



lemma .

1) If C is a component of 2W(SW = 07
,

then there is

an embedding L - e
,

D x C -7 W whose image is a

nbhd of C and ④ C maps to C by the identity
More over any 2 such embeddings differ by ambient isotopy

4 it C is a component of SW and C is 2 - sided
, then

F an embedding h : I -

GDH - E
.Dx C → W whose Ini

age
is a nbhd at C

,
h ( 0
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o

, pl =p ,
and h 401 x H

.
dxc ) is a collar

of one component of C is In > W and h ( C - Gg x lol x C )
is a collar in the other

More over any 2 such embeddings differ by ambient isotopy

maybe prove later

lemma lrounding corners )

it W is a manifold with corners
,

there is a manifold with boundary
M and a homeomorphism hi . Wt M that is a diffeomorphism
off of SW

Moreover M is unique up to diffeomorphism

Proof . M = W as a topological mfd

for p e Wl > w we take word
. charts of M from W

for p E > w we have a word chart
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and let 1005 be a word chart for M

this gives an atlas on M I : a smooth Str . EH



exercise .

take a vector held v along 2W u > w pointing into W

let M be a to - di in I sub mfd of W in collar ubhd defined
by v and It to V everywhere

Then the
" interior ' '

to M of W is diffeomorphic to

W with rounded corners from lemma

flow of v

exercise Show B
" "

is B
"

x Bm with corners rounded

we can reverse
"

rounding corners
"

lemma

It M is a submanifold of 2W that is cod .in I and separating
the n F a manifold w His corners N and a homeomorphism

of : Wt N that is a diffeo off of M and takes M to SN

just reverse proof of above lemma

exercise show that the two processes above are in verses



Cutting and Gluing

Given 2 manifolds W
, and We with boundary let MfdWi

and f : M
,

→ Mz be a diffeomorphism

by lemma above I collar nbhds

Qi. E- E. o ) x M
,

→ Wi

let W = W
, uhh /

p n ffp ) with the quotient topology
let q : W

, uhh → w be

quotient map

define of : C - E
,

x µ
,

→ w : ¢, p , ↳ { 9-
lol

,
It . A ) t E C- 403

q ( old - t
,

tip ) E efoie ]

easy to check this is a topological embedding

define charts on int w
, CW from Wi ( and

q
)

and on p t M
,

C W from Q

easy to check these charts are compatible so W has

a smooth Str

we say
W is the result of gluing W

,
and Wz wat

and denote it W
, Uf Wz

lemma .

the smooth Str on W
, if We is well - defined upto dctfeo

and the natural inclusions
w

,
-7W

, Ufwz
are smooth embeddings

the proof is a nice exercise since collar ubhds
well - defined upto ambient isotopy



exercise .

1) If M
,

c Twiis acomponent of 2W
,

I L W
;

then we can still glue to get manifold

( with less corners )

2) the result of gluing W and 2W xcom ) by
2W → 2W x 103

p 1-7 ( p , o )

is diffeomorphic to W

now it M c W is a co dim I submanifold let N be a tubular

nbhd of M in W the manifold

W I M = WI
is called the result of cutting W along M

w

Wl M

exercise is Show cutting and gluing are inverse opperations
4 Show how to cut along a sub mfd w/o to

get a manifold with corners

Important examples.

connected sum : let W
, ,

We be 2 n - manifolds

fi : Dn → Wj embeddings set
.

f
, preserves and ta

reverses orientation if Wi
oriented

let W
, # Wr = WID ' Uf

. off WITH



one can show W
,

# We is well-defined it we . connected since

orientation pres . embeddingsD
'

-7W
"

are

unique upto isotopy ( since normal bundle of

a point )

boundary connected sum

if W
, , Wr are a

- manifolds with

boundary and

fi . D
" - '

→ 2W
; are embeddings

then we can introduce corners along f. AD
" )

and set W
, kiwz = Y Vfiofj ' U

exercise .
i ) it 2 Wi connected

,
then W

, aw ,
well - def

.

→ WEs
"
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