OPEN BOOKS AND PLUMBINGS
JOHN B. ETNYRE AND BURAK OZBAGCI

ABSTRACT. We construct, somewhat non-standard, Legendrian sudgggyams for some
Stein fillable contact structures on some plumbing treesroliecbundles over spheres. We
then show how to put such a surgery diagram on the pages ofeanhmmwk forS?, with
relatively low genus. Thus we produce open books with lowuggrages supporting these
Stein fillable contact structures, and in many cases it cashben that these open books
have minimal genus pages.

1. INTRODUCTION

A closed and oriented 3-manifold which is described by a plumbing tréeof oriented
circle bundles overs?, all having Euler numbers less than or equakt®, admits many
Stein fillable contact structures. A Kirby diagramois given by a collection of unknotted
circles in.S? corresponding to the vertices bf linked with respect to the edges Bfso
that the smooth framing of a circle in the diagram is exadily Euler numben; < —2
corresponding to the circle bundle it represents. To finthSiiéable contact structures on
Y one can simply put all the circles into Legendrian positiitl{ respect to the standard
contact structure i8?) in such a way that the contact framing, i.e., the Thurstemizquin
numbertb(K;) of a circle K; is given byn; + 1. Then by applying Legendrian surgery
on these Legendrian circles ¥ we get a Stein fillable contact structure & Note
that, the freedom to Legendrian realize e&Ghwith different rotation numbers (but fixing
tb(K;) = n; + 1) will enable us to find different Stein fillable contact stiwres ony'.

We will call a plumbing tree “non-positive” ifl; + n; < 0 for every vertex,, whered;
denotes the degree of tirh vertex. We will refer to a vertex in a tree with+n; > 0 as a
bad vertex. A planar open book supporting the contact streabtained by a Legendrian
realization of a non-positive plumbing tree was presentef8]. In this article we will
generalize the methods in [9] to find an open book supportiagbntact structure obtained
by a Legendrian realization of a plumbing tree which is natassarily non-positive. The
genus of the open book we will construct for a tiees given by a numbeg(T"), which we
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define in Sectio]3. As a preliminary step in the constructibthe open books we first
derive special Legendrian surgery diagrams¥om Section[B. In the following section
we show how to realize these Legendrian surgery diagrams thet pages of an open
book for S3. Thus after Legendrian surgery we have an open book supgdhindesired
contact structure. We also discuss how to apply these idgastte general contact surgery
diagrams. These constructions lead to open books decotigmsssupporting all tight
contact structures on small Seifert fibered spaces witit —2, —1 having page genus
zero or one. In the last section we exhibit various examplesioconstruction.

2. OPEN BOOKS AND CONTACT STRUCTURES

Suppose that for an oriented lirikkin a closed and oriented 3—manifaldthe comple-
mentY \ L fibers over the circle as: Y \ L — S' such thatr—!(6) = 3 is the interior
of a compact surface boundirig for all € S*. Then(L, r) is called anopen book de-
composition(or just anopen bookof Y. For eachy € S*, the surface’y is called apage
while L the binding of the open book. The monodromy of the fibratiens defined as
the diffeomorphism of a fixed page which is given by the firstime map of a flow that is
transverse to the pages and meridional near the binding.isbiapy class of this diffeo-
morphism is independent of the chosen flow and we will reféh#&d as thenonodromyof
the open book decomposition.

An open book L, 7) on a 3—-manifold” is said to besomorphido an open bookZ’, 7’)
on a 3—manifold”’, if there is a diffeomorphisnf : (Y, L) — (Y’,L’) such thatr’'o f =7
onY \ L. In other words, an isomorphism of open books takes bindingiriding and
pages to pages.

An open book can also be described as follows. First coniidemapping torus

Y =10, 1] x X/(1,2) ~ (0, ¢(x))

whereX. is a compact oriented surface wittboundary components aids an element of
the mapping class groupy; of . Since¢ is the identity map o3, the boundary
of the mapping torug, can be canonically identified with copies of7? = S x S*,
where the firstS! factor is identified with[0, 1] /(0 ~ 1) and the second one comes from
a component obX. Now we glue inr copies of D? x S! to cap off3, so thatoD?
is identified withS' = [0,1]/(0 ~ 1) and theS! factor in D? x S is identified with
a boundary component @f:. Thus we get a closegmanifoldY = 3, U, D? x S*
equipped with an open book decomposition whose bindingaisithon of the core circles
D? x S's that we glue td, to obtainY". In conclusion, an element € I's, determines
a 3-manifold together with an “abstract” open book decompaosibn it. Notice that by
conjugating the monodromy of an open book on a 3-manifold by an element if'y, we
get an isomorphic open book on a 3-manifdldwhich is diffeomorphic tar".
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It has been known for a long time that every closed and ortkBtenanifold admits an
open book decomposition. Our interest in finding open book3-manifolds arises from
their connection to contact structures, which we will désewery briefly. We will assume
throughout this paper that a contact structyire ker « is coorientable (i.eq is a global
1-form) and positive (i.eq A da > 0).

Definition 2.1. An open book decompositigh, 7) of a 3—manifoldy” supportsa contact
structure¢ on Y if £ can be represented by a contact formsuch thato(L) > 0 and
da > 0 is on every page.

In [10], Thurston and Winkelnkemper show that every openkb&apports a contact
structure.

Suppose that an open book decomposition with pagespecified by € I's. Attach
a 1-handle to the surfacE connecting two points oY to obtain a new surfacg’. Let
~ be a closed curve iit’ going over the newt-handle exactly once. Define a new open
book decomposition with’ = ¢ o t, € I'sy, wheret., denotes the right-handed Dehn twist
along~y. The resulting open book decomposition is callgubaitive stabilizatiorof the one
defined byg. If we use a left-handed Dehn twist instead then we call tealt@anegative
stabilization The inverse of the above process is calpditive (negativg destabiliza-
tion. Notice that although the resulting monodromy depends erctiosen curve, the
3—-manifold specified by, ¢') is diffeomorphic to the 3—manifold specified bY, ¢).

A converse to the Thurston-Winkelnkemper result is given by

Theorem 2.2(Giroux [€]). Every contact 3—manifold is supported by an open book. Two
open books supporting the same contact structure admit ammpositive stabilization.
Moreover two contact structures supported by the same opek &ére isotopic.

We refer the reader t@1[2] and![8] for more on the correspooddietween open books
and contact structures.

3. LEGENDRIAN SURGERIES AND PLUMBINGS

We assume that all the circle bundles we consider are odemitd Euler numbers less
than or equal te-2. We will call a plumbing tree of circle bundles ovéf non-positivef
the sum of the degree of the vertex and the Euler number ofuhdlé corresponding to
that vertex is non-positive for every vertex of the tree. His tsection we describe Legen-
drian surgery diagrams of some contact structures on phgstof circle bundles oves?
according to trees which are not necessarily non-posifinese surgery diagrams will be
transformed into open books in the following section.

Let us denote a circle bundle ovéf with Euler numbem by Y,,. Given a plumbing
treeI" of circle bundlesy,,,, denote the boundary of the plumbed sphere bundlesrby
A vertex withn; + d; > 0 will be called a bad vertex, wherg denote the degree (or the



4 JOHN B. ETNYRE AND BURAK OZBAGCI

valence) of that vertex. We will call a connected linear selbl C I maximal if there is
no connected linear subtréeC I' such thaf" is a proper subset df. The sefl” \ T" will
denote the subtree where we remove frbrall the edges emanating from any vertex in
T as well as all the vertices df. Take a maximal linear subtrédg C I' which includes

at least one bad vertex. Then take a maximal linear subyee I' \ I'; which includes

at last one bad vertex af. It is clear that by iterating this process we will end up with a
subtreel™ \ szl I'; c I" without any bad vertices, for some disjoint subtrégs. . ., I';

suchthaf,;; c T\ U,_, I'v,forj =1,...,s — 1. Note, however, thaf,, ...,T'; may

not be uniquely determined ly. In particular, given any treg, the numbeg above is not
uniquely determined. Nevertheless there is certainly aimmim s, associated td, over all

possible choices of subtrees in the above process. We ¥efl t@this number as thgenus
of I and denote it by (T"). If there is no bad vertex ifi then we defing(I") to be zero.

Proposition 3.1. Suppose that we are given a plumbing treef [ circle bundlesy;,; such
thatn; < —2 for all <. There are(|n,| — 1)(|ng| — 1)---(Jm| — 1) special Legendrian
surgery diagrams giving Stein manifolds with boundgry These all have different’s so
the associated Stein fillable contact structures are distin

Remark 3.2. We do not claim these are all possible Stein fillable contiattures onvr,
but in some cases (like whéf is a small Seifert fibered space with < —2 ) we do con-
struct all Stein fillable (and all tight) contact structur&sis follows from the classification
of tight contact structures in[11].

Remark 3.3. There are other, possibly more obvious, Legendrian surdgexgrams for
these contact structures op, but the diagrams we derive here are the key to our construc-
tions of open books in the next section.

Proof. From [9] we recall how to “role up” a linear plumbing trée Let I" be the linear
plumbing tree fol’, , ..., Y,, where eacly,, isplumbedtd,,  andY, ., i=2,...,k—

1. See the left hand side of Figue 1. The standard surgeryatiador I' is a chain of
unknotsUy, . . ., Uy with eachU; simply linking U;_; andU, 1,7 = 2, ...,k and withU;
having framingn;. We think of this chain as horizontal with components labdtech left
to right. LetU; = U,. Start withU, and slide it ovell/; to get a new link with'/; replaced
by an unknot} that now linksU;, n; + 1 times. Now slidel/; over U}. Continue in this
way until Uy is slid overU;_,. The new linkL is called the “rolled up” surgery diagram.
See the right hand side of Figure 1. We observe a few saliahiries of this construction.
First, each; links U} for j > i the same number of times. Denote this linking number by
l;. Secondly]; > [;., for all i. (Recalll; is negative.) In factl, = n; +...+n;_1 +2i — 1.
Thirdly, the framingsn; on theU;’s are non-increasing and decrease only wher —2.

In fact,m; 1 —m; = n;+1 + 2. Fourthly, the meridiang,; for U; simple linkU; U ... U Uj.
And lastly, L sits in an unknotted solid torus neighborhoodlgf There is an obvious
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FIGURE 1. A linear plumbing of circle bundles and its rolled-up vers
(The number inside a box denotes the number of full-twistsleaild apply
to the knots entering into that box.)

Legendrian representation pfsuch that’; is the Legendrian push off éf/_, with |n; + 2|
stabilizations. Thus Legendrian surgery produces exdledynumber of Stein manifolds
claimed in the statement of the theorem.

Returning to the topological situation consider a trewith one valence three vertex,
then we can decompodé as above into linear treds, andI';, where the first sphere
bundle ofl'y is plumbed into the-th sphere bundle df,. Let L; = U; U ... U U] and
Ly, =V/U..., V), bethe rolled up surgery links far, andl';, respectively. Itis clear that
if the neighborhood oV in which L, sits is identified with a neighborhood of the meridian
u; for U; then the resulting surgery link will descridg.. As above we can Legendrian
realizeL, andL,. Moreover, ifn;, < —2 then there will be a zig-zag from the stabilization
of U/ and we may linkL, into U using this zig-zag as shown in Figdre 2.7lf = —2
then there is no zig-zag and no apparent way to hiboto U;/. However we can preform a
type 1 Legendrian Reidemeister move to create a cusp edgesthbe used to hook, to
U;, as shown in FigurEl 2. Thus we have Legendrian realized L, and have the desired
number of Stein fillings oft.

We can continue in this way to obtain rolled up surgery diaggand Legendrian surgery
diagrams for any plumbing tree. Note that we will need to @dd+ d;) type 1 Legendrian
Reidemeister moves to each Legendrian knot correspondiadpad vertex. O
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FIGURE 2. Linking L, (which is in a neighborhood fo;) to U.

4. OPEN BOOKS FOR PLUMBINGS WHICH ARE NOT NECESSARILY NOROSITIVE.

Using the notation established at the beginning of Seliare Zre ready to state our
main result.

Theorem 4.1. Suppose that we are given a plumbing tfeef circle bundles;,, such that
n; < —2 for all .. Then the Legendrian realizations @f from Propositior 311 give rise to
Stein fillable contact structures that are supported by dpeoks of genug(T").

This theorem was proven in|[9] for the case with no bad vestivée generalize the ideas
there for our current proof.

Remark 4.2. In [3] it was shown that if a contact structure is filled by a pfectic 4-
manifold whose intersection pairing does not embed in athegdefinite form then the
contact structure cannot be supported by a planar open Mé@kbserve that the intersec-
tion forms of some plumbings can embed in negative definit@$dout the above theorem
still gives an open book with genus larger than zero. For gaifia plumbing graph has
one bad vertex with Euler numbem < 0 and valencer < 2n — [, wherel is the number
of branches from the bad vertex with length greater thandn the intersection form of
this plumbing can embed into a negative definite form. It widug very interesting to see
if the genus of these open books can indeed be reduced.

Remark 4.3. The ideas in Theorem 4.1 are much more general. Given angamurgery
diagram for a contact structure if one can embed the indalikinots in the surgery link into
an open book for the tight contact structure$hthen the ideas of “rolling up”, “hooking
into zig-zag’s” and “hooking into a type 1 Legendrian Reiggster move” can be used to
construct open books for the resulting manifolds. Whileathms for constructing open
books have been known for some time, see for exarhple [1jalfpaithm seems to produce
much smaller genus open books. We demonstrate this by ootietf an open book for
each tight contact structure on small Seifert fibered spatgbs:, 4 —1, —2. For notation
seel5].

Proposition 4.4. Consider the small Seifert fibered spade= M (eq; r1, 72, 73). Any tight
contact structure o/ is supported by an open book with planar pages i —3,¢, > 0
orifeg=—1, = <r1,r2 <land0 <r3 < 1.
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Proof of Theoreri:411We recall the idea used inl[9] to find open books supported by a
contact structure obtained by a Legendrian realizatioh®fihear plumbing tree described
in Proposition311. (See the proof of this proposition fotatimn used here.) Consider
the core circley of the open boolkoby in S3 given by the positive Hopf linkd. The
page ofoby is an annulus and its monodromy is a right-handed Dehn twosigay. First
Legendrian realize on a page obby. In [3], it was shown that to stabilize a Legendrian
knot on a page of an open book, in general, one can first staltiie open book and then
push the knot over the 1-handle which is attached to staliifie open book. Apply this
trick to stabilizeob 4, (|m;| — 1)—times, by successively attaching 1-handles while keeping
the genus of the page to be zero. As a result, by pushimger all the attached 1-handles,
we can embed the inner-most knot in the rolled-up diagram page of the stabilized
open book inS? as a Legendrian knot. Then by iterating this process frorerimost to
outermost knot, we can find an open bookSthwhich contains all the knots in the rolled-
up diagram as Legendrian knots in distinct pages. Applyiagdndrian surgery on these
knots yields a Stein fillable contact structure togethehwiplanar open book supporting
it.

In a general treé" of circle bundlesy,,, (n; < —2) without bad vertices we can take
a maximal linear subtreB;, C I to start with and apply the algorithm above to roll it up
and construct a corresponding open book. Then take a mabireal subtreé’, C I'\ I';
splitting off at a vertex of';. Note that there is a stabilization used in the open book for
I'1, at the splitting vertex, with its core circle so that we caplgmur algorithm to find an
open book fod’, starting from this annulus and extend the previous open bbbis is the
translation of the left hand side of Figure 2 from a front pation to Legendrian knots on
pages of open books. It is clear that we can continue thisggsoto cover all the vertices
in I'. As observed in]9], this will work as long as the tree doeshase any bad vertices,
since the conditiom; + d; < 0 guarantees that there are as many “free” annulus in that
vertex as we need to hook in a subtree splitting off at thaewxeit should be clear that we
will always get a planar open book as a result.

To understand the situation with bad vertices we need talagthe right hand side of
Figurel2 into Legendrian knots on pages of open books. Spaityfiwe need a lemma that
tells us how one can embed a type 1 Legendrian Reidemeistez mtw the page of an
open book.

Lemma 4.5. Let (X, ¢) be an open book supporting a contact structgren A/ and K

an oriented Legendrian knot on a page of the open book. SepRos [0,1] x [—1,1]

is a rectangle in the page of an open book such fl#ai) N R = [0,1] x {—1,1} and
[0,1] x {0} = K N R with the orientation on/" agreeing with the standard orientation
on [0, 1]. Stabilize the open book by adding a 1-handléteuch that the 1-handle con-
nects|0, 1] x {1} to [0, 1] x {—1} and the new monodromy has an extra Dehn twist along
{%} x [—1, 1] union the core of the 1-handle. Call this curyend orienty so that the
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orientation ony and[—1, 1] agree. The homology clags + v can be represented by an
embedded Legendrian curv€, on the page. The curvg, is Legendrian isotopic td<
and “corresponds” to a type 1 Legendrian Reidemeister mdVve curveK _ is isotopic to
the positive and negative stabilization fof

/ N /-
}‘//

L y
L / L\ -

&
FIGURE 3. The rectangld? on the left and the stabilized open book on the

right (the embedding shown on the right is not correct theitebe a full
twist in the newly attached handle).

Proof. We can Legendrian realizB U ~ on a page of the open book. The knpis a
Legendrian unknot withb = —1. Thus we can pick a disk thaty bounds whose interior
is disjoint from K and we can make this disk convex. In the standard contaatsgteion
R3 we can take an unknot that is tangent to thaxis and bounds a disk’ whose interior
is disjoint from thez-axis. SinceD and D’ are convex with the same dividing set (since
we can assume thal lies in the complement of the binding of the original open lbo@
know it has a tight neighborhood) we can assume the chaistatdoliations are the same.
Now we can find a contactomorphism from a neighborhoof? @nion a segment ok to

a neighborhood ob’ union a segment of the-axis (so thatD goes toD’ and the segment
of K goes to ther-axis). We can now perform the desired operations in thiallowdel to
complete the proof. O

Returning to the proof of Theorel 4.1, suppose thdtas bad vertices. Once again
we can roll upl';. WhenI'; has bad vertices to which we wish to attach, $gywe can
use type 1 Legendrian Reidemeister moves as in the proofogioBition[ 3.1l to construct
a Legendrian link into whichH'; can be “hooked”. For the open book we can stabilize
as described in Lemnia.5 to create an extra annulus in thes gfattpe open book that
will allow us to hook in the linear grapl';. That is (using notation from the proof of
Propositior 311) iff"; is attached td"; at the unknot/; then apply Lemm&4l5 t& (and
all the subsequerit?). This creates an annulus in the page of the open book thaf;tae
each go over exactly once for eagh> . Now let the first unknot of’; be a Legendrian
realization of the core of the new annulus. This core wilklthe U’’s exactly once for all
j > i. We may now proceed to attach the rest of the unknots in thedalp version of
I'; as above. This is illustrated in FigUrk 4. Note that we caeaggly apply Lemma4.5
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to hook in arbitrarily many branches to bad verticed 'ofand only the first stabilization
increases genus. Thus we see that if all the bad verticesoataiced inl'; the genus
of the resulting open book is one. Repeating this argumenth otherl’;’s containing
bad vertices we see that the genus of the resulting open saaleciselyy(I"). We have
now constructed an open book for the tight contact struatarg? with the link L from
Propositior 311 on its pages. Thus Legendrian surgery adittk will yield an open book
supporting the contact structure obtained by Legendriagesy. O

FIGURE 4. Positive stabilizations at a bad vertex wheret+ d; > 0. The
number of 1-handles in the figure is givenby |n; + d;|.

Proof of Propositiofidl4The case withey, < —3 follows immediately from the Theo-
rem[4.] and the classification of tight contact structurethese manifolds froni[11]. This
result was originally proven iri.[9]. The case with = 0 follows from the classification
givenin [8]. In particular, all these contact structures ba obtained from the tight contact
structure or* x S? by contact surgery of three Legendrian knots isotopig'te {pt}. In
[5] they show that all the tight contact structures are aoladifrom Legendrian surgery on
Legendrian realizations of Figuk® 5. Thus we can start witlopen book for the contact
structure onS* x S? with annular page and trivial monodromy. The contact fragrom
the components with surgery coefficietts is zero and since th€)'s are all less than or
equal to—2 we will need to stabilize the page of the open book to Legamdealize these
components with the appropriate framing. Now if we roll up tiest of the:!’s onto the
al’s, as in the proof of Propositidi3.1, we can easily modify ginoof of Theoreridl1 to
construct a genus zero open book for these contact strsctlinee, > 0 follows similarly,
the only difference with the, = 0 case is thatg will be —1. Thus we will not be able
to stabilized the knot correspondingdb however when one “roles up” the'’s ona} we
will still be able to realize them on the page of the open bobkus we still get a genus
zero open book. The sporadic examples wigh= —1 follow from the classification of
tight contact structures given inl[4] and using the methadbé proof of Theorerm 4.1 to
convert the contact structure diagrams in that paper to bpeks. U
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FIGURE 5. The surgery diagram fa¥/(0; 7, 75, 75), here all thes! < —2.

5. EXAMPLES

We now demonstrate how to use the above algorithm to constpen books for various
plumbing diagrams.

Example 5.1. Consider the Poincaré homology sph&i@, 3, 5) which can be given by
the negative definit&s—plumbing of circle bundles ovef? as in Figuréb.

-2 -2 -2 -2 -2 -2 =2 -

I == LR

FIGURE 6. Negative definitd’s-plumbing on the left and its rolled-up ver-
sion on the right.

Also consider the genus one surfacg; with one boundary component as depicted in
FigurelT. We claim that the open book with pagg and monodromy

¢ = totct;
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supports the unique tight contact structureX?, 3, 5), wheret., denotes a right-handed
Dehn twist along a curve on a surface. Note thai(2,3,5) does not admit any planar
open book supporting its unique tight contact structure[3ij.

b a

FIGURE 7. The curves, b andc are embedded idistinctpages of an open
book inS? as indicated above.

We now apply our algorithm to verify the claim about the exigte of an elliptic open
book on the Poincaré homology sph&re, 3, 5), supporting its unique tight contact struc-
ture. The idea is to first construct an open boolsiand embed the surgery curves into
the pages of this open book so that when we perform surgddeg aach of these curves
with framing one less than the surface framing weXy& 3, 5) as the resulting 3-manifold
with its associated open book. (Note that in terms of corgaattures this corresponds a
Legendrian surgery.) The monodromy of the open boaok’invith pageX’; ; (as shown in
FigurelI) ist,t,. This is obtained by stabilizing the annulus carrying thevew in Fig-
ure[d by attaching the 1-handle carrying the curveNow take the linear branch in the
Eg-plumbing in Figurdb with seven vertices. The first four ie$ (which correspond to
the innermost four curves in the rolled-up version in Fiddyere represented by parallel
copies of the curvé in Figure[T. The fifth vertex is a bad vertex and a branch spfits
with only one vertex—the eighth vertex. The cueveepresents this bad vertex. The sixth
and the seventh vertices are represented by parallel copiesThe eighth vertex is rep-
resented by a parallel copy af So we embedded all the curves in Figlke 6 into distinct
pages of the open book if*. By performing surgeries on these curves (and taking into
account the right-handed Dehn twists we needed for thdigiatimns) we get an open book
in (2, 3, 5) with monodromye = t,t3t}t,t, which is equivalent to

¢ = tatot;.
Since the monodromy is a product of right-handed Dehn twislg the supported contact
structure is Stein fillable (and hence tight). Therefors ttontact structure is isotopic to
the unique tight contact structure @142, 3, 5).

There is also another way of finding an elliptic open book sufipg the unique tight
contact structure ok (2, 3,5). The monodromy of the elliptic fibratioR(1) — S can be
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given by (#,t,)%, using the notation in Figuid 7, except that we think of thevesa andb
embedded on a non-punctured torus. By removing the uniorsetton and a cusp fiber
from E(1) we get a Lefschetz fibration on the 4—maniféld with punctured torus fibers
whose monodromy i$t,t,)°. One can check thali¥ is diffeomorphic toX(2, 3,5) by
Kirby calculus (see, for examplé,][7]). Thus there is an tetlopen book o (2, 3, 5)
with monodromy(#,t,)°. Since the monodromy of this open book is a product of right-
handed Dehn twists only, the contact structure supportetibppen book is Stein fillable
(cf. [6]) and in factlV is a Stein filling of its boundary. We conclude that the eitipt
open book with monodromyt,t,)> has to support the unique tight contact structure on
¥(2,3,5). Finally we note that the two elliptic open books we desatibbove are in fact
isomorphic. In order to see the isomorphism we first obsdraeit = ¢ 't,t,. Then we
plug this relation inta?¢3t; to get

Bt =ttty
= (tytaty)ts(tptaty)t;
= taly(tatsta) (tolats)t}
= tabptptatplatylats
= (tytaty)totatslatstals
= totptatstatotatstatsy
= (tpta)’.

Note that we used the “braid” relatiapt,t, = t,t.t, repeatedly and cyclically permuted
the words in the calculation above.

Example 5.2. Consider the plumbing diagram of circle bundles and itsedblip version
shown in Figuré®B.

FIGURE 8. A plumbing diagram on the left and its rolled-up versiorntioa right.

Then applying our algorithm we can construct an open boogaitiimg the contact struc-
ture obtained by the (unique) Legendrian realization of glumbing diagram. The page
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¥ of the open book is a torus with two boundary components aadrtbnodromy is
given by

¢ = Loy taytotytitayta, |
which is equivalent to the more symmetric form

I P R e

aias’c

where we depicted the curves, as,b andc on %, » in Figure[®. Note that Dehn twists
along two disjoint curves commute. Moreover, by plugging.ie= ¢ 't 'tyt,, t,, we can
also express the monodromy as

¢ = (ta1ta2tg)2'

W\

Cc

FIGURE 9. The curves,, as, b andc are embedded idistinctpages of the
open book inS? as indicated above.

Example 5.3. Consider the plumbing treE of circle bundles and its rolled-up version
shown in Figur€lo.

In this final example we will illustrate how open books copaisding to two subtrees
that meet at a bad vertex are placed on an open book. As theubsed; take the linear
tree on top with five vertices with a bad vertex in the secordifanrth place, and as the
second subtree takeé, the subtree of" \ I'; branching from the left most bad vertex on
I'1. Notice that in the rolled-up version the part correspondanis, is “linked” to the part
corresponding td;. So we start with the open book for and make sure the open book
has been stabilized twice so thigtand the top most vertex can be linked ifito ThenI',
is put on the pages of the open book. To this end we must #talkitjain to accommodate
the bad vertex it'y. The resulting open book has page as shown in Figdre 11. licyplart
it is a surface of genus two with one boundary component. Theaadromy of the open
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FIGURE 10. A plumbing diagram on the left and its rolled-up versiortloe right.

book supporting the contact structure obtained by Legandsurgery on the Legendrian
realization ofl” is then given by

¢ = lastas tgz til tgl talaslastasta, -

FIGURE 11. The curves,, as, as, a4, by, by ande; are embedded idistinct
pages of the open book ¢ as indicated above.
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