SYMPLECTIC HATS

JOHN B. ETNYRE AND MARCO GOLLA

ABSTRACT. We study relative symplectic cobordisms between contact submanifolds, and in par-
ticular relative symplectic cobordisms to the empty set, that we call hats. While we make some ob-
servations in higher dimensions, we focus on the case of transverse knots in the standard 3-sphere,
and hats in blow-ups of the (punctured) complex projective planes. We apply the construction to
give constraints on the algebraic topology of fillings of double covers of the 3-sphere branched
over certain transverse quasipositive knots.

1. INTRODUCTION

There has been a great deal of study of cobordism and concordance of smooth knots in di-
mension 3, leading to a beautiful and rich field in low-dimensional topology. There are two
ways of formulating contact analogues of these objects. Both start with a symplectic cobordism,
that is a symplectic manifold (X, w) whose boundary consists of a concave part (M_,¢_) and
a convex part (M, &4 ). Given a Legendrian submanifold L. in the contact manifold A+ one
can look for Lagrangian submanifold in X with boundary —L_ U L. Such Lagrangian cobor-
disms have been studied quite closely [11}(12}/14]. However, the corresponding question about
symplectic cobordisms has seen comparatively little attention. More specifically, given contact
submanifolds (Cy,&x) of (My,£x), we say they are relatively symplectically cobordant if there is
a properly embedded symplectic submanifold (X, w|s) of (X,w) that is transverse to 0.X and a
symplectic cobordism from (C_, £_)to (C_,E.).

We note that if we consider relative symplectic cobordisms in codimension larger than 2
then there is an h-principle [15, Theorem 12.1.1]. In particular, if there is a smooth cobordism
between the contact manifolds that is formally symplectic then the coboridsm can be isotoped
to be a relative symplectic cobordism. Thus we will restrict to the codimension-2 setting in this
paper.

The only situation when the relative symplectic cobordism question has been extensively
studied is when X = B* with its standard symplectic structure (so M_ = @ and M, is the stan-
dard contact 5?). In this context C; will be a transverse link and we are asking when C; bounds
a symplectic surface in B%. Thanks to work of Rudolph [68] and Boileau and Orevkov [8], we
have a complete characterization of links that bound such surfaces: they are the closures of
quasipositive braids. Moreover, the answer is the same in the complex and in the symplectic
category. Quasipositive knots are now a class that is very familiar to low-dimensional topolo-
gists, and some results about their fillings have even been partially generalized past B* [41].

In this paper we will study the general problem of relative symplectic cobordism in all di-
mensions, but we will particularly focus on the 3-dimensional setting. We will also focus much
of our attention on the situation where C; = @. When M, is empty we say X is a symplectic cap
for M_ and if in addition C is empty we say X is a symplectic hat for C_.

If one does not restrict the topology of X then it is not hard to show that (C_, €_)in (M_,£_)
has a symplectic hat [27], in fact one can even control the topology of .
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Theorem 1.1. Every transverse link L in a contact 3—manifold (Y, §) has a hat that is a disjoint union
of disks in some cap (X, w) for (Y, §).

It is more difficult to find symplectic hats when the topology of X is fixed. Below we will
study the situation when X is assumed to be simple; we will show that there is some rich
structure to the problem and that hats can be used to build symplectic caps for contact manifolds
and restrict the topology of symplectic fillings of certain contact manifolds. But before moving
on to this, we end this discussion with the fundamental question:

Question 1.2. Let (X,w) be a symplectic cap for (M, &). Does a contact submanifold (C,¢’") of
(M, &) bound a symplectic hat in (X, w) if and only if C is null-homologous in X?

While it seems unlikely that the answer can be YES in general, below we provide some mild
evidence that it might indeed be YES. In particular, below we will see that there are many fewer
restrictions on symplectic hats than on relative symplectic fillings and so one might hope the
answer is YES. Even if the answer is NO, can one formulate conditions that will guarantee the
existence of a hat?

1.1. Projective hats. The simplest symplectic cap for (S, &) is the projective cap CP? \ Int(B*),
where B* is a Darboux ball in CP?. We call a symplectic hat in the projective cap a projective hat.
We begin by noticing the following.

Theorem 1.3. Every transverse link T in (S3, &xa) has a projective hat.

This result is in stark contrast with the results of Rudolph and Boileau-Orevkov, in that it
poses no restriction on the link. However, in some way it parallels the analogous result in
the absolute case: while there are strong restrictions on contact manifolds in order for them
to admit a symplectic filling (e.g. overtwistedness, non-vanishing of contact invariants), every
contact manifold has a symplectic cap [21]].

One way of thinking about projective hats is in terms of singularities of curves (see, for in-
stance, [32] for related questions and definitions); in fact, by coning over (83, L), we can think
of Theorem [1.3|as saying that every transverse knot is the link of the (unique) singularity of a
singular symplectic surface in CP?. From this perspective, quasipositive transverse links are
links for which the surface admits a symplecting smoothing, while algebraic links are links for
which the surface admits both a smoothing and a resolution in terms of blow-ups.

Since Theorem|[I.3|provides us with an existence result, we can ask questions about complex-
ity. We define the hat genus of T to be the smallest genus g(7") of a projective hat. This is one of
the possible measures of complexity of hats. We prove various properties of the hat genus and
compute it for some families of transverse knots. One of the more general theorems along these
lines is the following.

Theorem 1.4. Suppose T is a transverse knot in (53, &xa) and there is a transverse regular homotopy
to an unknot with only positive crossing changes. Then the hat genus is

o) = - (25,

where s1(T) is the self-linking number of T

This allows us to show, for example, that for ¢ > p > 2, any transverse representative 1" of
the (p, —¢)-torus knot T}, _, satisfies
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In particular, the maximal self-linking number representative 7’ (which has sl(T") = —pg+q—p)
has

Remark 1.5. Tt is interesting to note that in [58] it was shown that the smooth projective genus
of T, _3 is 0 where as we have computed the symplectic projective genus to be at least 3 for any
transverse representative. Thus we see quite a difference between the smooth and symplectic
hat genus of a knot.

Another sample computation is that for the n—twist knot with maximal self-linking number
T, [22], the hat genus is

1 n < —3 and odd
9(Tn) = {22 n>1andodd

5 n positive and even.

Remark 1.6. The hat genus for T}, with n even and negative is not known. Recall there are several
maximal self-linking number representatives of such twists knots. It is not known even if all the
representatives have the same hat genus.

We note that the projective hat genus is not always a simple function of the self-linking num-
ber. Specifically, in Proposition we show that if 75 5541 is the maximal self-linking number
torus knot, then

k|1 23 45
9(To2ki1) |0 1T 0 2 1

Question 1.7. Can one compute §(T% 2x+1)?

Note that the question has a clear counterpart in complex geometry, asking what is the min-
imal genus (or minimal degree) of an algebraic curve in CP? with a singularity of type T5 o541
(also referred to as an Aj,-singularity). It is also related to a question in the theory of defor-
mations of singularities, asking what is the minimal p such that a singularity of type T, p+1
deforms to 75 25+1. Both questions are open, and there is a relatively large gap between the
available lower and upper bounds. See, for instance, [23}/39}63].

We end the discussion of projective hats with the following question.

Question 1.8. If T is a slice, quasipositive transverse knot in (53, &q) that has g(T') = 0,is T'
the maximal self-linking unknot?

While we do not know how to answer Question we sketch an approach that seems
promising at the end of Section 3.3}

We recall that there is a well-known and well-studied analogous question for Lagrangian
concordance. Namely, if there is a Lagrangian concordance from L to and from the maximal
Thurston-Bennequin Legendrian unknot U, is L isotopic to U? A positive answer to Ques-
tion would imply a positive answer to the Lagrangian question as well, via symplectic
push-off.

1.2. Hats in other manifolds. Above we saw that not all transverse knots bound a genus-0
surface in the projective hat of (53, £.q); however, we do have the following.

Theorem 1.9. Every transverse knot T in (S3,&xa) has a symplectic hat of genus 0 in a blow-up of
the projective cap.
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Let (Xo,wp) = CP?\ B*, where B* is embedded as a Darboux ball with convex boundary.
We will write X, to denote an n—fold symplectic blow-up of Xy, so that X, is diffeomorphic to
(CP?#nCP?) \ B*. These are all caps for (5%, &.q). We define the n' rational hat genus g,,(T) of
a transverse knot T to be the smallest genus of a hat for K in X,

The proof of Theoremshows that for any transverse knot T, the sequence G(T') = {Gn(T)}n
is non-increasing and eventually 0. We define the hat slicing number of T' to be

5(T) = min{n | g,(T) = 0}.
It takes some work to find examples where the hat slicing number is larger than 1.

Proposition 1.10. Let K, be the unique transverse representative of T, 41715 3 with maximal self-
linking number which is p> — p + 1 = 29(T}, p+1#7123) — 1. We have

g(KI)) =p—- 1af0rpg 77
GK,)=(p—-1,p—2,...,2,1,0,...), forp < 4.

Question 1.11. Let K, be the transverse representative of T}, , .1 #75 3 with sl(K,,) = p> —p+ 1.
Iss(Ky,) =p—1?IsG(K,)=(p—-1,p—2,...,2,1,0,...)?

It is easy to see, modifying the proof of the above proposition, that $(X,) < p — 1 and that
9(K,) = p — 1. In particular we also know g, (K,) <p—1—mn,forn <p—1.
We also formulate the following question.

Question 1.12. Is gi41(K) < g (K) if £ < 5(K)? In other words, is G (K) a strictly decreasing
sequence until it hits 0?

In Sectionwe also investigate hats in Hirzebruch caps for (52, &a). The Hirzebruch caps
are Hy, which is the standard symplectic 5% x S? minus a Darboux ball, and H; = X;.

1.3. Higher-dimensional hats. We also consider higher-dimensional projective caps for links
of Brieskorn singularities. Recall that a Brieskorn singularity is the singularity at the origin of
{4 + -+ 2P = 0} C C% its link ¥ is a contact hypersurface in (52", &4q). We view the
ambient manifold as the concave boundary of CP" \ B?", which we still call a projective cap.

Proposition 1.13. Let ¥ C (5?71, &a) be the link of a Brieskorn singularity. Then S has a hat in the
projective cap of (S*" 71, &a).

Since the analogue proposition for torus knots (i.e. Brieskorn singularities in complex dimen-
sion 2) is one of the main lemmas in our proof of Theorem 1.3} we hope that the statement might
be one of the ingredients in the proof of the higher-dimensional codimension—2 generalization
of Theorem

In fact, we make an effort in setting up all definitions and technical statements in the general
case, rather than restricting to the case of knots in 3-manifolds. What is missing in the proof of
the generalization of Theorem|[I.3|to arbitrary dimension is a cofinality statement; below we will
prove that the set of torus links is cofinal in the set of transverse links, with respect to the partial
ordering given by relative symplectic cobordisms. Untangling the definition, this means that
for every transverse link L in (53, &+q) there exist a torus link 7 in (S3, &:a) and a symplectic
cobordism from L to 7.

Proving an analogue statement for links of Brieskorn singularities, together with the propo-
sition above, would yield the existence of projective hats in arbitrary dimension (and codimen-
sion 2).
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1.4. Hats and restrictions on fillings of contact manifolds. Hats can give rise to caps via a
branched cover construction: given a (suitable) projective hat S for 7" in (53, &xa), the r—fold
cyclic cover of the projective cap branched over S is a cap for the r—fold cyclic cover (2,(T'), &r,r)
of (53, &q) branched over T. (When r = 2 we omit 7 from the notation.)

Warning 1.14. We advise the reader that, in the following two statements, we will abuse nota-
tion by denoting a transverse knot by its topological type; e.g., we will write m(94¢) to denote a
transverse knot. What we mean is that we are considering the transverse knot obtained as the
closure of the braid representing the knot taken from the KnotInfo database [49]. We also note
that the data that we are using might agree with other knot databases or knot tables, as well as
with other data on KnotInfo, only up to mirroring.

We will use (some of) these caps to restrict the topology of symplectic fillings of branched
double covers. In what follows, we denote with Eg the unique negative definite, even, uni-
modular form of rank 8, and with H the hyperbolic quadratic form. Our main result is the
following.

Theorem 1.15. All exact fillings of

(1) X(12n942) are spin, have H1 (W) = 0, and intersection form Eg & H.

(2) each of 3(10124), X(12n292), and X(12n473) are spin, have Hi (W) = 0, and intersection form
Es;

(3) X(m(12n491)) are spin, have Hy(W') = 0, and intersection form H;

(4) X(m(12ns1g)) are integral homology balls;

(5) each of the following contact 3-manifolds are rational homology balls:

Z(m(820)), Z(m(946)), 2(10140), Z(m(10155)), Z(m(11n50)),
Z(m(llnlgg)), 2(117’“39), E(m(11n172)), Z(m(12n145)), Z(m(12n393)),
2(12n582)7 Z(].Qnﬂ)g), E(m(12n721)), E(m(12n768)), and Z(l?nggg).

Remark 1.16. We note that 12n24o can also be described as the pretzel knot P(—2,3,7) and
¥(12n242) is known to be the Brieskorn homology sphere (with its natural orientation reversed)
—3%(2,3,7). By contrast to Item (I)) in the theorem, ¥(12n942) has minimal strong symplectic
fillings with arbitrarily large b (see the end of Sectionfor a proof). Contact manifolds with
a finite number of exact fillings but infinitely many strong fillings were already observed for
cotangent bundles of hyperbolic surfaces [45]53] (see [71] for a much stronger statement); as far
as we are aware, this is the first example of an integral homology sphere such that the topology
of Stein fillings is restricted, while that of strong symplectic fillings is not.

Compare also with work of Lin [46]; the manifold —%(2, 3, 7) satisfies the assumptions of [46|
Theorem 1], and therefore all of its Stein fillings that are not negative definite have intersection
form Eg & H. (In fact, it is easy to show using Floer-theoretic tools that —X(2, 3, 7) cannot have
any negative definite Stein fillings.)

Remark 1.17. Recall that the branched double cover of the knot 10124 = T35 is the Poincaré
sphere (2, 3,5), endowed with the canonical contact structure &.,,, i.e. the one arising as the
boundary of the singularity of {2 + y* + 2° = 0} at the origin of C3. We note here that Ohta
and Ono [59} Theorem 2] proved that every symplectic filling of (£(2, 3,5), £can) has intersection
form Eg, which is a stronger statement than what we are proving here.

We can also restrict the symplectic fillings of some higher-order cyclic branched covers.

Theorem 1.18. Let (X,.(K), k) denote the r—fold cyclic cover of (S3, &xa), branched over the trans-
verse knot K. Let (W,w) be an exact filling of (X, (K), &k r).
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(1) If K is a quasipositive braid closure of knot type m(820), m(946), 10140, m(10155), m(11nso),
and r = 3,4, then W is a spin rational homology ball.

(2) If K is a quasipositive braid closure of knot type m(11nisz), 11n13g, m(11ni72), m(12ns1s),
12n70s, m(12ngss) and r = 3, then W is a spin rational homology ball.

(3) If K is a quasipositive braid closure of knot type 891 and r = 3,4, then W is spin and bo(W) = 2(r—1).

These theorem follow by showing that each of these manifolds has a cap that embeds in a K3
surface. Thus the cap is Calabi—-Yau and in [45] it was shown that such caps restrict the topology
of fillings. Recall that a Calabi—Yau cap of a contact 3—manifold is a symplectic cap (C,w) such
that c; (w) is torsion [45]. We get the embedding of our cap into a K3 surface by taking the cover
of CP? or CP' x CP' branched over the union of a hat for a knot K and a symplectic filling of
K which will be a curve of the appropriate degree or bi-degree.

The last statement in Theorem 1.18|also uses Heegaard Floer theory to guarantee properties
of the cap necessary to carry out the above argument. To illustrate a more subtle case where
more sophisticated Heegaard Floer theory is used, we also prove the following result.

Theorem 1.19. Let (W, wyw ) be a Stein filling of (¥(2,3,7), &can). Then W is spin, it has Hy (W) = 0
and either Hy(W') = Eg @ 2H or Hy(W) = (—1); moreover, both cases occur.

We also establish a simpler analogous statement for (2,3, 5) in Section 6.3}

1.5. Hats and the generalized Thom conjecture. Using hats we give a proof of the generalized
Thom conjecture. The statement is well-known among specialists and we give a simple proof
of it, but see also [27] for another proof.

Theorem 1.20. Let (X,w) be a strong symplectic filling of (Y, ), K a null-homologous transverse knot
in (Y,€), and F C X an w-symplectic surface whose boundary is K, such that F is transverse to 0.X.
Then F minimizes the genus in its relative homology class (among all surfaces properly embedded in X
whose boundary is K).

Organization of the paper. In Section 2| we discuss generalities on relative symplectic cobor-
disms between contact submanifolds in arbitrary dimension (and co-dimension). We study in
more detail cobordisms between transverse links, giving general adjuction formulas for sym-
plectic cobordisms, and we provide the basic building blocks for the construction: hats coming
from complex curves and elementary symplectic cobordisms. In Section |3| we prove a (slight)
strengthening of Theorems|[1.3}[1.1} and[I.4 we also provide many examples and computations.
In Section ] we prove Theorem and we compute minimal hat genus in blow-ups of the

projective hats for some knots, including Proposition Section |5|is devoted to the proof of

Proposition and Section [6] contains the proof of Theorems[1.15[1.18] and some of the
computations needed in this section are postponed to Appendix|A} while Appendix |B| proves
Theorem[1.20
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2. GENERAL REMARKS ON SYMPLECTIC COBORDISMS BETWEEN KNOTS

In the first two subsections we will define relative symplectic cobordisms and discuss simple
methods to build them. In the following section we discuss the adjunction equality for relative
cobordisms in in symplectic 4-manifolds. The last two sections review quasipositive links and
complex surfaces in CP?.

2.1. Definitions and gluing. A boundary component M of a symplectic manifold (X,w) is
called strongly convex (respectively strongly concave) if there is a vector field v defined near A
such that the the Lie derivative satisfies £,w = w and v points out of (respectively into) X along
M. We call v a Liouwille vector field (notice that we do not require v to be defined on all of X).

A strong symplectic cobordism from the contact manifold (M_,{_) to the contact manifold
(M4, &4) is a compact symplectic manifold (X,w) with 0X = —M_ U My where (M_,¢{_) as
a strongly concave boundary component and (M, £ ) as a strongly convex boundary compo-
nent. Unless otherwise specified, we will only consider strong symplectic cobordisms, hence
we will systematically drop the adjective “strong”.

We call (C, € ) a contact submanifold of (M, ¢) if C is transverse to { and T,C' N ¢, = §~p for

all p € C. Given two contact submanifolds (Cy,£1) in (My,{1), we say they are relatively
symplectically cobordant if there is
(1) a symplectic submanifold X of (X, w) such that (X, w|s) is a symplectic cobordism from
(C—v g—) to (O+a £+)r and
(2) there there are Liouville vector fields vy for (X,w) near M4 that restrict to be Liouville
vector fields for (£, w|sx) near Cy.
We call ¥ a relative symplectic cobordism. We note that since the symplectic structure on ¥ comes
from the restriction of the symplectic structure on X, Condition (2) simply means that the Li-
ouville vector fields for (X,w) are tangent to ¥ near C.. We note that while Condition () is
convenient to include in the definition, it may be replaced with
(2") ¥ is transverse to the boundary of X
if one is willing to deform the symplectic structure.

Lemma 2.1. Given a symplectic cobordism 3. from (C_,£_) to (C'y, £, ) inside the symplectic cobordism
(X,w) from (M_,€_) to (M, &) as in Condition (1)) of relative symplectic cobordism, then as long as
¥ is transverse to My we can assume, after deforming w near M., that there are Liouville vector fields
vy near My that restrict to be Liouville vector fields for (X, w|x) near C.

Moreover, this deformation is made by adding to X a piece of the symplectization of (M_,{_) and

(M, &4).

We will need ideas from the proof of Lemma [2.4]to establish this lemma so the proof is given
below.

Below we will frequently build relative symplectic cobordisms in stages, so it is useful to
note that the standard arguments for gluing together strongly convex and concave boundaries
of symplectic manifolds, see for example [17], easily generalize to give a relative gluing result.

Lemma 2.2. Given two relative symplectic cobordisms X%, i = 0,1, from (C%.,€) to (C%, €% ), inside
the symplectic cobordisms (X*,w") from (M, &%) to (M™, &%) for which there is a contactomorphic of
pairs from (MY, CQ) to (ML, CL) , then one may glue X° to X* along M = M? to obtain a symplectic
cobordism (X, w) from (M2,€°) to (M1,&%) and simultaneously glue X0 to X' along C9 = C* to
get a relative symplectic cobordism ¥ from (C?, £%) to (CL, 51) (We note that when gluing one can
arrange that (X w') and a scaled version of (X1, w't1) are symplectic submanifolds of (X,w), and
similarly for the %3*. Here the indexing is taken mod 2.) O
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Recall a symplectic filling, respectively cap, is a symplectic cobordism (X, w) with M_ = &, re-
spectively M = @. And given a contact submanifold C in the boundary of a symplectic filling
(or symplectic slice surface), respectively cap, then a relative cobordism from, respectively to,
the empty set will be called a symplectic filling, respectively hat, for C.

2.2. Constructing symplectic cobordisms. We will need to consider regular homotopies of
transverse knots. To this end we recall that a “generic” regular homotopy ¢, : S* — M can
be assumed to have isolated times at which there are isolated double points and at a double
point the intersection is “transverse” in the following sense: if ¢; is a time for which there are
values ¢, and 6, such that ¢, (61) = ¢, (62) then we consider the paths v;(s) = ¢5(6;) and de-
mand that v;(t;) — 75(t:), ¢4, (61), and ¢}, (02) are linearly independent in Ty, (5,)M. We call a
double point of a regular homotopy positive if the above basis defines the given orientation on
M, and otherwise we call it negative.

We notice that if given a diagram of a knot in R® and one switches a negative crossing to
a positive crossing then that gives a generic regular homotopy with a positive double point.
Switching a positive to a negative crossing gives a negative double point.

Remark 2.3. More generally, consider regular homotopies ¢, : C* — M?"*1. Generically if
k < n this will be an isotopy and for k = n there will be isolated transverse double points and
we can assign signs to them in a fashion analogous to the one discussed above.

Lemma 2.4. Let ¢; : (C?FF1 ¢") — (M2 +1 ¢),t € [0,1] be a generic reqular homotopy of contact
immersions with ¢y and ¢, embeddings. The trace of this homotopy in any sufficiently large piece of the
symplectization [a,b] x M of £ is an immersed symplectic cobordism from ¢o(C) in {a} x M to ¢1(C)
in {b} x M.

When 2k + 1 < n, the trace is an embedded symplectic cobordism. When 2k + 1 = n, the symplectic
cobordisms has isolated double points that correspond to double points in the reqular homotopy and will
be positive double points if the crossing change in the homotopy is positive and negative otherwise.

Proof. Let 8 be a contact form for ¢ on C and « be a contact form for £ on M. Since ¢, is a
contact homotopy we know that ¢;a = f; 0 for some 1-parameter family of positive functions
fi: C = R Ifg:[0,1] — [a,b] is any increasing function then the “trace” of the isotopy is
parameterized by

®:[0,1] x C — [a,b] x M : (t,p) — (g(t), p+(p))-

This clearly gives an immersion with double points corresponding to double points of the ho-
motopy. Pulling back d(e'«) yields

(e’ f, B) = 9™ (g’(t)ft + %];) dt A B+ e f,dp
which is clearly a symplectic form on [0,1] x C whenever ¢'(¢) is sufficiently large and it
may be taken to be arbitrarily large if b — a is sufficiently large. We note for later use that if
h :10,1] — [a, c] is any function with derivative larger than g, then if g can be used to parame-
terize a symplectic embedding then so can h.

For the claim about the sign of the double point of the immersion use the notation for a
double point established just before the statement of the lemma (here we only discuss the 3-
dimensional case that we will use below, but the higher-dimensional case is analogous). The
tangent space for one sheet of the surface at the intersection point (¢;, ¢, (61)) will be spanned
by the oriented basis {g'(t;)0; + 71 (t:), #;,(01)} and the other sheet will be spanned by the
oriented basis {g'(t;)0; + v5(t:), ¢;,(02)}. This clearly gives an oriented basis equivalent to
{06, 71 (t) = v5(ts), &, (01), ¢¢,(02) }, which establishes the claim. O
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Remark 2.5. Lemma immediately allows us to generalize Lemma to allow for gluing
relative symplectic cobordisms (X, £%) and (X', ¥') under merely the hypothesis that MY
and M are contactomorphic by a contactomorphism taking C9 to a contact submanifold that
is contact isotopic to C1. (See the lemma for notation.)

Proof of Lemma[2.1 We discuss the case of C, noting that the case of C_ is analogous. We
can extend (X,w) by adding a small piece [0,c] x M, of the symplectization of (M,,{;) and
extending ¥ so that it is transverse to {t} x M/ and symplectic in the extension (this can be done
since being symplectic is an open condition). Notice that C;, = ¥ N ({t} x M), for t € [0,¢], can
be taken to be a contact submanifolds in (M, £, ) (since being a contact embedding is an open
condition).

Now for sufficiently large b let (X', w’) be the extension of (X,w) by the piece [0, b] x M, of
the symplectization of (M,&;). Let ¢ : [0,¢] — [0, €] be a function that is the identity on [0, £/2]
and equal to zero near €. So Uy is a contact isotopy in (M ,£). If we take the function g
in the proof of Lemma [2.4| to be the identity on [0, e/4] and have sufficiently large derivative
outside of this interval, then the trace of Cy(;) is a symplectic submanifold and can be used to
extend ¥ to a symplectic submanifold ¥’ in (X’,w’). Clearly X is a symplectic cobordism from
C_ to Cy and ¥’ is simply C; x [b — ¢,b] near 91 X' and hence tangent to the Liouville vector
field 0,. O

We would now like to resolve double points, but we can only symplectically resolve posi-
tive double points. This results seems well-known, but the authors could not find a specific
reference, so we provide an elementary proof based on the ideas above.

Lemma 2.6. Let ¥ be an immersed symplectic surface in the symplectic 4—manifold (X,w). If pisa
positive transverse double point of ¥, then one may remove a neighborhood of p in ¥ and replace it with a
symplectic annulus, resulting in a symplectic surface X' with one less double point than X and the genus
increased: g(¥') = g(X) + 1.

Proof. We first claim that ¥ can be deformed in a C%-small way near a positive double point
so that there is a Darboux chart about the double point in which ¥ is the union of the (x1,y1)-
plane and the (z2, y2)-plane. To see this let p be a transverse positive double point of ¥ and
U a neighborhood of p such that the two sheets of ¥ N U are S; and S,. A standard Moser-
type argument constructs a symplectomorphism ¢ : U’ — V between a neighborhood U’ of
p contained in U and an open ball V' about the origin in (R*, wstq), so that ¢(p) is the origin,
¢(U N Sy) = 97 is the intersection of the (x1, y1)—plane with V, and ¢(U’ N S2) = S} is a surface
tangent to the (x2,y2)-plane at the origin. So S} near the origin is the graph of a function
F:R? - R?: (z,y) — (f(z,y),9(x,y)), with f, g, and their first derivatives vanishing at the
origin. Now let p : [0,1) — R be a function that vanishes on [0, 5], is 1 outside [0,¢], and is
monotonically increasing on [£, ], with o' < 2; let p, = tp(r) + 1 — t. Consider the family of
functions (F})¢c(o,1 defined by Fi(x,y) = pi(r) - F(x,y), where r = y/22 + y2. One may check
that the symplectic form evaluated on dFt(%) and dFt(a%) (that is on a basis for the tangent
space to the graph of F}) is:

pé(?“):t(T) (

L+ p7(r) - (fagy — 9y9a) + Yfeg + 29y f —xfy9 — Y92 f) - 1)

Therefore, the graph of F' is a symplectic surface in R* if and only if the quantity above is
positive. Since the graph of F' is symplectic and p; is identically 1 for » > ¢, the only part to
check is when r < ¢. When r < §, the third summand vanishes and the second summand is
larger than —1 by our assumption on F. Finally, when § < r < ¢, the first two summands
in (2.1) are strictly larger than 0 since S5 is symplectic and p; is between 0 and 1. Each part of
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the last summand in is of order r? by our assumption on p}. Thus if ¢ is taken small enough
the last term can be made arbitrarily small, and hence the graph of F; is symplectic for each ¢,
giving a symplectic isotopy from S5 to the graph of F;. We have thus established our first claim.

Now to resolve the double point. Let B be a round ball contained in our Darboux chart.
Notice that (S7 U S5) N OB is a transverse Hopf link. The surface C. = {z122 = e} N Bisa
complex surface for positive €. In particular, C, is symplectic with boundary a transverse link
that is transversely isotopic to (S7 U S5) NI B (via the isotopy given by ¢ going to zero). We may
now use Remarkto glue C. to ¥ — (B N X) and thus resolve the double point at the expense
of adding genus. O

The above two observations immediately yield the following result.

Lemma 2.7. If K is a transverse link in (M?3, ) that is obtained from the transverse link K' by trans-
verse isotopy and g positive crossing changes, then there is a relative symplectic cobordism ¥ from K’
to K in any sufficiently large piece (a,b] x M, d(e'«)) of the symplectization of (M, £). Moreover, for
knots the surface ¥ can be taken to have genus g. O

We also observe that a positive crossing can be added to a transverse knot via a symplectic
cobordism. This result also follows from combining [41, Lemma 5.1] and [41, Example 4.7], but
the simple argument is presented here for completeness.

Lemma 2.8. If K is a transverse link in (M, £) and a portion of K in a Darboux ball is as shown on the
left of Figurel[l) then there is a symplectic cobordism X in a piece of the symplectization of (M, &) from K
to the knot K’ obtained from K by replacing the tangle on the left of Figure[I|by the one on the right.

—_ 5 — /
— /

FIGURE 1. Front diagrams for transverse tangles in a Darboux ball.

Proof. We claim that we can construct a surface ¥’ in M by adding a twisted 1-handle to
K x [0,6] so that 0¥/ = —K U K’ and du is positive on ¥’ where « is a contact 1-form for
¢. Given this take any piece [a, b] x M of the symplectization of (M, £) and take ¥’ to be a subset
of {b} x M. Any small isotopy that pushes ¥/ — K’ into [a, b) x M will result in a surface X that is
symplectic. So take the isotopy so that K C Esitson {b—¢} x M and ¥ — 90X isin (b—¢,b) x M.
This is a cobordism from K to K’ satisfying condition (1) of symplectic cobordism. Lemma
allows us to extend the cobordism to satisfy both conditions of a symplectic cobordism.

We are left to show that X’ exists. To this end notice that one may easily construct an annulus
A with one boundary K and the other boundary a copy, K, of K so that the characteristic
foliation on the annulus is by arcs running form one component boundary to the other. We
can then add a 1-handle to A to get a surface ¥’ with transverse boundary —K and K’ and
the only singular point in the characteristic foliation of ¥’ a positive hyperbolic point in the 1-
handle. From this it is easy to construct an area form w on ¥’ and a vector field v directing the
characteristic foliation so that di,w is a positive multiple of w (that is, v has positive divergence
on Y'), see [30]. Let 8 = t,w. One may easily see that f3 = a|py for some positive function
f. Now in a neighborhood N = [—¢,¢] x ¥ of ¥/, with 3’ = {0} x ¥/, we know that « is of
the form f; + u; dt where §; and u; are 1-forms and functions, respectively, on ¥’ and §y, = f§.
Multiplying a by 1/f we can assume that the contact form for ¢ is 5; + u; dt with 5y = . But
now da on T%' is df which is a positive area from on ¥’ as desired. O
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Below we will sometimes use the well-known notion of an open book decomposition and it
supporting a contact structure. We do not discuss this here, but refer the reader to [20] for more
details.

Example 2.9. The main application of Lemma [2.8|in this paper is to braid closures; recall that
one can associate to a braid a transverse knot in (53, £q), which is just the closure of the braid,
viewed as being transverse to the pages of the standard open book of (53, &q) with disk pages.
In this context, the operation of adding a crossing to the closure of 8 € B, in the lemma cor-
responding to just adding a positive braid generator to any braid factorization of 3 (in any
position). By contrast, Lemma [2.7|corresponds to adding the square of a generator.

More generally, we note that Lemma2.7)also follows from Lemma[2.8|and Lemma 2.4 for iso-
topies (we do not need the statement for regular homotopies) since a negative to positive cross-
ing change can be effected by adding two positive crossings. Again we note that Lemma
and the isotopy version of Lemma [2.4]are contained in [41], and thus our main observation of
this section, namely Lemma easily follows from [41] as well.

We end this subsection by noting that open book decompositions can be used to construct
relative symplectic fillings.

Lemma 2.10. Let B be the binding of an open book decomposition of M that supports the contact
structure &. If 3 is a page of the open book then in in a piece of the symplectization ([a,b] x M, d(e'a)),
for some contact form o, we can take X in {b} x M and push its interior into the interior of [a,b] x M
to get a symplectic filling of B.

Proof. Since the open book decomposition supports £ there is a contact form « for ¢ for which
da is positive on the pages of the open book. Thus the symplectic form e (dt A a+ da) is positive
on ¥ and hence on X when its interior is pushed slightly into the interior of [a, b] x M. Now this
can be done so that the perturbed ¥ is transverse to {b} x M. Thus Lemma2.1|gives the desired
result. O

Remark 2.11. One might expect the same argument to work to construct a symplectic hat for the
binding of an open book, but this does not work since the orientation on B induced from the
page is not correct to be the lower boundary component of a relative symplectic cobordism.

2.3. Symplectic submanifolds. A simple bundle theory argument yields the following useful
fact for closed, immersed, symplectic surfaces.

Lemma 2.12 (McCarthy-Wolfson, 1996, [51]]). Let ¥ be an immersed symplectic sub-surface of a
symplectic 4-manifold (X,w). Then,

{e(X,w), [¥]) = 2 =29 + [¥] - [¥] = 2D,
where g is the genus of 3, [X] denote the homology class determined by ¥, and D be the number of double
points of ¥ counted with sign. O

We have the following relative version of this for symplectic cobordisms.

Lemma 2.13. Let (X,w) be a symplectic cobordisms from the contact manifold (M, &) to (M’,¢"), C
a transverse knot in (M, §), and C' a transverse knot in (M',£"). Further assume that M and M’ are
homology spheres. If ¥ is any immersed symplectic surface with transverse double points in (X, w) with
boundary —C U C’, then

{e1(X,w), [E]) = x(2) = sl(C) +s1(C") + [¥] - [E¥] - 2D,

where [X] is the homology class of the closed surface ¥ = ¥ U S U —S’ where S is any Seifert surface for
C'in M and S' is a Seifert surface for C' in M', g(X) is the genus of ¥. and D be the number of double
points of ¥ counted with sign.
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Remark 2.14. It is not essential that M and M’ are homology spheres, but when they are not one
must still assume that C'and C”’ are null-homologous so that the self-linking number is defined.
In this case the self-linking number will depend on the choice of Seifert surface and this surface
must also be used in defining .

We note a couple of consequences.

(1) (The relative symplectic Thom conjecture) A symplectic surface 3 with boundary prop-
erly embedded in a symplectic filling (X, w) that is transverse to the boundary, mini-
mizes genus in its relative homology class. We prove this in Appendix B} cf. [27].

(2) If a transverse knot 7' in (53, £5tq) boundary a symplectic surface ¥ in (B, wgq) then

si(T) =2¢g(2) — 1.

In particular, a stabilized transverse knot cannot be the boundary of an embedded sym-
plectic surface in B%.

To see this note that such a surface would have lower genus that the one T bounds
and then this surface would violate the relative symplectic Thom conjecture.

Proof. Let R, and R), be a Reeb vector fields for £ and &', respectively, and ¢ the coordinate
normal to —M UM = 0X. By adding a collar neighborhood to the boundary of X and extending
¥ we can assume that C' and C’ are orbits of the Reeb vector field.

Notice that the tangent space T X restricted to 3 splits (as a symplectic bundle) as E; & E»
where E; is TY along ¥ and the span of R, and 0; along SU.S’, and Ej is the symplectic normal
bundle to ¥ along %, £ along S and ¢’ along S'. So restricted to 3 we have

cl(X7w) = Cl(TX) = Cl(El) + Cl(Eg).

To compute (c1(E1), [X]) we choose the section 9, over S U S’ and extend it arbitrarily over

TX. So clearly (c1(E1), [X]) = x(X). Now to compute (c;(E»), [X]) choose a non-zero section
s of £ over S, s' of ¢ over S’, and extend it arbitrarily over the normal bundle to ¥. Clearly
(c1(E2),[X]) is the relative Chern class of the normal bundle v to ¥ relative to s U s’ along
—C U " = 0%. To compute this we choose another section of the normal bundle. Let ¢ and ¢’
be the unit normal vector fields along S and S’, respectively. Along 9%, o and ¢’ are contained in
the normal bundle to ¥. Computing the relative Chern class of v, relative to o and ¢’, evaluated
on ¥ clearly gives [X] - [X] — 2D since we can use o, ¢’ and their extension over ¥ to create a
section of the normal bundle of &

We finally notice that the difference between the framings that s and o give to C'is —s1(C') and
the difference between the s’ and ¢’ framings of C’ is sl(C”). The former is just the definition
of the self-linking number, while the latter is also the definition but we must remember that
0X = —M U M’ and the linking numbers in M and —M differ by a sign. Hence

(c1(E»),[X]) = =sl(C) +s(C") + [X] - [£] — 2D. O

2.4. Quasipositivity and links bounding symplectic slice surfaces. Recall that the n-strand
braid group B,, is generated by n—1 elementary generators, o1, . .., 0,—_1, Where o; interchanges
the i*" and (i + 1)* strands with a positive half-twist. For more on the braid group see [5]. A
braid is called quasipositive if it can be written as a product of conjugates of non-negative powers
of the standard generators and it is called strongly quasipositive if it can be written as a product
of the elements
Oij = (Ui R O‘j,2>_10'j,1(0'i R Uj,g),

for1 <i < j < n. Alinkin 53 is called quasipositive or strongly quasipositive when it can
be realized as the closure of such a braid. Combining work of Rudolph [68] and Boileau and
Orevkov [8] it is known that the class of quasipositive links is precisely the class of links that
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arise as the transverse intersection of a complex surface in C? with the unit sphere; these are
sometimes called transverse C-links. Moreover Theorem 2 in [8] makes it clear that the class of
links is also precisely the class of links that arise as the transverse intersection of a symplectic
surface in the unit ball in C? (with with standard symplectic structure) with the unit sphere.
Given Lemma we see that a transverse link in (53, £5q) bounds a symplectic slicing surface
in the 4-ball if and only if it is given as the closure of a quasipositive braid.

We now turn to a special class of quasipositive links, namely links of algebraic singularities.
Given a complex polynomial f(z,w) in two variables, let V(f) = f~'(0). Suppose that z € V(f)
is an isolated singular point of f. Then for small enough € > 0 the sphere of radius ¢, S, about
z intersects V(f) transversely in a link L . For ¢ sufficiently small f~!(§) will also intersect the
Se transversely in a link isotopic to L. This surface is called the Milnor fiber of L. So Ly is a
quasipositive link (in fact it is strongly quasipositive). For a topologist-friendly introduction to
singularity of curves in the spirit of this paper, we refer to [32, Section 2] The main example we
will consider in this paper is that of f(z,w) = 2P — w?. In this case L.r_uq 0 is the (p, ¢)-torus
link. It is also well known that, when p and ¢ are coprime, the complex surface that L.»_a 0
bounds in the 4-ball has genus % (p — 1)(¢ — 1).

2.5. Complex curves in CP?. We will be considering algebraic curves in CP*. More specifically,
given a non-zero homogeneous polynomial f(z,y, z) € C[z,y, 2] one can consider the set

V(f) ={lz:y: 2 € CP?| f(z,y,2) =0}
This is a complex surface in CP?. We say it has degree d if the polynomial has degree d. More-
over, recall that the second homology of CP? is generated by the homology class of a line
¢ C CP? and one can easily check that the homology class defined by V(f) agrees with d[¢],
thus giving another interpretation of the degree of V{f).

A point in V{ f) where the derivative of f vanishes will be called a singular point. If P is a sin-
gular point then for sufficiently small ball B about P, V(f) will intersect §B = S transversely
in some link Ly p. Clearly Ly, p is a quasipositive link and so bounds a complex surface £ ¢ p in
B. If the links associated to all the singular points of V(f) are connected (that is are knots) then
we say V(f) is a cuspidal curve. A cuspidal curve is a PL embedded surface of some genus g.
Replacing neighborhoods of all the singular points of V(f) with the complex surfaces ¥ p and
recalling that ¢, (CP?) = 3[/] one can apply Lemmamto see that

3d = (1 (CP?), [2]) =2 -2 (g + D g(Sp,p) ) + 2,
where the sum is taken over all the singular points of V{f). This yields

d—2)(d-1)

9+Zg(2f,P) = (f (2.2)

We will take a topological viewpoint on singularities, similar to that of [32} Section 2.2]. In par-
ticular, we will use the following fact: if we blow up the plane C? at the origin and we let E
denote the exceptional divisor, the proper transform of the curve V(zP —y?) (with p < ¢) has mul-
tiplicity of intersection p with the E, and it has a singularity isomorphic to that of V{(a? — y7~P).

3. HATS IN THE PUNCTURED PROJECTIVE PLANE

In this section we will show that all transverse knots in the standard contact S* have a hat
in (X,w) = (CP?\ B* wps), where B* is embedded as a Darboux ball with convex boundary
in CP? and wrs is the Fubiny-Study metric; and compute the hat genus for many examples. In
particular, we show that the symplectic hat genus can differ from the genus of a smooth surface
in X with boundary the knot.
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Let /-, be the a line at infinity in CP? (that is the standard CP' in CP?) that is in the com-
plement of the B* removed above. Let K be a transverse knot in (S, &sq). A hat ¥ for K
in (X,w) will be called a projective hat for K. By Poincaré-Lefschetz duality and elementary
algebro-topological manipulations,

Hy(X,0X) = H*(X) = H*(CP?) = Hy(CP?) = 7.

We can give an explicit isomorphism by choosing a line £, in CP* that is contained in X, and
use the intersection pairing Ha (X, 0X)® Ha(X) — Z to define the degree of ¥ as the intersection
number of ¥ and /.

3.1. Existence of projective hats. Itis easy to see that, for each knot K there are always smoothly
embedded surfaces in X with any degree and boundary K. These have been studied in [58],
but more work is necessary to prove the existence of symplectic hats, and we will see that the
degree cannot be arbitrary for a given K.

The following is a slight extension of Theorem[I.3|from the introduction.

Theorem 3.1. Every transverse link K in (S3, &xa) has a projective hat. Moreover, this hat can have
any sufficiently large degree.

We begin with a lemma.

Lemma 3.2. The transverse representative of the positive torus knot Ty, ; in (S3, &sa) with self-linking
number pq — p — q wears a symplectic projective hat of genus

(g—p—1)(g-1)
2

and degree q, where we are assuming, without loss of generality, that g > p.

Remark 3.3. The knot T}, , might wear a hat of smaller genus and degree if p is sufficiently small,
but it is interesting to note that these numbers are optimal if ¢ < 2p. To see this suppose that
g < 2p, and that there is a degree-d hat for T'(p, ¢). We apply [6, Equation (x;), page 523] with
J = 1. The inequality reads

I(3) =T(A) < d, (3.1)

where d is the degree of the hat, and T'(k) is the k'" element of the semigroup comprising all
non-negative integer linear combinations of p and ¢ (starting at I'(1) = 0 = Op + 0g).

Since ¢ < 2p, the first three elements of the semigroup are 0, p, ¢, and therefore I'(3) = ¢;
substituting in the inequality above, we obtain that ¢ < d, as claimed.

Proof. There are many ways to construct a hat for 7}, ;. A particularly simple one was pointed
out to us by Dmitry Tonkonog. Consider the curve C' = V(z? — y?297P 4+ y9). It is immediate to
check that the only singularity of C'is at (0 : 0 : 1). Moreover, the following construction gives
a local change of coordinates around (0, 0) in the affine chart {z = 1} that maps V(z? — y?) to C.
Let g be a p*® root of the function w — 1 — w?~P: this exists locally in a ball B centered at w = 0
since g(0) # 0, and set h(w) = wg(w). The latter function is a biholomorphism since g(0) # 0.
It is immediate to check that in the chart {z = 1,y € B}, the biholomorphism (z,y) — (z, h(y))
maps V(z? — y?) to C. Thus the complement of a neighborhood of the singular point gives the
desired hat. The degree of the hat is clearly ¢; the Adjunction Formula gives its genus to be

19— L1y = E=r=DE=D

as claimed. O
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Remark 3.4. There is an alternative approach to proving the lemma, which is closer to the spirit
of this paper. One can start from the curve V(2% — y?297?); it is a rational curve, since the map
[s : t] = [sPtIP : 57 : t9] gives a parametrization by CP'. Moreover, it has two singularities at
(0:0:1)and at (0:1:0). The singularity at (0 : 0 : 1) is of the desired type 29 — y? = 0, and we
can trade the other singularity, which is of type 2¢ — y9~P, for its Milnor fiber, which has genus
s(@a—p—1)(g—1).

Remark 3.5. The statements in [6] are about complex curves; however, since the proofs use
smooth 4-dimensional topology techniques, they hold more generally for reals surfaces whose
singularities are cones over knots. The Inequality holds for smooth curves having only one
singularity whose cone is a cone over a torus knot, so they apply to our case.

Proof of Theorem 3.7} We will build a symplectic cobordism from K to a positive torus knot and
then use Lemma(2.2]to glue this to a symplectic hat for the torus knot constructed in Lemma([3.2}

Given a transverse knot K we can transversely isotope it so that it is braided. Thus we can
use Lemma [2.4{to build a symplectic cobordism from K to a closed n-braid. Now Lemma
which says we can add positive crossings wherever we like, allows us to build a symplectic
cobordism from the braid to the closure of (o --- 0, _1)* for any sufficiently large k. Since for
k relatively prime to n the braid (o - - - on_1)¥isa positive torus knot we have constructed the
desired symplectic cobordism. O

The following result will be useful in the next section, and it can easily be combined with
Lemmas[2.2]and [3.2]to give an alternate proof of Theorem [3.1].

Lemma 3.6. Every transverse link K in (S®,&xa) has an immersed symplectic cobordism with only
positive double points to a torus knot in a piece of the symplectization of (53, &sa) -

To prepare for the proof of this lemma we set up some notation. Given two braids $ and /3’
we will write 8 1 §’ to indicate that 5’ is obtained from § by inserting a square of a generator
into some presentation of 5 as a word in the generators. A braid /3’ is generated by squares from
3 if there exists a sequence

B=PB0,P1, s Bm =05
such that 3,4, is obtained from £ by inserting the square of a generator. When § = e is the
identity braid, we simply say that ' is generated by squares.

Observe that if 8’ is generated by squares from S, there is a sequence of positive crossing
changes from the closure of 3 to the closure of 5.

Lemma 3.7. The square of the Garside element A% € B, is generated by squares from o? for each
1<:<n-1

Proof. We prove this by induction on n. If n = 2, A? = ¢%, and this is clearly generated by
squares from o7.

Ifn>2thenAZ, | = (1,AZ)- (0, -+~ 020102 - - - 0,,), where we denoted by ¢,, : B,, — By, 41 the
inclusion of the first n strands. Both factors are generated by squares: the first by the inductive
assumption, and the second by direct inspection.

In particular, this shows that A2, is generated by squares from o2 (since the last factor is)

2

orby any of 0%, ...,02_, (since the first factor is). O

Proof of Lemma[3.6] The transverse knot K is the closure of an n-braid 8 € B,. Up to conju-
gation, we can suppose that 5 induces the permutation (12---n). Let Sy = o102 - 0,_1, and
observe that v = 3, ' 3 is in the pure braid group.

In particular v is a product of elements of the form wia;w; ! where ; = +2 and w; is an
arbitrary word in the braid group for each i (see, e.g., [5, Lemma 1.8.2]). We claim that for some
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integer m, A?™ is generated by squares from . This proves that 8y A*™ is generated by squares
from §, and in particular there is a symplectic cobordism from the closure of § to the closure of
BoA?™, which is the torus knot T}, ,n,+1. Now the desired immersed cobordism follows from
Lemmal[2.4

Let us now prove the claim. For each i such that e; = —2 we simply change the corresponding
crossing by inserting a Uli-:

wia,;fwi_l T wia,fa,%iwi_l =e.

For each ¢ such that ¢; = 2, we use Lemma which asserts that A? is generated by square

from o7, ; indeed, we have
wiAzw; L= A2

since A? is central in the braid group B,,. That is, we have proven A?™ is generated by squares
from ~. O

3.2. Projective hat genus. We can now define two invariants for transverse knots in (53, £54).

Definition 3.8. We call the hat genus of K the smallest genus g(K) of a symplectic hat of K in

~

(X,w) and the hat degree to be the minimal degree d(K) of a symplectic hat for K.

Later we will discuss hats in other caps for (S3, &) and then when confusion might arise
we will refer to the hat genus and hat degree, as the projective hat genus and projective hat degree,
respectively.

Example 3.9. Notice that g(K) = 0 if and only if K has a symplectic projective hat that is a disk.
For example, g(K') = 0 for whenever K = T}, ,+1 has maximal self-linking number. In fact, there
exists a rational singular curve whose unique singularity has link 7}, ,+ 1, namely V (zPz —yPT1).

We note that using the adjunction formula for hats, in Lemma for a fixed transverse
knot the hat genus determines the hat degree and vice-versa.

Lemma 3.10. If X is a projective hat for a transverse knot K in (S3, &sa) then

GK) = — (sl(K) + 1) N d(K)? - 3d(K) +2 . (sl(K) + 1)

2 2 2

and R R
sI(K) = (d(K)? — 3d(K) + 1) — 2g(K).

Proof. 1f 3/ is a Seifert surface for K and ¥ = X U Y, then X represents a homology class dh in
H,(CP?) = Z where h is the generator of homology given by a line. Recalling that
¢1(CP?) = ¢, (CP? — B*) = 3h,
then the equation in Lemma immediately gives
3d(K) =1 - 2§(K) — sl(K) + d(K)?
which is equivalent to the stated formula. O

As a corollary we see that the adjunction formula gives lower bounds on the hat genus of
quasipositive knots.
Corollary 3.11. If K is a quasipositive knot with 4-ball genus g,(K), and
(d—2)(d—1)
2

3

is the smallest triangular number m > g4(K), then
G(K) > m — gs(K).
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Moreover, the hat degree must satisfy

d(K) > d.
Remark 3.12. Since the gaps between consecutive triangular numbers can be made arbitrarily
large and any genus can be realized by a quasipositive knot, this result shows that the hat genus
and hat degree can each be made arbitrarily large.

Proof. Since K is quasipositive, K bounds a symplectic curve ¥ in (B*,w) by [68], and gluing >
with a cap 3% of minimal genus in (X,w) yields a closed symplectic surface ¥ in CP?. The genus
of ¥ is the quasipositive genus g4(K). (Here, and below, we use the phrase “quasipositive
genus” of a knot to mean the genus of a symplectic surface in (B*,w) with boundary the given
knot.) We know from Lemma [2.13] and the comment after the lemma, that s/(K) = 2g,(K) — 1.
Thus Proposition gives

1) = —g, (1) + L 3 42

So if d is the smallest d as in the statement of the corollary then the stated results follows. [

Remark 3.13. In fact, we claim here that the set of genera that are realized by hats for K contains
all possible genera (i.e. all genera satisfying the adjunction formula for some degree) past some
sufficiently large constant.

To see this, observe that the hat constructed in Proposition [3.1]is algebraic outside a tubu-
lar neighborhood N of S3. Therefore, there is family of complex lines in the complement of
N. A generic line in this family intersects the hat transversely, and only where the hat is alge-
braic; therefore, all intersections are positive, and hence smoothable in the symplectic category.
Choosing any finite set of such generic lines and smoothing all double points yields the desired
hats.

We now make an observation concerning the relation between self-linking numbers and
the hat genus. Recall that given a transverse knot 7" one can form the transverse stabiliza-
tion S(T') of T (if T is given as the closure of a braid then S(T') is the closure of a negative
Markov stabilization of T'). We know that stabilization decreases the self-linking number by 2:
sI(S(T)) =sl(T) — 2.

Proposition 3.14. Given a transverse knot T in (52, £ga) we have
g(S™(T)) <g(T) + k.
Moreover, if T' is the closure of a quasipositive braid, then
—g:(T) + k < §(S¥(T)).
Corollary 3.15. A complete list of transverse unknots in (S3, &a) is Uy = S¥(U) for k > 0. We know

that (U )
o = - (M) .

and the hat degree is 1. O

Proof of Proposition[3.14, It has long been known [62] that if a transverse knot T is realized as
the closure of a braid 8, which it always can be [4], then the closure of a negative Markov
stabilization of S is the transverse stabilization of 7' and the closure of the positive Markov
stabilization of (5 is transversely isotopic to 7. Thus we see that there is a transverse regular
homotopy from S(7") to T' with one positive crossing change. Thus from Lemma 2.4 we see
there is an immersed symplectic cobordism C from S*(T") to T with k positive double points
and a symplectic cobordism C’ from T to S*(T') with k negative double points.
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Now given a hat S for T in(X, w) we can compose this with C' and resolve the double points
as in Lemma [2.6| to construct a hat for S*(7) with genus g(T') + k, thus establishing the first
inequality.

Let us now suppose that T is quasipositive. Let S’ be a minimal genus hat for S*(T) and F
be a symplectic filling of T in (B*, wstq). We can glue S’, C’, and F together to get an immersed
symplectic surface ¥ in (CP?, wpg) of genus g = g,(T) +g(S*(T)) with k negative double points.
Assume the homology class of ¥ is ah, where h is the generator of Hy(CP?) on which the sym-
plectic form is positive. Lemma now yields

3a = (¢, (CP?),[Z]) =2 —29(2) + X - &+ 2m = 2 — 2g + a* + 2k,
from which 2g — 2k = a® — 3a + 2 = (a — 1)(a — 2) > 0. That is, G(S*(T)) > k — g<(T). O
Propositions and lead to the following natural question.

Question 3.16. Is the function g(S*(T)) : N — N : k — §(S*(T)) non-decreasing? From
Lemma this is equivalent to asking: can the hat degree drop when a transverse knot is
stabilized?

3.3. Further examples. We begin with a strengthening of Theorem that shows for some
transverse knots the bound in the estimate in Proposition is sharp.

Theorem 3.17. Suppose T is a transverse knot in (S, £gq) and there is a transverse regular homotopy
to an unknot with only positive crossing changes. Then the hat degree is 1 and hence the hat genus is

) = - (2,

where s1(T') is the self-linking number of T
We notice that this allows us to compute the hat genus for many knots.

Corollary 3.18. If T is the closure of a negative braid (that is a product of non-positive powers of the
generators of the braid group), then
~ sl(T) +1

2
and the hat degree is 1.

Proof. Changing negative powers in a braid word to positive powers corresponds to a trans-
verse regular homotopy of the braid closures with positive crossing changes. Clearly by chang-
ing a subset of the letters in the braid word representing 1" one arrives at the unknot. O

A special case of the previous corollary is the following computation.

Corollary 3.19. Suppose ¢ > p > 2. Then any transverse representative T of the (p, —q)-torus knot
Ty, —q satisfies

N si(T)+1
) = - (M),
In particular, the maximal self-linking number representative T' (which has s\(T") = —pq + q — p) has
~ q—1)(p+1
Q(T—zxq) = %
and hat degree 1. O

We note one further corollary of Theorem .17
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Corollary 3.20. Let T), be a twist knot with maximal self-linking number. The hat genus of T, is

1 n < —3 and odd
9(Tn) = ¢ 22 n>1andodd
5 n positive and even.

The hat degree is 1 in all these cases.

Proof. The proof is similar to the ones above given the classification of Legendrian and trans-
verse twist knots in [22]. O

Proof of Theorem We begin by noticing that if 7" is obtained from 7" by a regular homotopy
through transverse knots with a single positive double point then

sI(T") = s|(T) + 2.

One may see this through a relative Euler characteristic argument, but as we are only consid-
ering knots in S* there is a simpler argument. Specifically, notice that we can remove a point
p from S3 and obtain a contactomorphism of S? \ {p} to R? with its standard contact structure
taking another point ¢ in S® to the origin in R?. Now we can find a contactomorphism from
a neighborhood of the double point in the regular homotopy to a ball in S® about ¢ with the
double point going to ¢q. This contactomorphism can be extended to all of S* and so we can
assume our double point occurs at g. We can moreover assume the homotopy misses p so that
the entire homotopy occurs in R? and that near the double point the two strands of the knot are
both oriented in the positive z direction. Now as we know the self-linking number of a trans-
verse knot in the standard contact structure on R? can be computed as the writhe of its front
projection, see [19], it is clear that the change in self-linking numbers is as claimed.

Now given a transverse knot T" as in the statement of the theorem, denote its self-linking
number sl(T) = —2n — 1. By hypothesis there is a regular homotopy with, say, k positive
crossing changes to an unknot U’. From the discussion above we see sl(U’) = —2(n—k)—1 < 0.
(So we see the self-linking number of 7' must be negative.) We can represent U’ as the closure
of the braid o; ' --- 0 !,. So n — k more positive crossing changes will result in an unknot U
with sl(U) = —1. Thus there is a regular homotopy from T to the maximal self-linking number
unknot U with n positive crossing changes.

Now applying Lemma[2.4lwe can find an immersed concordance from 7' to U with n positive
double points and glue this to a genus-0, degree-1 hat or U to get an immersed genus-0 hat for
T in (X,w). Lemma[.6lnow yield an embedded genus-n hat for T with degree 1. So §(T') < n.

We now show that §(T) > n. To this end let & be a hat for T with minimal genus. From
Lemma [2.4|we can get an immersed concordance from U to T' with n negative double points.
Gluing together ¥ the concordance and the slice disk for U we construct an immersed symplec-
tic surface . in CP? of genus 9(3) having n negative double points. If the homology class of ¥
is ah then applying in immersed adjunction equality, Lemma we see

3a = (c1(CP?),[3]) = 2 — 29(%) 4 a® + 2n.
So g(3) = W + n, or more specifically 9(£) > n as claimed. O

Recall, in Question we asked if a slice, quasipositive transverse knot 7" in (93, &ta) that
has §(T') = 0, must be the maximal self-linking unknot. While we cannot answer Question[L.8]
we sketch an approach that seems promising.
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Approach to Question Given such a transverse knot T, let 32 and & be the filling and hat for
T. The symplectic surface ¥ = %U 5 in CP? has genus zero and thus, by the adjunction formula,
S has degree 1 or 2. Choose an almost complex structure J such that ¥ is J-holomorphic.

Assuming that T is a non-trivial knot we derive a contradiction. We begin by showing that
T is symplectically concordant to the unknot.

Suppose that T' wears a hat of degree 1. There exists an almost complex line ¢; lying entirely
inside the cap; it intersects 5 positively, hence it intersects 5 transversely once, inside the cap.
Removing a neighborhood of ¢; from the cap, we obtain a J-holomorphic concordance from T'
to the link at infinity of ) ; since S intersects ¢y transversely, the link is the unknot U.

Similarly, suppose that T" wears a hat of degree 2. There exists an almost complex line /5 lying
entirely inside the cap, which is tangent to 5. By positivity of intersections, the tangent point is
the only intersection. Removing a neighborhood of ¢, from the cap, we obtain a J-holomorphic
concordance between T" and the link at infinity of 5; since ¥ has an order one tangency to /s,
the link is the unknot.

In either case, we get a J-holomorphic concordance from 7' to the unknot in S* x [a,b].
Now if one can deform J, keeping the concordance J-holomorphic, so that the standard height
function on S x [a, b] is pluri-subharmonic, then the maximum principle implies that the con-
cordance is ribbon (i.e. the restriction of the projection map S* x [a,b] — [a, b] has no maxima).

However, this contradicts a result of Gordon [37]: since T is slice and quasipositive, there
is a ribbon concordance from U to T’; the argument above produces a ribbon concordance in
the other direction. Finally, since the unknot has fundamental group Z, U is in particular trans-
finitely nilpotent, and [37, Theorem 1.2] implies that T is isotopic to U. (See also [12, Theo-
rem 3.2]: while their statement is in terms of decomposable Lagrangian concordances, the proof
is entirely topological and applies more generally to ribbon concordances.) O

We note that Question [I.8| would also follow from the arguments above together with a pos-
itive answer to the following stronger question.

Question 3.21. If there is a relative symplectic cobordism of genus 0 from a transverse knot 1" to
a maximal self-linking transverse unknot U in a piece of the symplectization of (S3, &sta), then
is T transversely isotopic to U?

4. HATS IN OTHER MANIFOLDS

In this section we will show that a transverse knots always bounds a symplectic disk in some
cap for the contact manifolds and then we will consider hats in rational surfaces.

We begin by establishing some notation for rational surfaces caps. More specifically, let
(Xo,wo) = CP? \ B, where B* is embedded as a Darboux ball with convex boundary, as in
Section We will write X, to denote an n—fold symplectic blow-up of Xy, so that X, is home-
omorphic to (CP?#nCP?) \ B*. These are all caps for (S3,£..q) and we will consider hats for
transverse knots in these caps.

There is another type of rational surface. We will denote it by Yy = (S 2 x 82, wp) the Hirze-
bruch surface CP! xCP!, endowed with its natural Kihler structure, and with Y; = (CIP’2 #CP?, w)
the blow-up of CP?, endowed with a blow-up symplectic structure.

Notice that there are infinitely many Hirzebruch surface up to complex diffeomorphism;
these are all Kihler, and any two such complex surfaces are symplectomorphic (after possibly
deforming their symplectic form) if and only if they are diffeomorphic. Since the only two
diffeomorphism classes of the underlying manifolds are S? x S? and CP?*#CP?, there are only
two symplectic Hirzebruch surfaces, Y, and Y; as defined above.
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A Hirzebruch cap (H,,w.) of (53, &a) is obtained by removing a ball B* with convex bound-
ary from the Hirzebruch surface Y., for e = 0 or e = 1. By abuse of notation, we will index
Hirzebruch caps cyclically modulo 2, i.e. H, = Hy whenever k is even, and Hj, = H; whenever
k is odd.

We notice that there is some overlap in our notation. Specifically (X,w) = (Xo,wp) and
(Xl,wl) = (Hl, wl).

In the second subsection we will consider hats, which we call rational hats, in the non-minimal
rational caps X, and in the following subsection we will consider hats, which we call Hirzebruch
hats, in the Hirzebruch caps.

4.1. Disk hats. The goal of this section is to prove Theorem [1.1| from the introduction; recall
that the theorem asserts that a transverse link L in arbitrary contact 3-manifold (Y, &) has a hat
that is a collection of pairwise disjoint disks in some cap (X, w) of (Y, §).

Proof of Theorem We begin by recalling a result of Gay, [28, Theorem 1.1]. The theorem states
that if 7' is a transverse link in the convex boundary of a symplectic manifold (W, wy ), then one
may attach 2-handles to T with sufficiently negative framing and extend the symplectic struc-
ture so that the upper boundary is weakly convex. It is clear from the proof that the core disk
of the model symplectic 2-handle is symplectic, and that if 7" bounded a symplectic manifold
in W then this core will cap off the surface symplectically.

In our situation we consider the symplectic manifold W = [0,1] x Y, which is a piece of the
symplectization of (Y, §). Inside W we have the symplectic annuli A = [0, 1] x L. We can now
attach Gay’s symplectic 2-handles to L in {1} x Y and cap off the upper boundaries of A with
symplectic disks. Thus we get a symplectic manifold (W', w’) thathas Y as a concave boundary,
symplectic disks forming a hat for L, and a weakly convex boundary Y’. We can now cap off
Y’ using [16}/18]], to obtain a cap (X,w) containing the required hat. O

Remark 4.1. Theorem [1.1| can also be proven, in a very similar fashion, by adding Weinstein
handles to a Legendrian approximation of L, and then perturbing the symplectic structure on
the cobordism. We used Gay’s symplectic handles since they give a more direct proof.

4.2. Hats in non-minimal rational surfaces. We start by proving Theorem which asserts
that every transverse knot K in (53, £.4) has a disk hat in some blow-up Xy of the projective
cap Xo. This is a refinement of Theoremfor knots in (53, &q)-

Proof of Theorem By Lemma 3.6| there is a symplectic concordance from K to T}, , with posi-
tive double points.

Without loss of generality, we assume p < ¢. Consider the complex curve C' = V(z? —yP2777P)
in CP*. The curve C has two singular points, namely (0 : 1 : 0) and (0 : 0 : 1), whose links are
the torus knots T},_, , and 7T}, , respectively. Removing a neighborhood of the T}, , singular point
from CP? will result in a singular hat for T}, , with genus-0, whose singularity is of type T, 4.

Thus K wears a singular projective hat with genus-0 and positive double points. Notice that
there is a regular homotopy from the transverse unknot to T;,_, , with only positive crossing
changes. Thus there is a concordance from the unknot to 7j,—, ;. We can use this concordance
and a symplectic slicing disk for the unknot to replace a neighborhood of the T, _,, , singularity
with an immersed disk. The result is an immersed genus-0 hat for K in (X, wo).

Now instead of replacing the singularities with genus, we now resolve the singularities by
blowing up: positive double points can be resolved using blow-ups [51]. Thus K wears a genus-
0 hat in some Xy. O

Definition 4.2. Let §,(K) define the smallest genus of a hat for K in X,,. We call this the n'"
rational hat genus of K.
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An immediate corollary of the above proposition is the following observation.

Corollary 4.3. For each K, the sequence G(K) = {Gn(K)} is non-increasing and eventually 0. 0O
Definition 4.4. We let S(K) = min{n | §,,(K) = 0}, and we call this the hat slicing number of K.

Example 4.5. Suppose K is a transverse unknot with sl(K) = —1 — 2s < —1. We claim that
$(K) = 1. In fact, as noted above, g(K) > 0, hence 5(K) > 1; moreover, K is the closure of the
s+ 1-braid (o7 ...0,)"!, and a single full twist takes it to the braid (o ...o,)*, whose closure
is the transverse representative of T ;11 with maximal self-linking number, which has been
shown in Lemma [3.2)to have a symplectic disk hat. It follows that §(K) < 1.

Proposition 4.6. For the torus knots T o1 we know $(Taor+1) < 1. In particular, the sequence

~

G(T2,241) is
(9(T2,2641),0,...)
where the values of (1o 25+1) for k < 11 are

k|12
1

4 5 6 7 8 9 10 11
9(T22141) | 0 210 3 21

3
0 5 4
Proof. We first observe that g1 (T%,2x+1) = 0 for each k > 0: indeed, by [24, Theorem 1.1], there is
a degree-(k + 2) curve in CP? with two singularities, one of type T} 11 and one of type T2 o541,
and blowing up at the former (as discussed at the end of Section yields a genus-0 hat for
T272k+1. Thus /S\(T272k+1) < 1.

For the computation of §(7% 2+1) we begin by noting that from [25] we have

9(Ts3) = g(To7) = g(T2,13) = 0.

Notice that the 4-ball genus g,(T% 2x+1) = w = k. Thus by Corollarywe see that
a lower bound on §(7%,12+1) is d — | where k = @ +lforl <l <d.

We are left to show that there are indeed hats of the appropriate genus. For 75 5 we know
that there is a positive crossing change to get to 7% 7, so it has hat genus 1. Similarly for 75 ;.
For T5 ¢ notice that one can make two positive crossing changes to get to 75 13 and hence its hat
genus is 2.

Following [76] (see also [1]]), there exists a degree-6, genus-1 curve C19 with a singularity of
type T4 19 thus with our lower bound given above we have §(7%19) = 1. Since there are one,
respectively two, crossing changes from T 7, respectively 15 15, to T 19 we see that their hat
genus is 1, respectively 2.

For T 23, we claim that there is a deformation from 7§ 7 to T» 23; we exhibit such a deforma-
tion by removing eight generators to a braid representative of Tg 7 to obtain one of 15 »3. Since
Ts 7 has a genus-0 hat (coming from the curve V(2%z — y7)), T 23 has a genus-4, degree-7 hat.

To prove the claim, one checks that, in the braid group Bs (see Lemmal[A.T|below for details):

7 2
(o1---05) = (01-+-05)° - (010302030405010302030304050103020304030501020304075).

The second factor on the right-hand side contains eight generators o; with ¢ even; removing
them, one reduces to the braid

2
(01 T 05) ©0103030501030303050103030305010305,

whose closure is the transverse representative of 75 3 with maximal self-linking number. (An
easy way to see this is the following: the closure of the braid is a (2, 2h + 1)-cable of the unknot,
viewed as the closure of the 3-braid o10203; moreover, the braid is positive and has self-linking
number 45.)



SYMPLECTIC HATS 23

This proves that g(T% 23) < 4, and Corollary gives the lowe bound g(T% 23) > 4.

The usual crossing-change argument shows that g(T:21) < 5. However, gs(T221) = 10
is a triangular number, so tweaking the argument of Corollary in order to show that
g(T221) > 5, it is enough to show that (T2 21) > 0, or, equivalently, that the minimal hat
degree of T5 o; is strictly larger than 6.

Suppose the contrary; then there would exist a symplectic rational curve C’ of degree 6 with
a singularity of type 75 21. Let N be a small neighborhood of the singularity and C' the result of
replacing the singularity in IV with the symplectic surface 75 2; bounds in N. Since C'is degree
6 and symplectic isotopy problem is true in degree 6 [69] (see also [70]) we know C' is isotopic
to a complex curve. Now it is well known [35, Corollary 7.3.25], that the cover of CP? branched
over C is a K3 surface. But inside of this K3 surface we see an embedding of the cover of the
ball N branched over the symplectic surface that 7% 5; bounds in N. This is a plumbing P of 20
(—2)-spheres, [35, Section 7.2]. However, by (P) = 20 > 19 = b; (X) and so any hat for 75 o;
has degree larger than 6. O

Remark 4.7. There are other possible arguments to conclude that g(75 21) > 0: one can either use
the semigroup obstruction of Borodzik and Livingston [9]], or the Levine-Tristram signature
obstruction of Borodzik and Némethi [10]. The argument above is very close to that of [32}
Proposition 7.13].

Remark 4.8. In the proof of Proposition we saw that if k is of the form @ +iforl1<i<d
(that is, k is larger than the triangular number @ and less than or equal to @) then
9(T2.2k+1) > d — l. We actually have equality for £ < 9. However, when k£ = 10 this gives a
lower bound of 0 on the hat genus, and we see from the table above that the actual hat genus of
T5 21 is 5, but for £ = 11 our lower bound is again accurate.

In fact, either using positivity of intersections (which gives the almost-complex counterpart
of Bézout’s inequalities in the complex setup) or using topological techniques (Heegaard Floer
correction terms or Levine-Tristram signatures), one can show that this lower bound is eventu-
ally not sharp.

It takes some work to find examples where the hat slicing number is larger than 1, but we
noted their existence in Proposition which we repeat here for the readers convenience.

Proposition[L.10} Let K, be the unique transverse representative of T, i1 # 1> 3 with maximal self-
linking number which is p*> — p + 1 = 29(T,, ,1#7T2.3) — 1. We have
s(Kp) =p—1,
for p < 8. Moreover,
GK,)=(p—-1,p—-2,...,2,1,0,...),
forp < A4.

Is it always true that 5(X,) = p — 1? and that CA;’(K,,) =(p-1,p—2,...,2,1,0,...)? Itis easy
to see, modifying the proof of the above proposition, that

G(K,)<(p—1,p—2,...,2,1,0,...)

(so that, in particular, S(K,) < p—1) and that g(K,) = p — 1. It is clear however where the proof
of the previous proposition ceases to work: as soon as N is large (presumably N > 8 is already
large in this sense), we have too many coefficients b; to allow for the same kind of bounds. (See
the proof below for notation.)

Our proof of Proposition requires a special case of [31, Proposition 3.18]. We provide an
alternative proof (of the special case) below.
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Proposition 4.9. A closed symplectic 4—manifold cannot contain a rational cuspidal curve of self-
intersection strictly larger than p* + 9 whose singularities are of type T,, 41 and Tb 3.

Proof. Suppose by contradiction that such a curve Cj exists; in particular, Cy - Cy > p* + 10.
Blow up at the singularity of type T}, ,41 and look at the proper transform C of Cy. The effect
of the blow-up is to smooth the singularity: in fact, as observed at the end of Section 2.5 in the
blow-up, C has a singularity of type T, ,+1—p = T} p, i.e. the unknot. That is, the singularity is
resolved by a single blow-up. Therefore, C has a unique singularity left, which is of type 75 3;
moreover, C - C = Cy - Cy — p?> > 10. However, this contradicts a result of Ohta and Ono [60],
which asserts that no pseudo-holomorphic rational curve with a simple cusp (i.e. a singularity
of type 75 3) in a closed symplectic 4-manifold has self-intersection larger than 9. (Note that we
can make C' J-holomorphic with respect to some almost complex structure J by blowing up
the singularity of Cy and applying results of McDulff [54] to the total transform.) O

We will also need the following lemma.

Lemma 4.10. In CP? there is a symplectic sphere Cp o of degree (p+2) that has (p— k) positive double
points and two singularities of type T, ,+1 and T5 o511, for 0 < k < p. We will denote the the k = 1
sphere by C,,.

Proof. From [24, Theorem 1.1, case 8], for each p there exists a degree-(p + 2) rational curve
Cp+2 in CP? with singularities of type T}, ,+1 and Ts 2,1 1. For each 0 < k < p, the latter can be
deformed to a singularity of type 75 251 and p—k ordinary double points. Here by “deformed”
we mean that we can modify the curve in an arbitrarily small neighborhood of the singularity,
replacing it with a curve with the “smaller” singularities described. To see this notice that one
may go from 7% 5x 41 to T5 2,41 by (p— k) positive crossing changes. Thus by Lemma 2.4 there is
a symplectic cobordism in [a, b] x S® from T 2511 to T 2,41 with (p — k) double points. We can
now excise a neighborhood of the singularity of type 75 2p+1, glue our constructed cobordism
in its place using Lemma 2.2} and finally glue in a new symplectic ball and the cone on 75 ..
The case k = 1 gives the claimed symplectic curve C}, 5. (With more work this construction can
be done in the algebraic category yielding a complex curve with the stated properties.)

An alternate construction of C)p 2 can also be given as follows. Look at the (reducible) curve
V(zPz? — yPT12); it consists of a rational curve R with a cusp of type T}, ,+1 and a line L with
a tangency of order p + 1 to R at a smooth point of R. The link of the tangency point is of
type T5 2p+2. As above we can replace a neighborhood of this point by a pair of pants with
a singular point of type 75 2,41 since we can build a symplectic cobordism from 75 2,11 to
T5,2p+2 by adding a single positive crossing using Lemma[2.8] The resulting curve C has degree
p + 2 (since deformations don’t change the degree), is irreducible (since we connected the two
irreducible components with the deformation), and has genus 0 (either by adjunction or by an
Euler characteristic computation). O

Proof of Proposition We begin by noticing that blowing up CP? at each of the (p — 1) dou-
ble points of C}, from Lemma gives an embedded sphere C with two singular points of
type Tp p+1 and T3 3. Removing a neighborhood containing the two singular points shows that
gp—1(Kp) = 0. Thus to see S(K,) = p — 1 we merely need to see g,_2(K,) # 0.

For p = 1 we are done. For p = 2 we notice that the genus of K3 is 2, and since the minimal
triangular number larger than 2 is 3, Corollary [3.11] give a lower bound of 1 for g(K3). To see
that g(K>) = 1 we notice that resolving the double point of % gives a genus one surface with
two singular points of type T, 3 and removing a neighborhood containing the singular points
gives the desired surface.

We will now compute whole sequence G (Kp) for p = 3 and 4. Then for K5, ..., Kg we use
the same techniques as for K4, but we only achieve the computation of the hat slicing number.
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It is possible that, pushing the arguments a little bit further, one can compute G(K, ») for some
other small value of p, but we do not pursue this here.
The knot K35: We show that (A}’(Ks) =(2,1,0,...).

Since the slice genus of K33 is 4 and the minimal triangular number larger than this is 6, we
again have from Corollary 3.11] that g(K) > 2; by looking at C and smoothing its two double
points, we create a curve in CP? with genus 2 and whose singularities are the cusps of C%, i.e.
one of type T3 4 and one of type T 5. It follows that g(K) < 2.

To compute g; (K3), look again at C. Blowing up at one of its double points and resolving
the other, we construct a genus-1 hat in CP*#CP?, thus proving that g, (K3) < 1.

We are left to prove that g;(K3) > 0. Suppose by contradiction that K3 has a genus-0 hat
H in punctured Xj; filling (53, &sta, K3) with the cone filling, we obtain a symplectic rational
cuspidal curve C in the sense of [32]. Suppose that the homology class of C'is ah —be € Ha(X1),
where h and e are the homology classes of a line and of the exceptional divisor. By positivity
of intersections, either a = 0 or a,b > 0: this follows as in [47, Lemma 4.5], once we observe
that the class h can always be realized by a smooth J-holomorphic +1-sphere for each J, since
the space of J-holomorphic spheres in the class h has positive dimension and is non-empty
(because h satisfies automatic transversality and it is represented by a symplectic sphere) [38]
(see also [74, Section 2]). Applying the adjunction formula, we obtain:

S0 —1)(a—2) ~ 2h(b 1) = g(Tsi#T55) = 4 (4.1)
So a # 0 and we have a,b > 0. Since the only way to express 4 as a difference of triangular
numbers is as 4 = 10 — 6, we obtain that (a,b) = (6,4), and in particular C - C' = 62 — 4% = 20.
However, C'- C' = 20 > 18 = 3 - 3 + 9, thus contradicting Proposition[4.9 above.
The knot K,: We show that @(K4) =(3,2,1,0,...).

We begin with a lemma that follows from positivity of intersections and Gromov’s work on
J-holomorphic lines and conics in CP?.

Lemma 4.11. Suppose that K, has a hat in X,, in the homology class ah — ) b;e;, with
bp>--->b,>0.
Then (assuming n is large enough for each inequality to make sense) we have:
a>b+p
a > by + by
2a > by + by + b3 + by + p, and
2a > by + by + b3 + ba + bs.

Proof. Let C be the singular curve obtained by gluing the hat with a singular symplectic filling
of K, with two singular points, one of type T5 3 and the other of type T, 1. The homology class
of C'is ah — Y b;e;. (When proving the first two inequalities we assume n = 2 for convenience;
in general, the other expectational curves can be ignored.)

Realize the homology classes of e; and e, by symplectically embedded disjoint spheres E1, Es,
and then choose an almost-complex structure J> on X, that makes E;, E>, and C' simultane-
ously Jo—holomorphic (this follows as in the case of K3 above). Contracting E; and E, we get
to an almost-complex CP? (with almost-complex structure .J), and by work of Gromov there is
a (unique) J-holomorphic line L in CP? passing through the contractions of E; and E», and its
proper transform in Xy is J—holomorphic, and thus intersects C' positively. But the homology
class of the proper transform L’ of L is h — e; — e, and its intersection with C'is precisely

OgC-L’:(ah—blel—bgeg)-(h—el—eg):a—bl—bg.
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To prove that a > b; + p, just consider the line going through the singular point of C' of mul-
tiplicity p (i.e. the point where C is a cone over T}, ,+1) and the contraction of the exceptional
divisor corresponding to e;.

The second part of the statements is proved in analogous way by using conics instead of
lines. Indeed, instead of considering a line, consider the (unique) conic through the contractions

of e1, ..., es and the singularity of type T}, ,+1, or through the contractions of e4, . . ., e5, and then
apply positivity of intersections. O
In the following, we find it convenient to re-write the adjunction formula for the homology
class ah — bje; — --- — byeny € Hy(Xy), represented as a rational cuspidal curve with two

singularities of type T}, ,+1 and T5 3 as:
a? b} — =0 =p*—p+(3a—by — - —by). 4.2)

An immediate corollary to Lemma since the b; are decreasing, is that for each set of distinct
indices iy, . ..,i5:
20 2 bjy +- - +big,  a=biy + b, (4.3)

where by convenience we let byy; = p and by = 2. The fact that we can use by 42 = 2 in the
bounds can be seen, as in the proof of the lemma, by taking a curve through the singularities of
type 15 3 that lives in the singular filling of K,,. In particular, a > p + 2.

Finally returning to K4, we see, as above, that g(K4) > 3, since g(Ty5#1>3) = 7 and the
smallest triangular number larger than 7 is 10; by either blowing up or resolving the double
points of C} as we did for C4 above, we easily see that g(K4) < 3, and that in fact g1 (K4) < 2,
92(K4) <1,and g3(K4) = 0.

Suppose that g»(K4) = 0. Using Equation (4.3), we can write:

3a—bi—by=(a—b1)+(a—by)+a>2p+a>3p+2=14=p+ 10,

And thus Equation 4.2 gives
a’? —b? — b2 >p+10
which contradicts Proposition[4.9} Since g»(K) > 0, then a fortiori g1 (K) > 0.

Suppose that g (K) = 1; and let ah — be be the homology class of the corresponding curve D

in CP°#CP2. Applying the adjunction formula, 1 (a — 1)(a — 2) — 1b(b — 1) = 8 (note that the
right-hand side is 8 instead of 7—as it was above—since now the curve has genus 1); by direct
inspection, the only solution to the equation is (a,b) = (10,8). However, this contradicts the
Lemma[4.11]above, since 10 = a # b+ p = 8 + 4 = 12. Therefore, g1 (K) > 1.
The knot K5, K, and K7: Here we simply establish that g,_2(K},) # 0 for 5 < p < 7. We also
have the inequality g, »(/}) < 1 from resolving one double point of C;, and blowing up the
rest as in the examples above. Thus we actually prove g,_»(K,) = 1.

Suppose g,—2(K,) = 0, then we produce a rational cuspidal curve C,, as we did in the K3

case; suppose that [Cp)] = ah — bie; — -+ — bp_sep_o € Ha(Xp_2).

In light of the Adjunction Formula (4.2), if we want to apply Proposition[£.9]as in the exam-
ples above, it is enough to prove that (3a—b; —- - - —by) > p+10. We will do this forp = 5,6,7,8
and N =p—2,

For convenience of notation, from now on we drop the subscripts.
For p = 5: By the Inequalities (4.3)), we obtain:

3a—by —ba —bg=(a—0b1)+ (a—b2)+ (a—b3z) >3p=p+ 10.
For p = 6: By the Inequalities (4.3), we can write:
3a—b1—~-~—b4:a+(2a—b1—-~-—b4)2a+p:a+6,
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2h—ey1—--—es5
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FIGURE 2. The configuration associated to the curve of self-intersection 45 with
singularities of type 75 3 (left) and 7§ 7 (right), together with the embedding
coming from McDuff’s theorem. The bold curves represent the total transform
of the curve described in the proof of the case p = 6 in Proposition[1.10} the thin
curves represent the exceptional divisors in the embedding.

soif a > 10 we have 3a — by —- - - — by > p+ 10. There are obviously no solutions to Equation
if @ < 7, this is also true for a = 8. For a = 9 the only solution is (a, by, ...,bs) = (9,3,...,3).
This curve has self-intersection 45.

By looking at the classification of fillings of the corresponding contact structure on the bound-
ary of the neighbourhood of the curve as in [32], one sees that this contact structure does not
have any strong fillings. The obstruction reduces to the not being able to embed G, in CP?,
[32, Proposition 5.24], where G4 is two conics with an order-4 tangency and a line tangent to
both.

This can be seen as follows. Given the hypothesized Cs, blow up at the two singularities of
the curve, thus obtaining a configuration of three smoothly embedded symplectic spheres: the
proper transform C of the curve, of self-intersection 45 — 62 — 22 = 5, and two (—1)-curves (the
exceptional divisors), having tangency orders 6 and 2 with C. Now blow up four more times
at the intersection point of C' with the first exceptional divisor: the proper transform of C' is a
+1-sphere, and the resulting configuration of curves is shown in Figure

We apply McDuff’s theorem [52] to identify the proper transform of C with a line in a blow-
up of CP?. Using Lisca’s arguments [47], the homological embedding of the configuration is
forced, up to permutation of the indices: the embedding is displayed in Figure 2| Contracting
the divisors ey, e, . . ., €9, and then e, ey, e3, ez (in this order) reduces our configuration to one
containing G4 (the curve in the homology class i — e; — e3 can be disregarded). To this end, it is
clear that the two curves in the homology classes 2k — > e; blow down to two conics; blowing
down e5 creates a transverse self-intersection between the two blown-down curves; e4 passes
through the point of intersection, and blowing it down creates a simple tangency. Contracting
es and e, in the same fashion creates a tangency of order 4, which will be the only intersection
point of the two conics.

For p = 7: From the Inequalities (4.3), we obtain:

3a_b1_..._b5:a+(2a—b1—"'_b4_b5)Za'



SYMPLECTIC HATS 28

If a > 17 = p + 10, we are done. It is clear there are no solutions to Equation ifa <8 A
computer search now shows that there are no solutions to the adjunction formula for which a
between 9 and 16 either. O

4.3. Hats in Hirzebruch caps. We now investigate the Hirzebruch cap (H,,w.) of (53, &)
discussed at the beginning of this section. We call F, a CP!'-fiber of H,, and S, and S ! the two
sections with self-intersection +e and —e respectively; with a small abuse of notation, we use
the same notation for the homology classes (either in Hy(H,) or in Hy(H,,0H.)).

Proposition 4.12. For each p > 2 and k > 1 the knot T), j,p+1 admits a genus-0 hat in (Hy,, wy,), in the
relative homology class F, + pSy.

Analogously, for each p > 2 and k > 1 the knot T}, 1 admits a genus-0 hat in (Hy,wy), in the
relative homology class pSk.

Proof. We start by proving that the knots T}, x+1 have genus-0 hats in Hj.

Let C denote the curve C' = V(zP*! + yPz) C CP?. The curve C has a singularity with link
Ty p+1 at the point (0 : 0 : 1), is smooth away from (0 : 0 : 1), and is rational. That is, the
complement of a small ball B* centered at (0 : 0 : 1) is a disk, which is complex and hence
symplectic with respect to the Kahler structure on CP?. Consider the line ¢/ = {x = 0} c CP*. It
has two intersections with C: (0 : 0 : 1), with multiplicity p, and (0 : 1 : 0), with multiplicity 1.
By blowing up at (0 : 1 : 0), we obtain an embedded rational curve C}, the proper transform of
C, whose only singularity is of type T, 4 1.

Observe that the proper transform of ¢, is a fiber F; of X; over CP!, and that it intersects C;
only at the singular point 1, and it does so with multiplicity p. The exceptional divisor E; of
the blow-up is a (—1)-section S} of X7, and it intersects the curve C; transversely at one point.

We now proceed by induction; suppose that, as in Figure [3| we have created a curve Cj, in
H. such that:

e C}, has only one singularity of type T, kp+1;
e (), intersects a fibre F}; only at the singularity of C}, with multiplicity p;
e C}, intersects a section S}, transversely at one point.

Now blow up at the intersection of Fj and S}, creating the exceptional divisor E}, and blow
down the proper transform of Fj. The singularity of C41 at z441 has gained a p in its multi-
plicity sequence, hence its link is T}, (441)p+1, as desired. The curve Ej, blows down to a fiber
Fy41 of Hj4q, that intersects the image Cj,11 only at its singularity with multiplicity p. Finally,
the proper transfom of S}, is S}, ;, and the contraction happens away from ; _ ;, hence S;
still intersects Cj41 transversely at one point.

This proves the existence of the genus-0 hat; we now compute its relative homology class. In-
deed, with respect to the intersection pairing, the two bases (F}, S;) and (S}, F),) of Hy(H},) are
dual bases. Since C}, intersects F), with multiplicity p and S}, with multiplicity 1, its homology
class is therefore Fj, +pSj; the corresponding hat, obtained by removing a small ball around the
singularity, is in the relative homology class F}, + pSj.

This concludes the proof in the case T}, 1p+1. The proof in the case T}, 1,—1 is very similar, and
we only outline the differences here.

Instead of considering the curve C, we consider the curve C’ = V(z? + y?~'2) ¢ CP?, and
instead of the line ¢ we consider ¢ = {y = 0}. The line ¢ and the curve C’ intersect only
once, with multiplicity p. Blowing up at a generic point of ¢’ yields the starting point for the
induction, as above.

However, now the fibre F; only intersects the curve once, with multiplicity p. We blow up
once at a generic point of F; and blow down the proper transform: therefore, the section 5]
(i-e. the exceptional divisor) is disjoint from the curve By doing so, we obtain a curve C{ whose
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B A

FIGURE 3. From left to right: the curve C' (black) and the line ¢ (blue); the curve
Cy, (black), the fiber F}, (blue), and the section S}, (red); the curve C’ (black) and
the line ¢’ (blue); the curve Cj, (black), the fiber F}, (blue), and the section 5],
(red). In the second and fourth figure, the point at which we blow-up is the
intersection of the red and blue curves, and the curve to be contracted is the
proper transform of the blue curve.

only singularity picks up a new p in the multiplicity, and the fibre F; again intersects the curve
once with multiplicity p; this allows to run the induction similarly as above. In particular, we
get curves C; whose only singularity is of type T}, xp—1. Now Cj, is disjoint from the section
S;. and intersects the fiber Fj, with multiplicity p, so its homology class (as well as the relative
homology class of the cap) is pSi. O

Example 4.13. Observe that, by contrast, some of these knots have very large hat genus. We
will focus on the case K = 2. Consider the knot 7}, o, first; the first three elements of the
semigroup of the associated singularity are 0, p, 2p—1, hence, in the notation of [6], I'(3) = 2p—1.
Using [6, Equation (x;), p. 15] with j = 1, one obtains 2p — 1 = I'(3) < d, that is the degree is
at least 2p — 1. In particular, g(T)p 2p—1) > % — 9(Tp2p—1) = (p — 1)(p — 2); this actually
proves that the hat of Lemma [3.2]is the one of minimal degree for these knots, proving that, in
fact, g(Tp2p-1) = (p —1)(p — 2)-

We now exhibit a symplectic curve of degree 2p—1 and genus (p—1)(p—2) in CP? whose only
singularity is a cone over T}, 5,—1. Indeed, the curve V(2?P~! + y?2P~1) has two singularities,
one of which is of type T}, 2,—1. Smoothing the other singularity yields the desired symplectic
curve.

Similarly, for the knot 7}, 2,1 we have that the third element of the semigroup is 2p, yielding
d > 2p as above. In particular, §(Tp 2p+1) = W — 9(Tp2p+1) > (p — 1)%. However, by
smoothing one of the two singularities of the curve V (z?P*! + y?2P™!) we obtain a hat of degree
2p + 1, hence showing that g( p2pt+1) < p*. Since there are no triangular numbers strictly
between ¢(T}, 2p1+1) + (p — 1)* and g(T}, 2p41) + (p — 1), we have §(Tp2p11) € {(p — 1) p*}.
For example, for p = 2 there is a unicuspidal symplectic curve of degree 4 whose singularity
is of type 15 5; likewise, for p = 3 there is a unicuspidal symplectic curve of degree 6 whose
singularity is of type 75 7.

5. A HIGHER-DIMENSIONAL EXAMPLE

We prove here a higher-dimensional analogue of Lemma Ifp = (p1,-..,pn), we let
Fo(z1,...,2n) = 24" +++ -4 2P, Recall that, for py, ..., p, > lintegers, X(p1, ..., py) is the link of
the singularity of the hypersurface { ¥}, = 0} in C". It comes with a canonical contact structure,
Ecan- Then (X(p1,...,Pn),Ecan) is @ (2n — 3)-dimensional contact submanifold of (5?71, &,44q),
which generalizes transverse torus knots in (53, &a)-
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Proposition 5.1. For any p1,...,p, > 1integers, (X(p1,...,Pn),Ecan) C (S?" 71, &a) has a sym-
plectic hat in (CP" \ B*", wrs).

Before going into the proof, we will briefly discuss how a deformation of singularities gives
rise to a symplectic cobordism from the link of the generic singularity to the link of the central
singularity. This will be the main geometric idea behind the proof of the proposition.

Let A be the unit disk in C centered at 0 and A* = A\ {0}. A deformation of the singularity
in C" defined by the equation G = 0 is a 1-parameter family {G;}:ca of power series such
that Go = G. Up to restrictions, translations, and rescaling, we can suppose that the germs
{G; = 0}1ea~ have topologically isomorphic singularities at O € C". Let X, denote (the germ
at O € C" of) {G; = 0}; with a small abuse of notation, we will also call X, the singularity of X,
at the origin. We say that X /, is the generic singularity in the family {X;}, and that { X, = 0}
is the central singularity.

Let ¢ > 0 be a real number such that Xy intersects S2"~1 C C" transversely; choose ¢ suffi-
ciently small so that this intersection is the link of X. For ¢ sufficiently small, X, too, intersects
52n~1 transversely. Now choose 7 sufficiently small such that X, intersects 52"~ " transversely
in the link of X;. Then X, N (D2"\ D2") is a symplectic cobordism from the link of X; to the
link of X.

Proof. We start by noting that {F},; = 0} deforms to {F}, = 0} as a singularity, whenever p; > p;:
the deformation is simply given by the 1-parameter family {G; = Fyy +tFp}iea. As mentioned

above, this deformation provides us with a symplectic cobordism from (X(p1,...,Pn),&can) to
(3(p), -, ph), Ean) in a piece of the symplectization of (S?"~1, £yq).
In particular, it is enough to prove the result for some sufficiently large values of py, ..., py.

We can therefore assume that the p; are strictly decreasing, and satisfy ¢ — p; > > j<id— p;for
i =2,...,n—1(e.g. by choosing p, = 2N¥*! for some large N and p; = p, — 2"~ !~ for
i=1,...,n — 1). For notational convenience, we let ¢ = p,, and w = z,,.

Define the homogeneous polynomial

n—1
F(z1,. ., 2p—1,w,u) = w? + Z (PP 4+ 27
i=1
It is easy to check that the only singularity of V(F) in CP" isat (0 : --- : 0 : 1). In fact, singular

points are the solution to the following system of equations:

p1—1, q— q—1
p17] ud—r +q21

VE= | p ey e gzt | =0
qui
Y5 (g — pi)aPrutr!
Since ¢ > p; for each i, if u = 0, then the first n — 1 equations imply z; = 0 for each ¢, and
the n'® implies w = z, = 0. Therefore, the only singularities of V(F) are in the affine chart
u = 1. The penultimate equation always implies w = 0. Suppose that we have a singular point
(x1:--:@p_1:0:1),and let i be the largest index such that z; # 0. Then, from the ith equation
we have |z;| = ¢"/(@7P9), and |x;| < |z;| for every other i. However, the last equation implies

(a=pa)lail = (g = pa)ail = 1 D _(a = py)zsl < 3_(a=pi)las| < Yoo =py)lail < (a = pilail,

which is a contradiction.
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Therefore the only singularity of V(F')isat (0 : --- : 0 : 1). Moreover, the Newton polytope
Pr of F is the same as the Newton polytope Py of 2{* + - - + 2P, and in fact the support of F
agrees with that of 2" + - -+ + 22" on the bounded faces of F; therefore, by [61, Corollary 2.2]
the singularity of F at (0 : --- : 0 : 1) is topologically equivalent to that of V' (z{* + --- + zE"),
and in particular the link of V(F)at (0:---:0:1)is (2(p1,.-.,Pn),&can)- O

Remark 5.2. We can also see the isomorphism of the two singularities of V(z}" +- - -4 2E") and of
V(F)at(0:---:0: 1) more explicitly, with a change of variable, like in the proof of Lemma 3.2}

6. APPLICATIONS OF HATS TO FILLINGS

In this section we will construct hats for some quasipositive knots, and we will see how these
hats can be used to produce caps for their branched covers. In turn, we will use these caps to
restrict the topology of exact fillings of these branched covers.

Recall that given a transverse link K in a contact manifold (Y, &) there is a natural contact
structure {x induced on any cover of Y branched over K obtained by pulling back £ on the
complement of K and extending over the branched locus in a natural way, [36]. For a trans-
verse knot K in (S3,&.q) we denote by ¥,.(K) the contact manifold obtained by r—fold cyclic
branched cover of (S3, &) branched over K. When r = 2 we will leave off the subscript and
just write L(K).

In what follows, we will only be dealing with quasipositive knots types. For each such knot
type K we will choose a specific quasipositive braid, which gives a specific transverse represen-
tative T' smoothly isotopic to K. This choice endows the branched cover 3, (K) with a contact
structure obtained by taking the r-fold cyclic cover of (53, &+a) branched over T. By an abuse
of notation, we will denote it with {x , instead of {r; as above, if r = 2 we drop it from the
notation and simply write {x.

Remark 6.1. We do not have examples for which our statements are sensitive to the choice of the
transverse isotopy class T in the smooth knot type K, we see no a priori reason for which the
statements should hold for all choices of T'. In particular, if we can choose T" such that d(T) > 6
for some of these K, our proofs do break down.

In this section we prove Theorems and which we recall here for the reader’s conve-
nience.
Theorem [L.15l All exact fillings of

(1) X(12n242) are spin, have H, (W) = 0, and intersection form Eg & H.

(2) each of ¥(10124), £(12n292), and X(12n473) are spin, have H (W) = 0, and intersection form
Es;

(3) X(m(12n421)) are spin, have Hy(W') = 0, and intersection form H;

(4) X(m(12n315)) are integral homology balls;

(5) each of the following contact 3-manifolds are rational homology balls:

B(m(820)), £(m(946)), £(10140), £(m(10155)), X(m(11nso)),
E(m(11n132)), 2(11?1139), E(m(11n172))7 Z(m(12n145)), Z(m(l?nggg)),
2(1271532), 2(1271708)7 Z(m(12n721)), Z(m(lQnmg)), and 2(12774838)-

Theorem [I.18 Let (3, (K),{k ) denote the r—fold cyclic cover of (S3, &sta), branched over the trans-
verse knot K. Let (W,w) be an exact filling of (X, (K), &k r).

(1) If K is a quasipositive braid closure of knot type m(820), m(94¢), 10140, m(10155), m(11nso),
and r = 3,4, then W is a spin rational homology ball.
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(2) If K is a quasipositive braid closure of knot type m(11ni3z), 11n139, m(11ni72), m(12ns1s),
12n70s, m(12ngsg) and r = 3, then W' is a spin rational homology ball.
(3) If K is a quasipositive braid closure of knot type 891 and r = 3,4, then W is spin and by (W) = 2(r—1).

6.1. The pretzel knot P(—2,3,7). In this section we prove Part (1) of Theorem and so we
focus on K = P(—2,3,7) = 12ng49; this is a quasipositive knot with determinant 1, whose
branched double cover is X(K) = —%(2,3,7) [55], i.e. a Brieskorn sphere with its orientation
reversed. This case will be paradigmatic for the other examples considered later.

For convenience we will denote the standard generators of the braid group B3 by « and y.
The knot K is represented by the braid word zy?z2?y” € Bs. We also recall the notation 3 1 3’
introduced just before Lemma to indicate the braid 4’ is obtained from ' by adding the
square of a generator.

Lemma 6.2. The knot K has a genus-5, degree-6 hat H in CP?.

Proof. We are going to exhibit a genus-5 symplectic cobordism 3 from K to T3 ;. Since T3 11 is
the only cusp of the rational curve V ((zy — 2?)% — 2y®) [25], it has a disk hat of genus 0. Gluing
the cobordism and the latter hat, we obtain the desired result.

The symplectic cobordism 3 is obtained by performing a sequence of positive crossing changes,
isotopies and conjugations. The starting point will be the braid zy?z?y”, whose closure is a
transverse representative of K with self-linking number 9, and the goal will be the braid (zy)!!,
whose closure is the unique transverse representative of 73 1; with self-linking number 19. Re-
call that in the 3-braid group, we have the relation zyz = yzy, and that the closures of braids
are insensitive to conjugation (that we are going to denote with ~). We are also going to denote
with A? = (zy)3 = (zyz)? the full twist, which lies in the center of Bj (in fact, it generates it).
To ease readability, we also underline the point of the braid word where we have introduced a
new crossing.

We start by observing the following fact: given any word w € B3, with two crossing changes
we can turn wy = wzy?"t! into w, = wA2zy?>* 1. In fact,

2n+1 1

wy = Wy T wryzzy®™ 1 wryreyzey® ! = w(zyr)loy® T = wA2zy?" T = w.

We denote such an operation by wg 171 wy.
The sequence goes as follows:

zy?2®y" 1 xyPeyPay” = ay(yay)yzy” ~ yryyryyryy® = cyzyryryzy®
=A2zyxy’ M AleyA’zy® 1 AteyAley = ASzyay = (xy)'h. O

We now use this hat for K to build a nice symplectic cap for X(K).

Proposition 6.3. There is a symplectic cap (C,w¢) for (K) that embeds in a symplectic K3 surface.
Moreover, H1(C') = 0, the intersection form of C is Es & 2H, and the canonical divisor K vanishes.

Proof. Since K is quasipositive, it bounds a symplectic surface F' of genus equal to the quasi-
positive genus of K, which in turn can be computed from the self-linking number of K by the
adjunction formula in Lemma see also [8].

In this case, g(K) = gs(K) = 5, hence g(F) = 5. Glue F and the hat H from Lemma
together: this yields a smooth symplectic curve D C CP? of the same degree as the degree of
the hat; that is, D has degree 6 and genus 10.

Since the symplectic isotopy problem is true in degree 6 [69] (see also [70]), D is isotopic to
a complex curve of degree 6, and the branched double cover of CP* branched over a smooth
sextic is a K3 surface (see, e.g. [35] Corollary 7.3.25]).
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Let (C, w¢) be the double cover of CP?\ B* branched over H and X(F) be the double cover of
B* branched over F. We notice that (53, &,q) in CP? has a neighborhood that looks like a piece
[a,b] x S? of the symplectization of (S3,&a) and D intersects this neighborhood in [a, b] x K.
The branched covering construction of contact and symplectic manifolds shows that a piece of
the symplectization of ¥(K) lies above [a,b] x S? in the cover and so (C,w¢) is a cap for X
(and X(F) is a filling).

One may easily compute by(X(F)) = 10 (see, for instance, [35 Section 7]); moreover, since
Y (K) is an integral homology sphere, the intersection forms on Hy(X(F')) and H»(C) are both
unimodular. The intersection form on K3 is 2Es ®3H, and thus b3 (X) = b2(K3) —b2(2(F)) = 12
and b3 (X) < 3. The only unimodular intersection form of rank 12 and b3 < 3 is Eg + 2H.

Finally, the canonical class K x is the restriction of Kx3 = 0 to X, hence it vanishes, too. [

With the Calabi-Yau cap (C, w¢) in hand Theorem Part (1) will follow from the following
results.

Proposition 6.4. Suppose that a contact rational homology 3-sphere (Y, £) has a Calabi—Yau cap (C, wc¢)
with b3 (C) > 2 and by(C) > 7. Then all exact symplectic fillings embed in a K3 surface, have finite
first homology, and have the same Betti numbers and signature. Moreover, if Y is an integral homology
sphere, then every filling has trivial first homology.

The proof is essentially the proof of [71}, Proposition 3.1], cf [45, Theorem 1.3].

Proof. Suppose (W, ww ) is an exact symplectic filling of (Y, ¢), and let
(X,w) = (C,we) Uy,ey (W, ww).

Let also K x denote the canonical class of X.
Since W is an exact filling and C' is a Calabi-Yau cap, it follows that

Kx - |w] = Kx|w - lww] + Kx|c - [we] = Kx|w -0+ 0 [wc] = 0.

The facts that b5 (X) > 2 and K - [wx] = 0 together imply that the only Seiberg-Witten basic
classes for X are £ K x [72]. Since Kx is represented by a symplectic embedded surface [73]] and
Kx - [wx] =0, in fact Kx = 0, therefore X is symplectically minimal [26].

Hence the symplectic Kodaira dimension of X is 0 [43], and therefore X has the rational
homology of either a K3 surface, or of an Enriques surface, or of a T?-bundle over T? [3]42,56].
However, C cannot embed in a torus bundle T" over the torus, since b2(C) > 7 > 6 > by(T).
Neither can C embed in an Enriques surface E: indeed, b3 (C) > 2 > 1 = b (E).

Hence, X is a rational homology K3, i.e. |H:(X)| = n < oo. Consider the kernel of the
Abelianisation map 7, (X) — Hj(X), and the cover (X, d) associated to its kernel. As signature
is multiplicative under finite covers we see o(X) = —16n, but since X is also a compact sym-
plectic manifold of Kodaira dimension 0, its signature must be 0, —8, or —16. Thus n = 1 and
we have H;(X) = 0.

Let us look at the Mayer—Vietoris long exact sequence for X = W Uy C:

Since Y is a rational homology sphere, H;(W) is finite. If Y is an integral homology sphere,
Hy (W) = 0.

Finally, since Y is a rational homology sphere, the intersection forms of W and of C' are non-
degenerate, and their direct sum embeds as a full-rank sub-lattice of Hy(X) = 2Eg & 3H. The
statements on by(W) and o(WW) readily follow; an Euler characteristics argument implies that
b3(W) is invariant, too. O
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Proof of Theorem Part (). The cap (C,wc) of Proposition[6.3]is a Calabi-Yau cap, and it has
b3 (C) =2 and by(C) = 12 > 7. Therefore, by Proposition 6.4} all exact fillings of ¢ are spin and

have the same Betti numbers and signature. In the proof of Proposition[6.3we saw a filling with
by =10and o0 = —8.

Since —3(2, 3, 7) is an integral homology sphere, the intersection form of any filling is uni-
modular; since the filling is spin, it is also even. In particular, the intersection formis Es®H. O

We now establish Remark by constructing infinitely many symplectic fillings of —3(2,3, 7).
We begin by constructing one such filling.

Lemma 6.5. The contact structure & is filled by the plumbing of Lagrangian spheres according to the
graph Eq in Figure[6.1]

Note that, in fact, Ey, as a lattice, is isomorphic to Eg @& H, by classification of indefinite
unimodular forms (or by direct inspection).

FIGURE 4. The graph FEj.

Proof (sketch). By lifting the monodromy of the disk open book for (53, &q), adapted to the 3-
braid zy?z?y’, and converting to a contact surgery diagram as in [40], we obtain the diagram
on the left of Figure 5| Here (41)—contact surgery is performed on the darker knots and (—1)-
contact surgery is performed on the other knots. Since the darker knots are unlinked unknots,
doing (+1)-surgery along them can also be viewed as attaching a 1-handle.

By successively handlesliding [13] the topmost unknot on the next one (as indicated by the
long arrow on the top left), and performing the three handleslides indicated by the other three
arrows, we obtain the diagram on the right.

We can now cancel the two bottommost knots, and perform a last handleslide as indicated
by the arrow. The remaining contact (+1)—framed knot cancels with the remaining ‘big’ (—1)-
framed knot, leaving with the diagram comprising ten th = —1 unknots that link according to
the Ey( graph.

This exhibits £ as the boundary of the ;o plumbing of Lagrangian spheres, as required. [

Proof of Remark[1.16] By Lemma ¢ is the boundary of the plumbing (P, wp) of Lagrangian
spheres, plumbed according to the o graph. We can deform the symplectic structure wp to
make all spheres symplectic [34].

Since the F4o plumbing is not negative definite and its boundary is a homology sphere, it
admits a family { N, } of open neighborhoods with concave boundary [44].

In particular, there is a symplectic structure on X(K') x [0, 1] such that both boundary com-
ponents are convex, and this is obtained by removing N, from P for some sufficiently small ¢.
We can now cap off the component ¥(K) x {0} with caps with arbitrarily large b5 [21]. O

6.2. Quasipositive knots with few crossings. In this section we will prove the other cases of
Theorem using the same technique as in the previous subsection. In particular we begin by
finding quasipositive knots with degree-6 hats.

Lemma 6.6. A quasipositive representative of each of the following knots has a degree-6 hat:
m(820), m(946), 10124, 10140, m(10155), m(11nsg), m(11lnize), 11ni39, m(11ni72), m(12n121),
m(12n145), 121992, m(12n318), m(12n393), 12n473, 12ns582, 12n708, m(12n721), m(12nz¢s), 12nsss.
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FIGURE 5. Two contact surgery diagrams; the thicker components correspond
to contact +1-surgery, the others to Legendrian surgery. The arrows indicate
the handleslides described in the proof of Lemma

We will prove the statement only for m(820), m(946), 10140, and m(12n145), as a sample. The
rest of the proof can be found in Appendix

In the following, we denote with z,y the generators of B; and with «, y, z the generators of
B,. In what follows, we use 1, to denote the insertion of k pairs of crossings and we underline
the new generators (or the generator that has been switched from negative to positive as well as
the original negative crossing, or the negative full twist that we simplify), ~ to denote conjuga-
tion, and ~p to denote Markov destabilisation. We also use A? to denote the Garside element
in B 3.

Proof. The knots are all quasipositive according to KnotInfo [49]]. We argue case by case.
m(82): This is the closure of the 3-braid z3yx~3y. We can write

ePya"y 2 @’yzy = a'yz ~p=a°,
and T 5 is the singularity at the point (0 : 0 : 1) of the degree-5 curve V(2223 — ¢°), hence it has
a degree-5 (and hence a degree-6 as well) hat.

m(946): This is the closure of the 4-braid zy~!

xy~lzyz~lyz. We we can write

J;yi_lxy_lzyx_lyz T a:yxy_lzyx_lyz = ya:zym_lyz = yzxya:_lyz

1 3

=yzy xyzz = z_lyz:vaZ ~ yzxy2 ~ zxy?’ ~ xSy ~p T

The closure of the latter is 75 3 with its maximal self-linking number, hence we have produced
a degree-3 (and hence degree-6) hat.
10140: This is the closure of the 4-braid z 3yx3yzy~'z. We have:

2 %yatyzy~ 2 13 myaty(2yz) = aya®y’zy ~p (vyx)z’y’®

~ (zya)y® = yay® ~p=1y",
and the latter is the singularity of the degree-4 curve V((zy — 22)? — zy®) at (0: 0: 1) [25].
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m(12n3;5): This knot is the closure of the 4-braid zyzz~'zy~2zy~tzyzy—!. We have:

zyzxilzyf%cy*lzyxy*l T3 xyzzflzxgzyzg = xyzzyzyzy ~ yz2yzyxym

= y2?yzy’zy ~p y2yey® T yzyleyzy® = A%zyd ~ Alyzy® = (y2)°,

hence we have produced a cobordism from m(12n315) to T3 5, and T 5 is the singularity at the
point (1: 0 : 0) of the degree-5 curve V (2223 — ¢°). O

With care one could determine the genus of the hats constructed in the proof of Lemma
but notice that it is not necessary. If K is any knot in the lemma it is quasipositive and so bounds
a symplectic surface in B*. That together with the hat H for K will give a symplectic surface D
in CP? of degree 6, which has to have genus 10 by the Adjunction Equality. So the genus of the
hat can be computed from the genus of the symplectic surface K bounds in B* (or, equivalently,
one can compute the self-linking of K and use the equation in Lemma [2.13).

KnotInfo [49] tells us that the 4-ball genus of

m(820),mM(946), 10140, m(10155), m(11nso), m(11ny32), 11ni39, m(11ny72),

TTL(127L145), m(12n393), 12n582, 12n708, m(12n721), m(12n768), and 12”838

is 0, the 4-ball genus of
10124, 1214992, and 121473

is 4, and m(12n121) has 4-ball genus 1.

Recall that the determinant of a knot is the order of the first homology group of its branched
double cover; therefore, a knot has determinant 1 if and only if its branched double cover is
a homology sphere. In particular, the intersection form of any smooth 4-manifold bounding
the branched double cover is unimodular, if the knot has determinant 1. The above knots with
determinant 1 are

10124 = T375, m(12n121), 1277,292, m(12n318), and 1277,473.

Proof of Theorem1.15] Items 2] through5l Each of these knots has a Calabi-Yau cap, obtained by
taking the double cover of CP? \ B%, branched over the hat of Lemma

Knots in Items[3|through[|have determinant 1, therefore the intersection form of their fillings
is unimodular, and their rank is determined by the quasipositive genus of the knot. For knots
in Item the cover of B* branched over the quasipositive surface the knot bounds has b, = 8.
Thus the cap has second Betti number 14 and also must have signature —8. Similarly for the
knot in Ttem 3] the cap has second Betti number 20 and signature —16; and for the knot in Item 4]
the cap has second Betti number 22 and signature —16. Thus they all satisfy the assumptions of
Proposition [6.4] The statement for these knots follows immediately.

For knots in Item 5, the cap has second Betti number 22 and signature —16, so it is a full-rank
sublattice of the intersection lattice of a K3. It follows that the complement of the cap in the K3
is a rational homology ball. So Proposition[6.4says all exact fillings must be rational homology
balls. O

6.3. Other cyclic covers. So far we have only considered the case r = 2, and made use of the
fact that a (symplectic) K3 surface is a double cover of CP? branched over a smooth sextic. In
fact, one can see that the K3 is also:

e a double cover of CP' x CP' branched over a smooth curve of bidegree (4,4);
e a triple cover of CP' x CP' branched over a smooth curve of bidegree (3, 3);
e a quadruple cover of CP? branched over a smooth quartic.
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This can be seen by the ramification formula for branched covers [2, Lemma 1.17.1] and an Euler
characteristic computation. The former shows that the canonical divisor of each of the previous
branched covers vanishes, and the second that the Euler characteristics is 24; the two conditions
together identify K3 surfaces.

Moreover, as we noted in Proposition we can find hats for T3 5 and T} 7 in the Hirze-
bruch cap Hy = CP' x CP'. The homology computation of Proposition shows that the
curves obtained by coning off the singularities have bidegrees (3,3) and (4,4), respectively.
(Note that one needs to change basis in order for the computation to work: however, there is a
symplectomorphism ¢: Hy — Hy such that ¢, (So + Fy) = Sa.)

Thus as we did in the previous subsections we can create a Calabi-Yau cap for (X, (K), {x )
if we can find a cobordism from K to:

Tyz ifr =2;
T35 if r =3;
T34, To 7, Tos#Ts 3, or #°Th 3, ifr=4.

In the last line the first two get their degree-4 hats from [25] (and are given by V(zy? — %) and
V((zy — %)% — 2°)) and the third comes from Lemma[4.10]

We do not explore all possibilities here, but rather restrict to a few examples; we note, how-
ever, that many of the computations carried out in the previous subsection can be used to give
restrictions to 3—fold and 4-fold branched covers of some of the knots listed.

Proof of Theorem For each of the knots in the first class, which are all slice and quasipositive,
we have found a symplectic cobordism to either 75 7 (see the proof of Lemma which gives
cobordisms to 7% ox+1 for &k < 3 and hence to T5 7). Since these are singularities of a degree-4
curve in CP?, we can find a degree-4 projective hat for each of them. Taking the 4-fold branched
cover of the hat yields a Calabi-Yau cap with second Betti number 22 and b; = 3, thus allowing
us to apply Proposition [6.4}

For all the knots in the first class, and the knots in the second class, we can also find cobor-
disms to T3 5 (notice that one may easily use Lemma [2.8[to construct a cobordism from T5 7 to
T3 5 and the rest follow from the proof of Lemma , and thus obtain a hat in the Hirzebruch
surface CP' x CP' of bidegree (3, 3). Taking the cyclic 3—fold cover of the cap branched over the
hat, yields another Calabi-Yau cap with second Betti number 22 and b5 = 3, and we can again
apply Proposition[6.4]

Finally, can similarly argue for 8,;; this is not a knot we have encountered before. It is the
closure of the quasipositive 3-braid z3yz?y?, and it has quasipositive genus 1. There is a
genus-1 cobordism to 75 3#75 3 (obtained by adding two positive x generators that cancel z~2).
It therefore admits a degree-4 projective hat and a bidegree-(3, 3) hat in CP' x CP".

One may see the degree-4 projective hat in several different ways; for instance, it is classically
known that there is a rational curve of degree 4 in CP* whose singularities are three simple
cusps (i.e. of type T 3); replacing one of the three singularities with a cusp yields the desired
cap. Alternatively, one can deform a T3 4—singularity to 75 3#15 3 by adding two generators
(underlined) to the braid 23y3 to get to (zyz)zy(yzy) = yryryzyz = (yz)*.

One may see the bidegree-(3, 3) hat by noting we can add two more generators to a braid
word for T3 4 to get T3 5; as we have already observed, the latter knot has such a hat.

It is easy to check that the corresponding caps have second Betti numbers 16 and 18, re-
spectively; moreover, we claim that these caps have b = 3, thus allowing once again to apply
Proposition[6.4} To prove the claim, we notice that each of the two caps contains the complement
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of a filling of the r—fold cover of S branched over T 3475 3; the cover is $(2, 3, r)#%(2, 3,7), en-
dowed with the standard contact structure on each summand. These manifolds, however, pos-
sess only negative definite fillings (for instance, because they are Heegaard Floer L-spaces [65],
or because they are connected sums of links of simple singularities [60]]). In particular, the com-
plement of the filling of ¥(2, 3,7)#X(2, 3, r) already has b = 3, and a fortiori so does the cap of
2, (821). O

We are not ready to prove Theorem [1.19] We recall that this theorem says: Let (W, wy ) be a
Stein filling of (3(2,3,7), &can)- Then W is spin, it has H; (W) = 0 and either Hy(W) = Eg @ 2H
or Hy(W) = (—1); moreover, both cases occur.

In what follows, we denote with IF the field with two elements; all Heegaard Floer homology
groups will be taken with coefficients in F.

Proof of Theorem We begin by proving the last assertion; the Milnor fiber M of the singu-
larity {z? + y® + 2"} is a Stein filling of (2(2,3,7), &can) that has H1 (M) = 0 (as it is homotopy
equivalent to a wedge of spheres), it is spin, has bo(M) = 12 and (M) = —8, therefore it re-
alizes the first case. This can be seen, for instance, by viewing M as the double cover of B*
branched over a quasipositive surface for T'(3, 7); since the latter has genus 5 and signature —8§,
the computations above follow.

The minimal resolution of the singularity {2 + y* + 27 = 0}, on the other hand, is a neighbor-
hood of a rational curve (i.e a sphere, possibly singular) with a singularity of type 7(2, 3) and
self-intersection —1; this can be seen, for instance, from the normal crossing divisor resolution
of the singularity, which is given by the following plumbing graph:

—2 -1 -7

-3

This is clearly not a minimal manifold, since the central vertex represents a —1-sphere; blowing
it down, and then blowing down the contractions of the —2—and —3-spheres yields the desired
curve. This gives a minimal holomorphic filling of (X(2, 3, 7), {can); indeed, minimality follows
from the adjunction formula, since the only primitive second homology class is represented
by a symplectic curve of genus 1. See, for example, [57, Example 1.22] for a reference. Now,
work of Bogomolov and de Oliveira [7, Theorem 2’] asserts that this holomorphic filling can be
deformed to a Stein filling.

Let us now prove that these are the only two possibilities for the cohomology of fillings of
((2,3,7), Ecan)-

Let K be the representative of T3 ; with maximal self-linking number; as mentioned above,
the contact 3-manifold (3(2,3,7), ean) is the double cover of (53, &q) branched over K.

Since there is a deformation from 73 1; to 15,7, K has a degree-6 projective hat F', which has
genus 10 — g(K) = 4. The double cover (C, w¢) of the projective cap, branched over F, is a cap
for (£(2,3,7),&an) that has Ho(C) = Eg @ H. If W is not negative definite, then gluing C U W,
we obtain a symplectic Calabi-Yau 4-manifold X: this essentially follows from Proposition|[6.4},
except that we need to use that b5 (X) > 2 instead of b5 (C) > 2.

Since by(X) > 10, we know that X is not a 7?-bundle over T%; since b5 (X) > b3 (C) +1 > 2,
X cannot be an Enriques surface, either. Thus, as in the proof of Proposition X isaK3
surface and we see that Ho(W) = Eg @ 2H.
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If W is negative definite, we argue that its intersection form is diagonalizable: indeed, the
Heegaard Floer correction term of ¥(2,3,7) (in its unique spin® structure) vanishes [64, Sec-
tion 8.1]; by [64, Section 9], W has diagonalizable intersection formﬂ

Let ¢ = ¢(£can), o that ¢ is the Ozsvath-Szabo contact invariant of £,,,, where ¢ is the image of
cunder the isomorphism from HF*(—%(2,3,7),s¢) to HFE(—X(2,3,7),5¢), [29, Theorem 2.10].

Recall from [64, Section 8.1] that, as graded vector spaces, HFT(-%(2,3,7)) = 7'(3“) @ Fo),
where T+ = F[U,U~']/U -F[U] is a tower, and the subscript indicates that the degree of the bot-
tom of the tower, the element that we call 1 € HF ™ (—%(2,3,7)), is in degree 0, whereas the ele-
ment U* lives in degree 2k. In fact, Ozsvath and Szabé compute the group HF " (%(2, 3, 7)), from
which HF " (—%(2,3, 7)) can be recovered by duality [66, Proposition 2.5]. Recall also from [64,
Proof of Theorem 9.1 and Proposition 9.4] that if Z is a cobordism from Y to Y”, two integral
homology spheres, and s is any spin® structure on Z, then the map F2°, : HF**(Y') — HF>(Y”)
is an isomorphism if and only if Z is negative definite. ’

With these generalities in mind, let us go back to the case at hand. Since {.,, has a filling
M with b3 (M) > 0 (M the Milnor fiber mentioned above), ¢ is not conjugation-invariant in
HF(-X(2,3,7)), i.e. ¢ # ¢ Indeed, Fy; , (¢c) = 1 € HF(—S5?) by functoriality of the contact
invariant, but F}; . (1) = 0, because M is not negative definite.

Therefore, since HF{ (2(2,3,7)) = F®2, ¢ is not conjugation-invariant, and 1 is, we deduce
that HF{ (2(2,3,7)) = {0,1,¢,¢}.

Suppose now b = by(W) > 1. Since W is a Stein filling of ¥(2,3,7), which is an integral
homology sphere, H; (W) = 0, and therefore H*(W) is torsion-free. It follows that spin® struc-
tures on W correspond to characteristic covectors in H2(W), via the first Chern class. We are
interested in spin® structures s whose associated cobordism map FVJ{CE has degree 0, as these are
the only spin® structures whose cobordism maps act non-trivially on ¢; since

c1(8)?2 —2x(W) = 3a(W))  c1(s)®2+b

deg Fif, . = =
eg W,s 4 4 9

asking that the degree be 0 corresponds to asking that ¢3(s) = —b. There are exactly 2° such
spin® structures on W. In fact, their first Chern classes are in one-to-one correspondence with

linear combinations of the form Zgzl +e;, where {e1, ..., e} is an orthonormal basis of H2(W).
Since b > 1, 2° > 4, hence there are at least four such spin® structures, as asserted.

We also claim that, for each such spin® structure s, either F‘j{/’s(c) # 0 or FVT/’E(C) # 0. For,
if both vanished, then ker FV;S would contain 0, ¢,¢ and hence be zero; however, we know
that Fy}, _ is a non-zero homomorphism (because W is negative definite and deg F;{, . =0, we
know that FVT, ;(1) = 1). In particular, if b > 2, there are at least two spin® structures such that
FVJ[, s(c) # 0; however, this contradicts a result of Plamenevskaya [67, Proof of Theorem 4], as-
serting that the canonical spin® structure is the only spin® structure s on W such that Fyy,s(c) # 0.

So far, we have proved that b < 1. We now argue that b > 0. Indeed, if b = 0, then W is a
rational homology ball filling of (X(2, 3, 7), £can); since X(2, 3, 7) is an integral homology sphere
and W, which is a Stein domain, has a handle decomposition with no 3-handles, we know that
H,(W) = 0. But then W has even intersection form and H; (W) = 0, therefore it is spin. This
contradicts the fact that ¥(2, 3, 7) has Rokhlin invariant 1.

Summing up, if W is negative definite, then we necessarily have b(W) = 1, and since the

~

intersection form is unimodular, Hy(W) 2 (—1). O

IThe proof of Theorem 9.1 only uses the fact that d(S3) = 0. In fact, the statement that Ozsvéth and Szab6 prove is
the following: if W is a negative definite 4-manifold whose boundary is an integral homology sphere Y with d(Y") = 0,
then W has diagonalizable intersection form.
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Note that in the proof we are using the assumption that W is a Stein filling rather than just
an exact one: indeed, we are using it in the second half of the proof, to exclude the case that W
is a rational homology ball, as well as when we are using functoriality of the Ozsvath-Szab6
contact invariant under Stein cobordisms. In fact, what we prove is that exact fillings are either
negative definite or have intersection form Eg @ 2H, and that Stein fillings that are negative
definite have by, = 1.

We also observe that we can exhibit a Stein filling of (3(2, 3, 7),£can) as a handlebody. Let A
be a Legendrian trefoil with tb A = 0. There are two such trefoils, with rotation numbers +1,
corresponding to two non-isotopic, conjugate contact structures on $(2,3,7) = 52 (T»,3). Since
there are exactly two tight contact structures on 3(2, 3, 7) [50]], one of these two contact structure
is the canonical one, and the corresponding handlebody is a Stein filling W with Qw = (—1).

The same argument can be applied to show that all exact fillings of (X(2,4,5), {can) are either
negative definite or have second Betti number 12 and signature —8; the argument is slightly
easier, since the first homology group here is H;(3(2,4,5)) = Z/5Z, and therefore ¥(2,4,5)
cannot bound a rational homology ball. (By contrast, ¥(2, 3, 7) does bound a smooth, non-spin
rational homology ball.)

APPENDIX A. CONSTRUCTING THE SYMPLECTIC COBORDISMS VIA BRAIDS
We begin by presenting the computation we omitted in the proof of Proposition [4.6]
Lemma A.1. In the braid group B with standard generators o, .. ., o5, the following identity holds:
(0'1 s 0'5)5 — 01030903040501030203030405010302030403050102030405.

Proof. We will only use the commutation relations o;0; = o;0; whenever |i — j| > 1 and the
braid relation 0i0;4+10; = 0;410;0441.

We start by cancelling the factors oy and o5(01 - - - 05) which appear on the left and on the
right, respectively, of each side of the equality. We are left to prove that:

020304050102030405010203040501020304 = 030203040501030203030405010302030403.

We will abide by the convention that we underline generators when something happens to them
(e.g. we underline g1 if we are using the commutation relation to move the generator o; to the

left). We have:
02030405010203040520203040501020304 =

020304050102010304050203040501020304 =

0203040520102030405203040501020304 =

02030’204050’102030’20405@04050’102030'4 =

030203040501030203040305040501020304 =

0’30‘20‘30’40‘50‘10’30'20'30’40'30'40’5%0’10’20'30’4 ==
030203040501030203030403050102040304 =
030203040501030203030405010302030403,
as required. O
Here we provide the remaining computations to complete the proof of Lemma We use
the notation above; for braids on 5 strands we use the letter w for the fourth generator. To

de-clutter the notation, we also use capital letters to denote inverses. Finally, we will use facts
about (symplectic or complex) curves quite freely.
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Proof of Lemmal6.6|(continued). We argue case by case.

10124: as noted above, this is 75 5. This is the link of the degree-5 curve {2322 — y®> = 0} at
(0:0: 1), therefore it has a degree-5 (and hence a degree-6) hat.

m(10;55): this is the closure of the 3-braid x3y X2y X?y. We can write:

PyX2y Xy 14 2PyzPya’y = 2 (zyz)’ay ~ A%y’ 11 Al (yz) = (y2)T;

since there is a cobordism from T3 7 to T5 11, and T3 11 is the singularity of a degree-6 curve,
m(10155) has a degree-6 hat.
m(11nsp): this is the closure of the 4-braid 2%y XyzYz2Y?z. As above:

PyXyYaY?z 1y 2’y Xyzyrz = 2*yXy(zyz)r = 2*yXy’zyz ~p
~p Ty Xy’z 1t 2?yzy’a = 2°ya® ~p 2,

and the latter is the singularity of a degree-4 curve.
m(11n;32): this is represented by the 4-braid X 2yxzY Y zy?. We now have, using the relation
2YTYZ = ZTYTZ = TIYZT = TYZYZ:

XPyzzYaYzy? 13 yrzyryzy® = yalyzyz® ~p ya’y’ry® = (yo)?,
and the latter is the singularity of a degree-4 curve.
11n;39:As noted above, this is the closure of the 5-braid 22y X zY zwZyZw. Using the relations
wzyzw = yzwzy (analogue as in the previous case) and z?yz = zyxry = yry*:

?yz” 2y rwe 2T w s (2yz) zyz(wayzw) = yayPzyzyzwzy ~p
~p Yyt zyzy2ty = P A%zy ~ A%(2y)? = (2y)°,

and the latter is the singularity of a degree-5 curve.
m(11n;72):As above, this is the closure of the 4-braid xyXyz2zY 2Y?2. We can write:

zyXyzzYrY?z 13 ryryrzyrz = ryryr(2yz)r = TYTYTYLYT ~p= A%y ~ (my)4,

which is the singularity of a degree-4 curve.
m(12n;2;): This is the closure of the 4-braid 2y X2yzY 2y*2%Y. We have:
ey X2yzY oy 2Y 13 wy(yzy)ey’z"y = x(yzy)zay®ay =
= (vzyz’2)y* 2%y = 2(wyx)2?y* 2%y = zyay2?y*2%y ~p
~p 2”222y 1o 2Pz 2yt 2y = 2y At = (2y)T,

and the latter has a cobordism to (2y)'!, hence it has a degree-6 hat.
m(12n145): This is the closure of the 5-braid wZyZyX2wyzY zyx. We will use the identities
wzyzw = yzwzy and A? = yz2y22. We write:

wZyZyX wyzY zyz T4 wzyzywyzyzyz ~p (wzyzw)y’zyzy = (y2wzy)y*zyzy ~p
~p y22 Y zyzy 1 (y22y2t)yPzyzy = A%y eyzy t
T A%y2Pyzyzy = Alyz = (y2)7,

which is the singularity of a degree-6 curve.
12n292: this is the closure of the 4-braid zy?z3yZy?z22. We can write:

ety Zya? = xyZ:z:By(Zsz)xz = zy?ady? 22 Yz b xy29:3y222gxz =
= wy’z’y’z(zyz)r = 2y’ y? (zy2)ye = ay’2®y’zy’e ~p
2,35 2,3, 4

2yt 1 yzy - yzy - y2tyt = Alyatyt 1y
14 Ayzylay’eyPay’ay® = ASyay® = ASzyzy = (zy)'.

~p zy*atyPr ~ yzty
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m(12n3g3): this is the closure of the 5-braid yZwZyX?zywz2yx. In the following, we will use
the identity wzyzw = yzwzy:

yZwZyX zywz2yz 13 yz(wzyzw)yz’yz ~p yz(wzyzw)y2’y = yz(yzwey)yz>y ~p
~p Yy Y 2y Te yayzy eyt ayzy ~ (y2)7,
and we conclude as in the cases above.

12n473: this knot is the closure of the 4-braid zy*z2y3zY 2. We write:

4.2, 3 4.2, 3

zyt22yPeY 2 1 ayt2ty ryz ~ Yy 27y (vyr)z = ytz2yt

2ylzyz ~p yt?yPz ~ 2yt 2?0 1

s zy2ly2lyzPyz"y’ = Atyz® 11 A% ~ A2y = ASyzyz = (y2)'

12n5g;: this knot is the closure of the 5-braid 2 Y zyzwY wzyZWyZ; using the identity wzyzw = yzwzy,
we compute:

rYryzwYwzyZWyZ 15 (zyz)yzwy(wzyzw)yz = ymy2zy2(wzw)zy2z ~p

22y y2y ~

~p Y 2yt 2wy’ ~p Y2yt Py 2 1s 2y 22y
~ (y2)°2y° 22y I~ (y2)°yP 2y = (y2)'.
12n7¢s: this is the closure of the 3-braid Y 32Y zyXy3.
Y 2YayXy® t aYayzyzy® = (yr)?,
whose closure is T3 4.
m(12n721): this is the closure of the 3-braid Y °zy?z; using the identity y?zy*z = (yx)3.
YPatyPa 16 yayPayPay’eyte = (yx)'.
m(12n7gg): this is the closure of the 4-braid 2 ~2y?zy222yxy~la.

2Py P yay !

w1y y*2Pryr = y*2yzy ~p y* 2%y,

and the closure of y%2%y? is the connected sum 75 5#7T5 3, has a degree-4 hat (which is algebraic,
since it comes from a rational cuspidal curve).

12nggg: this knot is the closure of the 5-braid zyZwXyzaxY Wzw. Using the braid identities
TYZYT = 2Yryz, wryzw = yzwzy, and zy2zy? = A2

ryZwXyzaeY Wew T4 zyzwzyzeywzw = ryzw(zyr)zy(wew) = (zyzyz)y(wzyzw)z =

= zyzyzy’rwzyz ~p 2yt 2yt 2%yz = A% (2y)? = (2y)°. O

APPENDIX B. THE GENERALIZED THOM CONJECTURE

Here we give an alternative proof of the generalized Thom conjecture, Theorem Recall
that the theorem asserts that if F’ is a symplectic surface in a symplectic manifold (X,w) with
boundary K in the contact manifold Y = 0.X, then F is genus-minimizing in its homology class,
relative to its boundary.

Proof of Theorem Fix a Seifert surface S for K in Y, and a Legendrian approximation L of
K; let rotg(L) and slg(K) be the rotation number of L and self-linking number of K relative to
S.

Attach a Weinstein handle to (X, w) along L, thus obtaining a symplectic 4-manifold (X', w’)
with convex boundary. Let F' be the surface obtained by capping off F' with the core of the
Weinstein handle. We can embed (X’,w’) in a minimal Kéhler surface (Z,wz) with b3 (Z) > 1
by [48].
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Since b2+(Z ) > 1, the canonical class Kz of Z is a Seiberg—Witten basic class [75], and we can
apply the adjunction inequality to any surface G in the homology class [F]:

2 - 29(G) < (1(2),[G)) - [G] - [G] = (e1(2), [F]) — [F] - [F] (B.1)

We now set out to compute the right-hand side.
Call F’ the surface obtained by capping off F' with the Seifert surface —S, and S’ be the
surface obtained by capping off S with the core of the Weinstein handle. Clearly we have that

[F'] + [S'] = [F]. Moreover, by [33, Proposition 2.3],
(1(2),[9"]) = (er(X"), [S]) = rots(L).
Since F'is symplectic, by Lemma (and the following remark) we have:
(e1(2), [F]) = (e (X), [F"]) = sls(K) + 1 = 2g(F) + [F'] - [F"].
Thus
(e1(2), [F)) = (e1(2), [F'] + [8]) = sls(K) + 1 = 2(F) + [F'] - [F'] + rots(L).

Finally, the Weinstein handle is attached with contact framing—1 (hence smooth framing
tb(L) — 1); therefore, the last summand in (B.1)) is

[F]-[F] = [F]- [F] + 1S [S'] = [F] - [F'] + tb(L) — 1.
Putting the everything together, and recalling that tb(L) = slg(K') + rotg(L), we obtain:
2-29(G) <slg(K)+1—2g(F)+ [F']-[F'] + rots(L) — [F'] - [F'] — tb(L) + 1
=2—2¢9(F). O
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