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ABSTRACT. We construct, somewhat non-standard, Legendrian surgerydiagrams for some
Stein fillable contact structures on some plumbing trees of circle bundles over spheres. We
then show how to put such a surgery diagram on the pages of an open book forS3, with
relatively low genus. Thus we produce open books with low genus pages supporting these
Stein fillable contact structures, and in many cases it can beshown that these open books
have minimal genus pages.

1. INTRODUCTION

A closed and oriented 3-manifoldY which is described by a plumbing treeΓ of oriented
circle bundles overS2, all having Euler numbers less than or equal to−2, admits many
Stein fillable contact structures. A Kirby diagram ofY is given by a collection of unknotted
circles inS3 corresponding to the vertices ofΓ, linked with respect to the edges ofΓ so
that the smooth framing of a circle in the diagram is exactly the Euler numberni ≤ −2
corresponding to the circle bundle it represents. To find Stein fillable contact structures on
Y one can simply put all the circles into Legendrian position (with respect to the standard
contact structure inS3) in such a way that the contact framing, i.e., the Thurston-Bennequin
numbertb(Ki) of a circleKi is given byni + 1. Then by applying Legendrian surgery
on these Legendrian circles inS3 we get a Stein fillable contact structure onY . Note
that, the freedom to Legendrian realize eachKi with different rotation numbers (but fixing
tb(Ki) = ni + 1) will enable us to find different Stein fillable contact structures onY .

We will call a plumbing tree “non-positive” ifdi + ni ≤ 0 for every vertexi, wheredi

denotes the degree of thei-th vertex. We will refer to a vertex in a tree withdi +ni > 0 as a
bad vertex. A planar open book supporting the contact structure obtained by a Legendrian
realization of a non-positive plumbing tree was presented in [9]. In this article we will
generalize the methods in [9] to find an open book supporting the contact structure obtained
by a Legendrian realization of a plumbing tree which is not necessarily non-positive. The
genus of the open book we will construct for a treeΓ is given by a numberg(Γ), which we
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define in Section 3. As a preliminary step in the constructionof the open books we first
derive special Legendrian surgery diagrams forY in Section 3. In the following section
we show how to realize these Legendrian surgery diagrams onto the pages of an open
book forS3. Thus after Legendrian surgery we have an open book supporting the desired
contact structure. We also discuss how to apply these ideas to more general contact surgery
diagrams. These constructions lead to open books decompositions supporting all tight
contact structures on small Seifert fibered spaces withe0 6= −2,−1 having page genus
zero or one. In the last section we exhibit various examples of our construction.

2. OPEN BOOKS AND CONTACT STRUCTURES

Suppose that for an oriented linkL in a closed and oriented 3–manifoldY the comple-
mentY \ L fibers over the circle asπ : Y \ L → S1 such thatπ−1(θ) = Σθ is the interior
of a compact surface boundingL, for all θ ∈ S1. Then(L, π) is called anopen book de-
composition(or just anopen book) of Y . For eachθ ∈ S1, the surfaceΣθ is called apage,
while L the binding of the open book. The monodromy of the fibrationπ is defined as
the diffeomorphism of a fixed page which is given by the first return map of a flow that is
transverse to the pages and meridional near the binding. Theisotopy class of this diffeo-
morphism is independent of the chosen flow and we will refer tothat as themonodromyof
the open book decomposition.

An open book(L, π) on a 3–manifoldY is said to beisomorphicto an open book(L′, π′)
on a 3–manifoldY ′, if there is a diffeomorphismf : (Y, L) → (Y ′, L′) such thatπ′ ◦f = π
on Y \ L. In other words, an isomorphism of open books takes binding to binding and
pages to pages.

An open book can also be described as follows. First considerthe mapping torus

Σφ = [0, 1] × Σ/(1, x) ∼ (0, φ(x))

whereΣ is a compact oriented surface withr boundary components andφ is an element of
the mapping class groupΓΣ of Σ. Sinceφ is the identity map on∂Σ, the boundary∂Σφ

of the mapping torusΣφ can be canonically identified withr copies ofT 2 = S1 × S1,
where the firstS1 factor is identified with[0, 1]/(0 ∼ 1) and the second one comes from
a component of∂Σ. Now we glue inr copies ofD2 × S1 to cap offΣφ so that∂D2

is identified withS1 = [0, 1]/(0 ∼ 1) and theS1 factor in D2 × S1 is identified with
a boundary component of∂Σ. Thus we get a closed3-manifold Y = Σφ ∪r D2 × S1

equipped with an open book decomposition whose binding is the union of the core circles
D2 × S1’s that we glue toΣφ to obtainY . In conclusion, an elementφ ∈ ΓΣ determines
a 3-manifold together with an “abstract” open book decomposition on it. Notice that by
conjugating the monodromyφ of an open book on a 3-manifoldY by an element inΓΣ we
get an isomorphic open book on a 3-manifoldY ′ which is diffeomorphic toY .
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It has been known for a long time that every closed and oriented 3–manifold admits an
open book decomposition. Our interest in finding open books on 3-manifolds arises from
their connection to contact structures, which we will describe very briefly. We will assume
throughout this paper that a contact structureξ = ker α is coorientable (i.e.,α is a global
1–form) and positive (i.e.,α ∧ dα > 0).

Definition 2.1. An open book decomposition(L, π) of a 3–manifoldY supportsa contact
structureξ on Y if ξ can be represented by a contact formα such thatα(L) > 0 and
dα > 0 is on every page.

In [10], Thurston and Winkelnkemper show that every open book supports a contact
structure.

Suppose that an open book decomposition with pageΣ is specified byφ ∈ ΓΣ. Attach
a 1-handle to the surfaceΣ connecting two points on∂Σ to obtain a new surfaceΣ′. Let
γ be a closed curve inΣ′ going over the new1-handle exactly once. Define a new open
book decomposition withφ′ = φ ◦ tγ ∈ ΓΣ′, wheretγ denotes the right-handed Dehn twist
alongγ. The resulting open book decomposition is called apositive stabilizationof the one
defined byφ. If we use a left-handed Dehn twist instead then we call the result anegative
stabilization. The inverse of the above process is calledpositive(negative) destabiliza-
tion. Notice that although the resulting monodromy depends on the chosen curveγ, the
3–manifold specified by(Σ′, φ′) is diffeomorphic to the 3–manifold specified by(Σ, φ).

A converse to the Thurston-Winkelnkemper result is given by

Theorem 2.2(Giroux [6]). Every contact 3–manifold is supported by an open book. Two
open books supporting the same contact structure admit a common positive stabilization.
Moreover two contact structures supported by the same open book are isotopic.

We refer the reader to [2] and [8] for more on the correspondence between open books
and contact structures.

3. LEGENDRIAN SURGERIES AND PLUMBINGS

We assume that all the circle bundles we consider are oriented with Euler numbers less
than or equal to−2. We will call a plumbing tree of circle bundles overS2 non-positiveif
the sum of the degree of the vertex and the Euler number of the bundle corresponding to
that vertex is non-positive for every vertex of the tree. In this section we describe Legen-
drian surgery diagrams of some contact structures on plumbings of circle bundles overS2

according to trees which are not necessarily non-positive.These surgery diagrams will be
transformed into open books in the following section.

Let us denote a circle bundle overS2 with Euler numbern by Yn. Given a plumbing
treeΓ of circle bundlesYni

, denote the boundary of the plumbed sphere bundles byYΓ.
A vertex withni + di > 0 will be called a bad vertex, wheredi denote the degree (or the
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valence) of that vertex. We will call a connected linear subtreeΓ̂ ⊂ Γ maximal if there is
no connected linear subtreẽΓ ⊂ Γ such that̂Γ is a proper subset of̃Γ. The setΓ \ Γ̂ will
denote the subtree where we remove fromΓ all the edges emanating from any vertex in
Γ̂ as well as all the vertices of̂Γ. Take a maximal linear subtreeΓ1 ⊂ Γ which includes
at least one bad vertex. Then take a maximal linear subtreeΓ2 ⊂ Γ \ Γ1 which includes
at last one bad vertex ofΓ. It is clear that by iterating this process we will end up with a
subtreeΓ \

⋃s

j=1
Γj ⊂ Γ without any bad vertices, for some disjoint subtreesΓ1, . . . , Γs

such thatΓj+1 ⊂ Γ \
⋃j

t=1
Γt , for j = 1, . . . , s − 1. Note, however, thatΓ1, . . . , Γs may

not be uniquely determined byΓ. In particular, given any treeΓ, the numbers above is not
uniquely determined. Nevertheless there is certainly a minimums, associated toΓ, over all
possible choices of subtrees in the above process. We will refer to this number as thegenus
of Γ and denote it byg(Γ). If there is no bad vertex inΓ then we defineg(Γ) to be zero.

Proposition 3.1. Suppose that we are given a plumbing treeΓ of l circle bundlesYni
such

that ni ≤ −2 for all i. There are(|n1| − 1)(|n2| − 1) · · · (|nl| − 1) special Legendrian
surgery diagrams giving Stein manifolds with boundaryYΓ. These all have differentc1’s so
the associated Stein fillable contact structures are distinct.

Remark 3.2. We do not claim these are all possible Stein fillable contact structures onYΓ,
but in some cases (like whenYΓ is a small Seifert fibered space withe0 < −2 ) we do con-
struct all Stein fillable (and all tight) contact structures. This follows from the classification
of tight contact structures in [11].

Remark 3.3. There are other, possibly more obvious, Legendrian surgerydiagrams for
these contact structures onYΓ, but the diagrams we derive here are the key to our construc-
tions of open books in the next section.

Proof. From [9] we recall how to “role up” a linear plumbing treeΓ. Let Γ be the linear
plumbing tree forYn1

, . . . , Ynk
where eachYni

is plumbed toYni−1
andYni+1

, i = 2, . . . , k−
1. See the left hand side of Figure 1. The standard surgery diagram for Γ is a chain of
unknotsU1, . . . , Uk with eachUi simply linking Ui−1 andUi+1, i = 2, . . . , k and withUi

having framingni. We think of this chain as horizontal with components labeledfrom left
to right. LetU ′

1 = U1. Start withU2 and slide it overU1 to get a new link withU2 replaced
by an unknotU ′

2 that now linksU1, n1 + 1 times. Now slideU3 overU ′

2. Continue in this
way until Uk is slid overU ′

k−1. The new linkL is called the “rolled up” surgery diagram.
See the right hand side of Figure 1. We observe a few salient features of this construction.
First, eachU ′

i links U ′

j for j > i the same number of times. Denote this linking number by
li. Secondly,li ≥ li+1 for all i. (Recallli is negative.) In fact,li = n1 + . . .+ni−1 +2i− 1.
Thirdly, the framingsmi on theU ′

i ’s are non-increasing and decrease only whenni < −2.
In fact,mi+1 −mi = ni+1 + 2. Fourthly, the meridiansµi for Ui simple linkU ′

i ∪ . . .∪U ′

k.
And lastly, L sits in an unknotted solid torus neighborhood ofU1. There is an obvious
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2 + nk−1

2 + n3

2 + n2

2 + n1

mk

mk−1

m3

m2

m1

n1 n2 nk−1 nk

FIGURE 1. A linear plumbing of circle bundles and its rolled-up version.
(The number inside a box denotes the number of full–twists weshould apply
to the knots entering into that box.)

Legendrian representation ofL such thatU ′

i is the Legendrian push off ofU ′

i−1 with |ni +2|
stabilizations. Thus Legendrian surgery produces exactlythe number of Stein manifolds
claimed in the statement of the theorem.

Returning to the topological situation consider a treeΓ with one valence three vertex,
then we can decomposeΓ as above into linear treesΓ1 and Γ2, where the first sphere
bundle ofΓ2 is plumbed into thei-th sphere bundle ofΓ1. Let L1 = U ′

1 ∪ . . . ∪ U ′

k and
L2 = V ′

1 ∪ . . . , V ′

k′ be the rolled up surgery links forΓ1 andΓ2, respectively. It is clear that
if the neighborhood ofV1 in whichL2 sits is identified with a neighborhood of the meridian
µi for Ui then the resulting surgery link will describeYΓ. As above we can Legendrian
realizeL1 andL2. Moreover, ifni < −2 then there will be a zig-zag from the stabilization
of U ′

i and we may linkL2 into U ′

i using this zig-zag as shown in Figure 2. Ifni = −2
then there is no zig-zag and no apparent way to hookL2 to U ′

i . However we can preform a
type 1 Legendrian Reidemeister move to create a cusp edge that can be used to hookL2 to
Ui, as shown in Figure 2. Thus we have Legendrian realizedL1 ∪ L2 and have the desired
number of Stein fillings ofYΓ.

We can continue in this way to obtain rolled up surgery diagrams and Legendrian surgery
diagrams for any plumbing tree. Note that we will need to add(ni + di) type 1 Legendrian
Reidemeister moves to each Legendrian knot corresponding to a bad vertex. �
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U ′

i
U ′

i

V1 V1

FIGURE 2. Linking L2 (which is in a neighborhood foV1) to U ′

i .

4. OPEN BOOKS FOR PLUMBINGS WHICH ARE NOT NECESSARILY NON-POSITIVE.

Using the notation established at the beginning of Section 3we are ready to state our
main result.

Theorem 4.1.Suppose that we are given a plumbing treeΓ of circle bundlesYni
such that

ni ≤ −2 for all i. Then the Legendrian realizations ofΓ from Proposition 3.1 give rise to
Stein fillable contact structures that are supported by openbooks of genusg(Γ).

This theorem was proven in [9] for the case with no bad vertices. We generalize the ideas
there for our current proof.

Remark 4.2. In [3] it was shown that if a contact structure is filled by a symplectic 4-
manifold whose intersection pairing does not embed in a negative definite form then the
contact structure cannot be supported by a planar open book.We observe that the intersec-
tion forms of some plumbings can embed in negative definite forms but the above theorem
still gives an open book with genus larger than zero. For example if a plumbing graph has
one bad vertex with Euler number−n < 0 and valencev < 2n − l, wherel is the number
of branches from the bad vertex with length greater than 1, then the intersection form of
this plumbing can embed into a negative definite form. It would be very interesting to see
if the genus of these open books can indeed be reduced.

Remark 4.3. The ideas in Theorem 4.1 are much more general. Given any contact surgery
diagram for a contact structure if one can embed the individual knots in the surgery link into
an open book for the tight contact structure onS3 then the ideas of “rolling up”, “hooking
into zig-zag’s” and “hooking into a type 1 Legendrian Reidemeister move” can be used to
construct open books for the resulting manifolds. While algorithms for constructing open
books have been known for some time, see for example [1], thisalgorithm seems to produce
much smaller genus open books. We demonstrate this by constructing an open book for
each tight contact structure on small Seifert fibered spaceswith e0 6= −1,−2. For notation
see [5].

Proposition 4.4. Consider the small Seifert fibered spaceM = M(e0; r1, r2, r3). Any tight
contact structure onM is supported by an open book with planar pages ife0 ≤ −3, e0 ≥ 0
or if e0 = −1, 1

2
≤ r1, r2 < 1 and0 < r3 < 1.
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Proof of Theorem 4.1.We recall the idea used in [9] to find open books supported by a
contact structure obtained by a Legendrian realization of the linear plumbing tree described
in Proposition 3.1. (See the proof of this proposition for notation used here.) Consider
the core circleγ of the open bookobH in S3 given by the positive Hopf linkH. The
page ofobH is an annulus and its monodromy is a right-handed Dehn twist along γ. First
Legendrian realizeγ on a page ofobH . In [3], it was shown that to stabilize a Legendrian
knot on a page of an open book, in general, one can first stabilize the open book and then
push the knot over the 1–handle which is attached to stabilize the open book. Apply this
trick to stabilizeobH , (|m1|−1)–times, by successively attaching 1–handles while keeping
the genus of the page to be zero. As a result, by pushingγ over all the attached 1–handles,
we can embed the inner-most knot in the rolled-up diagram on apage of the stabilized
open book inS3 as a Legendrian knot. Then by iterating this process from innermost to
outermost knot, we can find an open book inS3 which contains all the knots in the rolled-
up diagram as Legendrian knots in distinct pages. Applying Legendrian surgery on these
knots yields a Stein fillable contact structure together with a planar open book supporting
it.

In a general treeΓ of circle bundlesYni
(ni ≤ −2) without bad vertices we can take

a maximal linear subtreeΓ1 ⊂ Γ to start with and apply the algorithm above to roll it up
and construct a corresponding open book. Then take a maximallinear subtreeΓ2 ⊂ Γ \ Γ1

splitting off at a vertex ofΓ1. Note that there is a stabilization used in the open book for
Γ1, at the splitting vertex, with its core circle so that we can apply our algorithm to find an
open book forΓ2 starting from this annulus and extend the previous open book. This is the
translation of the left hand side of Figure 2 from a front projection to Legendrian knots on
pages of open books. It is clear that we can continue this process to cover all the vertices
in Γ. As observed in [9], this will work as long as the tree does nothave any bad vertices,
since the conditionni + di ≤ 0 guarantees that there are as many “free” annulus in that
vertex as we need to hook in a subtree splitting off at that vertex. It should be clear that we
will always get a planar open book as a result.

To understand the situation with bad vertices we need to translate the right hand side of
Figure 2 into Legendrian knots on pages of open books. Specifically, we need a lemma that
tells us how one can embed a type 1 Legendrian Reidemeister move into the page of an
open book.

Lemma 4.5. Let (Σ, φ) be an open book supporting a contact structureξ on M and K
an oriented Legendrian knot on a page of the open book. Suppose R = [0, 1] × [−1, 1]
is a rectangle in the page of an open book such that(∂Σ) ∩ R = [0, 1] × {−1, 1} and
[0, 1] × {0} = K ∩ R with the orientation onK agreeing with the standard orientation
on [0, 1]. Stabilize the open book by adding a 1–handle toR such that the 1–handle con-
nects[0, 1] × {1} to [0, 1] × {−1} and the new monodromy has an extra Dehn twist along
{1

2
} × [−1, 1] union the core of the 1–handle. Call this curveγ and orientγ so that the
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orientation onγ and [−1, 1] agree. The homology classK ± γ can be represented by an
embedded Legendrian curveK± on the page. The curveK+ is Legendrian isotopic toK
and “corresponds” to a type 1 Legendrian Reidemeister move.The curveK− is isotopic to
the positive and negative stabilization ofK.

K K

γ

FIGURE 3. The rectangleR on the left and the stabilized open book on the
right (the embedding shown on the right is not correct there will be a full
twist in the newly attached handle).

Proof. We can Legendrian realizeK ∪ γ on a page of the open book. The knotγ is a
Legendrian unknot withtb = −1. Thus we can pick a diskD thatγ bounds whose interior
is disjoint fromK and we can make this disk convex. In the standard contact structure on
R

3 we can take an unknot that is tangent to thex-axis and bounds a diskD′ whose interior
is disjoint from thex-axis. SinceD andD′ are convex with the same dividing set (since
we can assume thatD lies in the complement of the binding of the original open book we
know it has a tight neighborhood) we can assume the characteristic foliations are the same.
Now we can find a contactomorphism from a neighborhood ofD union a segment ofK to
a neighborhood ofD′ union a segment of thex-axis (so thatD goes toD′ and the segment
of K goes to thex-axis). We can now perform the desired operations in this local model to
complete the proof. �

Returning to the proof of Theorem 4.1, suppose thatΓ has bad vertices. Once again
we can roll upΓ1. WhenΓ1 has bad vertices to which we wish to attach, say,Γ2 we can
use type 1 Legendrian Reidemeister moves as in the proof of Proposition 3.1 to construct
a Legendrian link into whichΓ2 can be “hooked”. For the open book we can stabilize
as described in Lemma 4.5 to create an extra annulus in the page of the open book that
will allow us to hook in the linear graphΓ2. That is (using notation from the proof of
Proposition 3.1) ifΓ2 is attached toΓ1 at the unknotUi then apply Lemma 4.5 toU ′

i (and
all the subsequentU ′

j). This creates an annulus in the page of the open book that theUj ’s
each go over exactly once for eachj ≥ i. Now let the first unknot ofΓ2 be a Legendrian
realization of the core of the new annulus. This core will link theU ′

j ’s exactly once for all
j ≥ i. We may now proceed to attach the rest of the unknots in the rolled up version of
Γ2 as above. This is illustrated in Figure 4. Note that we can repeatedly apply Lemma 4.5
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to hook in arbitrarily many branches to bad vertices ofΓ1 and only the first stabilization
increases genus. Thus we see that if all the bad vertices are contained inΓ1 the genus
of the resulting open book is one. Repeating this argument for the otherΓi’s containing
bad vertices we see that the genus of the resulting open book is preciselyg(Γ). We have
now constructed an open book for the tight contact structureon S3 with the link L from
Proposition 3.1 on its pages. Thus Legendrian surgery on this link will yield an open book
supporting the contact structure obtained by Legendrian surgery. �

FIGURE 4. Positive stabilizations at a bad vertex whereni + di > 0. The
number of 1–handles in the figure is given by1 + |ni + di|.

Proof of Proposition 4.4.The case withe0 ≤ −3 follows immediately from the Theo-
rem 4.1 and the classification of tight contact structures onthese manifolds from [11]. This
result was originally proven in [9]. The case withe0 = 0 follows from the classification
given in [5]. In particular, all these contact structures can be obtained from the tight contact
structure onS1 ×S2 by contact surgery of three Legendrian knots isotopic toS1 ×{pt}. In
[5] they show that all the tight contact structures are obtained from Legendrian surgery on
Legendrian realizations of Figure 5. Thus we can start with an open book for the contact
structure onS1 × S2 with annular page and trivial monodromy. The contact framing on
the components with surgery coefficientaj

0’s is zero and since theaj
0’s are all less than or

equal to−2 we will need to stabilize the page of the open book to Legendrian realize these
components with the appropriate framing. Now if we roll up the rest of theaj

i ’s onto the
aj

0’s, as in the proof of Proposition 3.1, we can easily modify the proof of Theorem 4.1 to
construct a genus zero open book for these contact structures. Thee0 > 0 follows similarly,
the only difference with thee0 = 0 case is thata1

0 will be −1. Thus we will not be able
to stabilized the knot corresponding toa1

0, however when one “roles up” thea1
i ’s ona1

0 we
will still be able to realize them on the page of the open book.Thus we still get a genus
zero open book. The sporadic examples withe0 = −1 follow from the classification of
tight contact structures given in [4] and using the methods in the proof of Theorem 4.1 to
convert the contact structure diagrams in that paper to openbooks. �
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a1
0

a1
1

a1
n1a2

0

a2
1

a2
n2a3

0

a3
1

a3
n3

FIGURE 5. The surgery diagram forM(0; r1, r2, r3), here all theaj
i ≤ −2.

5. EXAMPLES

We now demonstrate how to use the above algorithm to construct open books for various
plumbing diagrams.

Example 5.1. Consider the Poincaré homology sphereΣ(2, 3, 5) which can be given by
the negative definiteE8–plumbing of circle bundles overS2 as in Figure 6.

−2 −2 −2 −2 −2 −2 −2

−2

−1

−2

−2

−2

−2

−2

−2

−2

−2

FIGURE 6. Negative definiteE8-plumbing on the left and its rolled-up ver-
sion on the right.

Also consider the genus one surfaceΣ1,1 with one boundary component as depicted in
Figure 7. We claim that the open book with pageΣ1,1 and monodromy

φ = t2at
3

ct
5

b
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supports the unique tight contact structure onΣ(2, 3, 5), wheretγ denotes a right-handed
Dehn twist along a curveγ on a surface. Note thatΣ(2, 3, 5) does not admit any planar
open book supporting its unique tight contact structure (cf. [3]).

b a
c

FIGURE 7. The curvesa, b andc are embedded indistinctpages of an open
book inS3 as indicated above.

We now apply our algorithm to verify the claim about the existence of an elliptic open
book on the Poincaré homology sphereΣ(2, 3, 5), supporting its unique tight contact struc-
ture. The idea is to first construct an open book inS3 and embed the surgery curves into
the pages of this open book so that when we perform surgeries along each of these curves
with framing one less than the surface framing we getΣ(2, 3, 5) as the resulting 3-manifold
with its associated open book. (Note that in terms of contactstructures this corresponds a
Legendrian surgery.) The monodromy of the open book inS3 with pageΣ1,1 (as shown in
Figure 7) istbta. This is obtained by stabilizing the annulus carrying the curve b in Fig-
ure 7 by attaching the 1–handle carrying the curvea. Now take the linear branch in the
E8-plumbing in Figure 6 with seven vertices. The first four vertices (which correspond to
the innermost four curves in the rolled-up version in Figure6) are represented by parallel
copies of the curveb in Figure 7. The fifth vertex is a bad vertex and a branch splitsoff
with only one vertex—the eighth vertex. The curvec represents this bad vertex. The sixth
and the seventh vertices are represented by parallel copiesof c. The eighth vertex is rep-
resented by a parallel copy ofa. So we embedded all the curves in Figure 6 into distinct
pages of the open book inS3. By performing surgeries on these curves (and taking into
account the right-handed Dehn twists we needed for the stabilizations) we get an open book
in Σ(2, 3, 5) with monodromyφ = tat

3
ct

4
btbta which is equivalent to

φ = t2at
3

ct
5

b .

Since the monodromy is a product of right-handed Dehn twistsonly, the supported contact
structure is Stein fillable (and hence tight). Therefore this contact structure is isotopic to
the unique tight contact structure onΣ(2, 3, 5).

There is also another way of finding an elliptic open book supporting the unique tight
contact structure onΣ(2, 3, 5). The monodromy of the elliptic fibrationE(1) → S2 can be



12 JOHN B. ETNYRE AND BURAK OZBAGCI

given by(tbta)
6, using the notation in Figure 7, except that we think of the curvesa andb

embedded on a non-punctured torus. By removing the union of asection and a cusp fiber
from E(1) we get a Lefschetz fibration on the 4–manifoldW with punctured torus fibers
whose monodromy is(tbta)5. One can check that∂W is diffeomorphic toΣ(2, 3, 5) by
Kirby calculus (see, for example, [7]). Thus there is an induced open book onΣ(2, 3, 5)
with monodromy(tbta)5. Since the monodromy of this open book is a product of right-
handed Dehn twists only, the contact structure supported bythis open book is Stein fillable
(cf. [6]) and in factW is a Stein filling of its boundary. We conclude that the elliptic
open book with monodromy(tbta)5 has to support the unique tight contact structure on
Σ(2, 3, 5). Finally we note that the two elliptic open books we described above are in fact
isomorphic. In order to see the isomorphism we first observe that tc = t−1

a tbta. Then we
plug this relation intot2at

3
ct

5
b to get

t2at
3

ct
5

b = tat
3

btat
5

b

= (tbtatb)tb(tbtatb)t
3

b

= tatb(tatbta)(tbtatb)t
2

b

= tatbtbtatbtatbtat
2
b

= (tbtatb)tbtatbtatbtatb

= tatbtatbtatbtatbtatb

= (tbta)
5.

Note that we used the “braid” relationtatbta = tbtatb repeatedly and cyclically permuted
the words in the calculation above.

Example 5.2. Consider the plumbing diagram of circle bundles and its rolled-up version
shown in Figure 8.

−2

−2

−2

−2
−2 −1

−2

−2

−2

−2

−2

FIGURE 8. A plumbing diagram on the left and its rolled-up version onthe right.

Then applying our algorithm we can construct an open book supporting the contact struc-
ture obtained by the (unique) Legendrian realization of this plumbing diagram. The page
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Σ1,2 of the open book is a torus with two boundary components and the monodromy is
given by

φ = ta1
ta2

t2ctbtbta2
ta1

,

which is equivalent to the more symmetric form

φ = t2a1
t2a2

t2ct
2

b ,

where we depicted the curvesa1, a2, b andc on Σ1,2 in Figure 9. Note that Dehn twists
along two disjoint curves commute. Moreover, by plugging intc = t−1

a2
t−1
a1

tbta1
ta2

we can
also express the monodromy as

φ = (ta1
ta2

t2b)
2.

a1
a2b

c

FIGURE 9. The curvesa1, a2, b andc are embedded indistinctpages of the
open book inS3 as indicated above.

Example 5.3. Consider the plumbing treeΓ of circle bundles and its rolled-up version
shown in Figure 10.

In this final example we will illustrate how open books corresponding to two subtrees
that meet at a bad vertex are placed on an open book. As the firstsubtreeΓ1 take the linear
tree on top with five vertices with a bad vertex in the second and fourth place, and as the
second subtree takeΓ2 the subtree ofΓ \ Γ1 branching from the left most bad vertex on
Γ1. Notice that in the rolled-up version the part correspondingto Γ2 is “linked” to the part
corresponding toΓ1. So we start with the open book forΓ1 and make sure the open book
has been stabilized twice so thatΓ2 and the top most vertex can be linked intoΓ1. ThenΓ2

is put on the pages of the open book. To this end we must stabilize again to accommodate
the bad vertex inΓ2. The resulting open book has page as shown in Figure 11. In particular,
it is a surface of genus two with one boundary component. The monodromy of the open
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−2

−2

−2

−2

−2

−2 −2

−2

−2

−1 −1

−2
−2 −2

−2
−2

−2

−2

−2

−2

FIGURE 10. A plumbing diagram on the left and its rolled-up version on the right.

book supporting the contact structure obtained by Legendrian surgery on the Legendrian
realization ofΓ is then given by

φ = ta4
ta3

t2b2t
2

c1
t2b1ta1

ta4
ta3

ta2
ta1

.

a1

b1c1
a2

a4

a3

b2

FIGURE 11. The curvesa1, a2, a3, a4, b1, b2 andc1 are embedded indistinct
pages of the open book inS3 as indicated above.
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