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SUMMARY

This thesis considers two fundamental objects in contact and symplectic topology: Leg-

endrian links and exact Lagrangian cobordisms. First we study Legendrian realizations of

cable links of knot types that are uniformly thick but not Legendrian simple, extending

prior work of Dalton, Etnyre, and Traynor. This leads to new phenomena, such as stabi-

lized Legendrian links that are smoothly isotopic and component-wise Legendrian isotopic,

but are not Legendrian isotopic. After showing results for three different cases of slopes

of cable links, we then consider exact Lagrangian cobordisms between Legendrian knots -

in particular the map they induce on the Chekanov-Eliashberg DGAs of their Legendrian

ends as defined by Ekholm, Honda, and Kalman. Specifically, we show how to adapt this

map to linearizations of the DGA using augmentations. We then show its induced map

on linearized Legendrian contact homology and its induced map on higher order product

structures are invariant under Lagrangian isotopy under mild hypotheses.
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CHAPTER 1

INTRODUCTION

Contact manifolds are smooth, odd dimensional manifolds equipped with a maximally non-

integrable hyperplane field. In dimension 3 this means that there is no embedded surface in

the manifold whose tangent bundle is a subbundle of the plane field. A plane field can be lo-

cally given as the kernel of a 1-form α, and it is a contact structure if it satisfies the contact

condition α∧dα > 0. The planes are spinning in a sense, and locally look like the standard

contact structure on R3 (see Fig. 2.1), denoted (R3, ker(dz − ydx)). A 3-manifold can be

equipped with multiple contact structures, and essential to understanding these structures

are Legendrian knots. In particular, any contact 3-manifold can be obtained by contact

surgery on a Legendrian link in S3 with the standard tight contact structure [1]. We may

also create a symplectic manifold out of a contact manifold via its symplectization. Here

we take the cross product of the manifold with R, and take the exterior derivative of the

product of et with α, where t is the variable in R. In particular, (R×R3, d(et(dz − ydx)))

is the symplectization of the standard contact structure on R3. One may then consider

Lagrangian cobordisms, which are surfaces on which the symplectic form vanishes, with

Legendrian knots as bounds in the symplectization. This thesis is about better understand-

ing Legendrian knots and Lagrangian cobordisms between them.

1.1 Classifying Legendrian cables

Extensive research has been done on Legendrian knots [2, 3, 4, 5, 6, 7, 8]. There has been

less research done on Legendrian links. The first classification results for Legendrian links

are of two-component links consisting of an unknot and a cable of the unknot that were

Legendrian simple, i.e. determined by their classical invariants, due to Ding and Geiges

[9]. Since then Dalton, Etnyre, and Traynor classified cable links of knots that are both
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Legendrian simple and satisfy the technical condition of uniform thickness. In joint work

with Chatterjee, Etnyre, and Min, we expanded these results by removing the Legendrian

simple condition. In particular we classified cable links in the positive slope case.

Theorem 1.1.1. Let K be in the uniformly thick knot type. Let q
p
> ⌈(w(K)⌉. The classifi-

cation of Legendrian representatives of cable links of K of slope q
p

is completely determined

by the classification of Legendrian representatives of K.

For a specific statement of the classification result and its proof, see Theorem 3.1.3.

The study of cable links of non Legendrian simple knots allows one to consider links with

components that have the same classical invariants, but are not Legendrian isotopic to each

other. We address this in the following theorem.

Theorem 1.1.2. The components of a maximum Thurston-Bennequin Legendrian realiza-

tion of a (np, nq)-cable of a uniform thick knot type K must all be Legendrian isotopic. If

q/p ≥ ⌈w(K)⌉, then the same result is true without the assumption of uniform thickness of

K.

More generally, for a uniformly thick knot type K, any two components of a Legendrian

representative of the (np, nq)-cable of K with the same classical invariants are Legendrian

isotopic.

Uniform thickness and w(K) will be defined in Section 2.2. Theorem 1.1.2 follows

from Theorem 3.1.3, Theorem 3.2.2, and Theorem 3.3.4. Another corollary of our results

established the following new phenomena.

Theorem 1.1.3. There exists pairs of Legendrian links L and L′ that are smoothly isotopic,

the components of L and L′ have been stabilized many times, and each component of L is

Legendrian isotopic to a component of L′, but L and L′ are not Legendrian isotopic.

Remark 1.1.4. This has been shown in the case that L and L′ are max-tb by Jordan and

Traynor in [10]. So the components of L and L′ being stabilized are essential to our phe-

nomena being new.
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We state further results regarding cables links of negative slope in two cases: integer

slope in Section 3.2 and non-integer slope in Section 3.3.

1.2 The cobordism map

Lagrangian cobordisms between Legendrian knots are a central area of study in contact

and symplectic geometry and have been intensely studied in the past couple of decades.

There are many examples of constructions of such cobordisms [11, 12, 13, 14, 15], as well

as obstructions to their existence [16, 12, 17, 18]. In joint work with Knavel, we study

Lagrangian cobordisms and, in particular, the Differential Graded Algebra (DGA) map

they induce on linearized Legendrian contact homology. The existence of such a map was

shown in [19], and a similar version in the language of generating family homology was

also shown in [20]. Naturally one might ask how isotoping an exact Lagrangian cobordism

through Lagrangians effects this map. After explicitly defining the DGA map on the chain

level, we show under mild hypotheses that its induced map on the homology is invariant

under Lagrangian isotopy.

To establish this invariance, consider the Chekanov-Eliashberg DGA. Chekanov [21]

and Eliashberg [22] independently define a DGA (AΛ, ∂) associated to a Legendrian Λ in

(R, ξstd) to distuinguish Legendrian knots which cannot be distinguished by their classical

invariants tb and r [21]. Since this result, the DGA has been an instrumental tool in the

study of Legendrian knots [23, 24, 25, 26, 27]. Because the DGA, and by extension its

homology, is a non-commutative ring, its computation is difficult. However, in some cases

one can distinguish pairs of Legendrian knots by linearizing the DGA using augmentations.

Chekanov [21] defines an augmentation as a chain map

ϵ : (AΛ, ∂) → (Z/2Z, 0)

in order to modify the differential of the DGA to a new differential called ∂ϵ. One can
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then ‘linearize’ ∂ϵ to obtain a differential ∂ℓ
ϵ on a finite-dimensional vector space FΛ. The

homology of the chain complex yielded by this differential is the linearized contact ho-

mology of Λ. For a given Legendrian Λ, if an augmentation exists, the linearized contact

homology is easier to compute and the set of all linearized contact homologies is invariant

up to Legendrian isotopy. The base ring Z/2Z has since been generalized to a unital ring

[24]; in this thesis we use Z/2Z.

Let L be an exact Lagrangian cobordism from a Legendrian knot Λ1 to a Legendrian

Λ2. Eckholm, Honda, and Kalman [13] define the following chain map between their

corresponding DGAs.

ΦL : (AΛ2 , ∂Λ2) → (AΛ1 , ∂Λ1)

Once again, the non-commutativity of this map makes computations difficult, and therefore

we aim to linearize ΦL, show that it induces a homomorphism on the linearized contact

homology, and apply it to examples through direct computation. That is, given an augmen-

tation ϵ1 for Λ1, we consider the augmentation ϵ1 ◦ΦL of Λ2 and then define a map between

the complexes FΛi
(see Section 4.1),

(Φϵ1
L )

ℓ : FΛ2 → FΛ1 .

We show that this gives a chain map, thus inducing a homomorphism on the linearized

contact homology.

Proposition 1.2.1. Let L be an exact Lagrangian cobordism from Λ1 to Λ2, and ϵ1 an

augmentation of (AΛ1 , ∂Λ1) and ϵ2 = ϵ1 ◦ ΦL. Then

(Φϵ1
L )

ℓ ◦ ∂ℓ
ϵ2
= ∂ℓ

ϵ1
◦ (Φϵ1

L )
ℓ.

We remind the reader the existence of this map was shown by Pan in [19], and in a

different language in [20]. In order to use (Φϵ1
L )

ℓ to study Lagrangian cobordisms, we need
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to prove some basic facts about the map and its behavior under geometric phenomena,

such as Lagrangian isotopy. Essentially, we have a linearized version of [13, Theorems 1.3

part 1) and 1.4].

Theorem 1.2.2. The DGA map induced by the exact Lagrangian cobordism L from Λ1 to

Λ2,

(Φϵ1
L )

ℓ : (F2, ∂
ℓ
ϵ2
) → (F1, ∂

ℓ
ϵ1
),

has the following properties:

1) If L = Λ× R, then (Φϵ1
L )

ℓ = IdAΛ
.

2) Let L1 and L2 be exact Lagrangian cobordisms from Λ1 and Λ2 that are isotopic

through exact Lagrangian cobordisms. If ϵ1 ◦ ΦL1 = ϵ1 ◦ ΦL2 and the image of ∂ϵ2 has no

quadratic terms with Reeb chords of grading −1, then (Φϵ1
L1
)ℓ and (Φϵ1

L2
)ℓ are chain homo-

topic.

Remark 1.2.3. It is natural to think that given that the map ΦL changes by a chain homotopy

equivalence when L undergoes an exact Lagrangian isotopy, then the same would be true

for the linearized maps, but the above theorem shows that extra information is needed to

do this. In particular, we need extra hypotheses on the DGAs involved to guarantee that we

can define maps on their linearizations that are invariant under exact Lagrangian isotopy

(see Remark 4.1.5). We do not know if these hypotheses are necessary, but it is not clear

how one can establish the desired properties of (Φϵ1
L )

ℓ without them.

Given an augmentation ϵ of the DGA for a Legendrian knot Λ, one may define a product

structure, in fact an A∞ structure, on the dualized linear contact homology [28]. It was

shown in [28] that the product structure and the entire A∞ structure is a stronger invariant

of a Legendrian knot than just the linearization alone. Pan showed the existence of an A∞

morphism between the A∞ structures on their Legendrian ends in [19], and we replicate

this result using our argument on the chain level.
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Theorem 1.2.4. Let (F ∗
1 , {m

ϵ1
k }k≥1) and (F ∗

2 , {m
ϵ2
k }k≥1) be the A∞ structures on the lin-

earized Legendrian cochain groups. Then the collection of maps {((Φϵ1
L )

k)∗ : (F ∗
1 )

⊗k →

F ∗
2 }k≥1 is an A∞ morphism.

An implication of Theorem 1.2.4 is that ((Φϵ1
L )

ℓ)∗ (which is ((Φϵ1
L )

1)∗ in the notation

in Theorem 1.2.4 above) preserves the higher order product structures described in Sec-

tion 2.4.3. As a corollary to Theorem 1.2.2 and Theorem 1.2.4, under certain conditions,

we have invariance of our linearized augmented DGA maps respecting these structures

under Lagrangian cobordism.

Corollary 1.2.5. Let L1 be Lagrangian isotopic to L2, ϵ1 an augmentation for Λ1, ϵ1 ◦

ΦL1 = ϵ1 ◦ ΦL2 , and the quadratics in the image of ∂ϵ2 have no degree −1 Reeb chords.

Then the induced maps of ((Φϵ1
L1
)ℓ)∗ and ((Φϵ1

L2
)ℓ)∗ are equal on the higher order product

structures.
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CHAPTER 2

BACKGROUND ON CONTACT AND SYMPLECTIC TOPOLOGY

This chapter covers the relevant definitions and theorems for the results of this thesis (Chap-

ter 3 and Chapter 4). We begin with the basic definitions in contact topology and Legen-

drian knots in Section 2.1. Next we define convex surfaces, which have proved essential to

classifying Legendrian knots, and the relevant theorems about them in Section 2.2, Finally,

after briefly defining symplectic manifolds and exact Lagrangian cobordisms in Section 2.3,

we cover the Chekanov-Eliashberg DGA and its related material in Section 2.4

2.1 Contact Structures

Let M be a closed, orientable 3-manifold. A contact structure ξ is the kernel of a 1-form

α ∈ Ω1(M) that satisfies the contact condition: α ∧ dα ̸= 0. Thus ξ =
∐

p∈M ξp ⊆

TM , where each ξp = ker(αp) is a plane. The standard contact structure for R3, denoted

(R3, ξstd) is the kernel of the 1-form dz − ydx. See Fig. 2.1 below.

Figure 2.1: The standard contact structure on R3
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2.1.1 Legendrian Knots

A knot Λ is Legendrian if it is everywhere tangent to the contact planes, i.e. TpΛ ⊆ ξp for

all p ∈ Λ.

Projections

There are two important projections for Legendrian knots in (R3, ξstd) used in contact topol-

ogy: the front projection

ΠF : R3 → R2 : (x, y, z) 7→ (x, z),

and the Lagrangian projection

ΠL : R3 → R2 : (x, y, z) 7→ (x, y).

See Fig. 2.2.

c

Figure 2.2: The front projection of the unknot, left, and its Lagrangian projection, right,
with its Reeb chord labeled c.

The Lagrangian projection results in double points, called Reeb chords, which are inte-

gral flow lines of the Reeb vector field ∂
∂z

that start and end on the Legendrian.

8



Classical Invariants

An oriented Legendrian knot Λ has two invariants, referred to as the classical invariants.

They are the Thurston-Bennequin number, denoted tb(Λ), which measures the twisting of

the contact planes along Λ, and the rotation number, denoted r(Λ).

In (R3, ξstd), one can easily compute the classical invariants of a given Legendrian Λ

from its front projection. Let Wr(Λ) denote the writhe of the knot, which is a signed count

of the crossings in its projection (see Fig. 2.3), and N(Λ) denote the number of left cusps

resulting from the front projection.

+1 −1

Figure 2.3: The writhe of a knot adds one for each crossing of the form on the left, and
subtracts one for each crossing of the form on the right

After orienting the knot, let D(Λ) and U(Λ) denote the number of down cusps and up

cusps, respectively. Then the formulas are

tb(Λ) = Wr(Λ)−N(Λ),

and

r(Λ) =
1

2
(D(Λ)− U(Λ)).

In the standard contact structure on R3 any Legendrian knot satisfies the Bennequin bound

tb(Λ) + |r(Λ)| ≤ χ(Σ)

9



for any surface Σ with ∂Σ = Λ.

There are two well-defined local operations one can perform on a Legendrian knot Λ.

They are both performed by isotoping Λ past a stabilizing disk. They have a convenient

description in the front projection. A positive stablization of Λ, denoted S+(Λ), is obtained

by adding a cusp that is specifically a down cusp. A negative stabilization, S−(Λ), is

obtained by adding a cusp that is specifically an up cusp. See Fig. 2.4

S−(Λ) S+(Λ)

Figure 2.4: The front projections of a negative stabilization, left, and a positive stabiliza-
tion, right.

Since this is a local operation and no other part of Λ is changed, this yields the following

formulas.

tb(S±(Λ)) = tb(Λ)− 1,

r(S+(Λ)) = r(Λ) + 1,

and

r(S−(Λ)) = r(Λ)− 1.

Since stabilization of Λ reduces tb(Λ) by 1, a given knot type K will have Legendrian

respresentatives that yield the maximum tb possible in that knot type. This is referred to as

max-tb, and denoted tb(K).

10



Classification of Legendrians

A major line of research in contact topology is classification of Legendrian knots by their

classical invariants. This is visualized by a knot type’s mountain range, which is a map

M : L(K) → Z× Z

defined by M(Λ) = (tb(Λ), r(Λ)), where L(K) is the set of Legendrian isotopy classes of

Legendrian representatives of K. See Fig. 2.5. In the figure, the knot K−5 is a twist knot

that is defined in Fig. 3.1, (K−5)(2,1) is the cable defined in the next subsection, and the

diamond is defined in Chapter 3.

2

22
2

2

Figure 2.5: The mountain range for K−5 on the left. There are two Legendrian representa-
tives when (rot, tb) = (0,−3) and one for all other points in the diagram. On the right is
the mountain range for (K−5)(2,1). The peak of the mountain range is (0,−5). The colors
of the dots indicate the diamonds of the Legendrian representatives of K−5.

2.1.2 Cable Links

Let K be an oriented knot type. Let p, q ∈ Z be coprime. Then for n ≥ 1, the (np,nq)-

cable of K, denoted K(np,nq) or Kn(p,q), is the n-component link obtained by taking n

(p, q)-curves on the boundary of a tubular neighborhood of a representative of K. By a

(p, q)-curve we mean a curve that runs p times longitudinally with respect to the Seifert

longitude, and q times meridionally.
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2.2 Convex Surfaces

The most powerful tool at our disposal in classifying Legendrian knots has thus far proven

to be convex surface theory. A vector field is a contact vector field if its flow preserves the

contact structure. A surface Σ is convex if it is everywhere transverse to a contact vector

field. This definition is equivalent to there being an embedding ϕ : Σ× R → M such that

ϕ(Σ× {0}) = Σ and ϕ−1
∗ (ξ) is vertically invariant (in the R direction).

Given an embedded, oriented surface Σ in a contact manifold, one may consider the

intersection its tangent space with the contact planes. Given x ∈ Σ, let lx = TxΣ∩ξx. Then

lx is either a line in TxΣ or it is a singular point if TxΣ = ξx. The characteristic foliation,

denoted Σξ, is the foliation of the complement of the singularities in Σ by 1-dimensional

leaves such that at each point x in a leaf, the leaf is tangent to lx.

If Σ is convex, then it has a multi-curve Γ, called the dividing set, with the following

features.

• Σ\Γ = Σ+

∐
Σ−.

• Γ is transverse to Σξ.

• There is a volume form ω on Σ and a vector field w on Σ such that ±Lwω > 0 on

Σ±, w directs Σξ, and w points transversely out of Σ+ along Γ.

Given a Legendrian curve γ on a surface Σ, we define the twist of γ relative to Σ,

denoted twΣ(γ), to be the twisting of the contact planes along γ measured with respect to

the framing induced by Σ. We have the following theorem due to Kanda which is useful in

computing the tb of Legendrian knots [29].

Theorem 2.2.1. If γ is a Legendrian curve in a surface Σ, then Σ may be isotoped relative

to γ to make it convex if and only if twΣ(γ) ≤ 0. Moreover, if Σ is convex, then

twΣ(γ) = −1

2
|γ ∩ Γ|,

12



where Γ is the dividing set of Σ, and |a ∩ b| is the intersection number of a and b.

Given a convex torus bounding a solid torus neighborhood of a Legendrian knot, the

dividing set will be a set of closed curves on the torus of the same slope. We define the

contact width, denoted w(K), of a knot type K to be the supremum of the dividing slopes

of all convex tori bounding solid tori realizing K.

2.2.1 Giroux flexibility

Let v be a contact vector field and Σ a convex surface that is everywhere transverse to v

with dividing set Γ. We say an isotopy F : Σ × [0, 1] → M is admissible if F (Σ × {t})

is transverse to v for all t ∈ [0, 1]. We have the following result, referred to as Giroux

flexibility due to Giroux [30].

Theorem 2.2.2. Let a convex surface Σ be closed or have Legendrian boundary. Let Γ

be its dividing set, and F another singular foliation on Σ divided by Γ. Then there is an

admissible isotopy F of Σ such that F (Σ× {0}) = Σ, F (Σ× {1})ξ = F , and the isotopy

is fixed on Γ.

A useful formulation of Giroux flexibility is the following due to Kanda [29], referred

to as the Legendrian realization principle.

Theorem 2.2.3. Let C be a closed curve on a convex surface or a surface with with Leg-

endrian boundary Σ. Assume C is transverse to its dividing set ΓΣ and every component

of Σ\C nontrivially intersects Σ. Then there exists an admissible isotopy Ft such that

• F0 = id

• Ft(Σ) is convex for all t ∈ [0, 1].

• F1(ΓΣ) = ΓF1(Σ)

• F1(C) is Legendrian.

13



2.2.2 Standard neighborhoods

Standard neighborhoods of the Legendrian knots we are cabling are essential to our results.

We begin with a local model description. Let N0 be a neighborhood of the x-axis, denoted

Λ0 in R3/ ∼, where (x, y, z) ∼ (x + 1, y, z) and R3 has the standard contact structure

ξstd = ker(dz − ydx). We can assume ∂N0 is convex and has two dividing curves of

slope 0. By Giroux flexibility [30], we can further assume its characteristic foliation is in

standard form, meaning it has curves of singularities parallel to the dividing curves and the

rest of the foliation consists of linear curves of any slope different than that of the dividing

curves.

Now given a Legendrian knot Λ, by the Legendrian Neighborhood Theorem there is a

standard neighborhood N of Λ and a contactomorphism from N0 to N that sends Λ0 to Λ

and the two dividing curves of slope 0 on ∂N0 to two dividing curves of slope tb(Λ) on N .

We call K uniformly thick if any solid torus in the knot type K is contained in a solid

torus that is a standard neighborhood of a maximal-tb representative of K. Consequently,

the contact width of K is its max-tb: w(K) = tb(K).

2.2.3 Bypasses

Let Σ be a convex surface in a contact manifold (M, ξ). A bypass for Σ is an embedded

disk D such that ∂D = α1∪α2 is Legendrian, ξ is tangent to D at α1∪α2, D∩Σ = α1, α1

intersects the dividing curves of Σ at three points {x1, x2, x3}, where x2 is on the interior

of α1 and ∂α2 = {x1, x3}, and ξ is not tangent to D on the interior of α2. Let Σ× [0, 1] be

a small [0, 1] invariant neighborhood of Σ such that Σ = Σ× {0} and part of D intersects

the neighborhood. We can push this neighborhood past D so that Σ×{1} is convex and the

dividing curves differ from that of Σ in a prescribed way. We call this a bypass attachment

of Σ. In the case of attaching a bypass to a convex torus T , one of 3 things can happen.

1) The number of dividing curves increases by 2.

2) The number of dividing curves decreases by 2.
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3) The slope of the dividing curves changes (only in the case that T has exactly 2

dividing curves).

2.2.4 Farey graph

We will use the Farey graph to keep track of curves on a torus. We will use the conventions

for the Farey graph shown in Fig. 2.6. Each vertex is labeled with a rational number a/b,

and this corresponds to a curve on a torus in the homology class bλ + aµ where λ, µ is a

basis for the homology of the torus.
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Figure 2.6: The Farey graph

2.2.5 Classification of contact structures T 2 × [0, 1]

Let ξ be a contact structure on T 2 × [0, 1] with convex boundary such that T 2 × {0} has

2 dividing curves of slope s0 and T 2 × {1} has 2 dividing curves of slope s1. We say ξ
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is minimally twisting if any convex torus in T 2 × [0, 1] parallel to T 2 × {0} has dividing

curves of slope in [s0, s1]. The set of minimally twisting contact structures on T 2 × [0, 1]

with the above boundary conditions, denoted Tightmin(T 2 × [0, 1]; s0, s1), was classified

by Giroux in [31] and Honda in [32]. They established the following.

Theorem 2.2.4. Each decorated minimal path in the Farey graph from s0 clockwise to s1

describes an element of Tightmin(T 2 × [0, 1]; s0, s1). Two such decorated paths describe

the same contact structure if and only if the decorations differ by shuffling in the continued

fraction blocks.

By a decorated path we mean an assignment of a + or − to each edge of the path. A

continued fraction block is a path in the Farey graph that, after changing basis, is the path

−1,−2, . . . ,−n, and two decorated paths differ by “shuffling in the continued fraction

blocks” if for each continued fraction block in the path the decorated paths have the same

number of + signs and the same number of − signs. In the case that there is an edge from

s0 to s1 in the Farey graph, Tightmin(T 2 × [0, 1]; s0, s1) has two tight contact structures.

These are called basic slices, and the correspondence in the theorem can be thought of

as stacking basic slices according to the decoration of the path that describes the contact

structure. The two different contact structures on a basic slice can be distinguished by their

relative Euler class, and we call them positive and negative basic slices.

2.3 Symplectic Manifolds

A symplectic manifold is an even dimensional manifold M2n equipped with a symplectic

form, i.e. a closed, non-degenerate 2-form. Here non-degenerate means for all p ∈ M , if

given some X ∈ TpM we have ω(X, Y ) = 0 for all Y ∈ TpM , then X = 0. We denote the

symplectic manifold (M,ω). A submanifold L ⊆ M of dimension n is Lagrangian if the

symplectic form vanishes on its tangent space, i.e. ω|TL = 0

Let (M, ξ) be a contact manifold, with ξ = ker(α). Then we call (R × M,d(etα))

its symplectization. In this thesis we are interested in the symplectization of (R3, ξstd).
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Our specific objects of interest are exact Lagrangian cobordisms. We say L is an exact

Lagrangian cobordism from Λ1 to Λ2 if it is an embedded, orientable Lagrangian surface

in (R× R3, d (etα)) such that for some T ∈ R+, the following hold:

• L ∩ ([−T, T ]× R3) is compact

• L ∩ ((T,∞)× R3) = (T,∞)× Λ2

• L ∩ ((−∞,−T )× R3) = (−∞,−T )× Λ1, and

• there exists a function f : L → R satisfying df = etα|TL which is constant on the

cylindrical ends of L.

See Fig. 2.7

Figure 2.7: A schematic of a Lagrangian cobordism from a Legendrian unknot to a Legen-
drian trefoil in the symplectization of (R3, ξstd).
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2.4 Chekanov-Eliashberg DGA

Although the classical invariants of Legendrian knots are quite powerful, it was long asked

if they were powerful enough to distinguish all Legendrian isotopy classes of a given knot

type. This motivated Chekanov and Eliashberg to independently define the Chekanov-

Eliashberg DGA [22, 21], which Chekanov used to distinguish two Legendrians in the

m(52) knot type that both have tb = 1 and r = 0. We define the DGA by its algebra, then

the grading, and finally its differential. There are multiple ways to describe the Chekanov-

Eliashberg DGA; we will define it in the symplectization (R × R3, d(etα)). This will in

turn help our description of DGA map induced by a Lagrangian cobordism between two

Legendrian knots.

Algebra

Let CΛ = {c1, . . . , cn} be the Reeb chords of the Legendrian knot. The algebra is the

associative, noncommutative, unital algebra over Z/2Z generated by c1, . . . , cn, t, t
−1 with

relation tt−1 = 1. This is written as

AΛ = Z/2Z⟨c1, . . . , cn, t±1⟩.

It is generated as words in the letters c1, . . . , cn, t, t−1. Multiplication in AΛ is concatena-

tion, and the empty word is the unit 1.

Grading

The grading is defined by associating a degree to each generator, and then the grading of

each word is the sum of the gradings of its generators. We define the grading on generators

(Reeb chords) as follows. We start by choosing a base point ∗ on Λ disjoint from the end

points of all Reeb chords.

Let Λ be a Legendrian knot, c a Reeb chord that has end points a and b on Λ with
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z(a) > z(b). Choose a path γ : [0, 1] → Λ such that γ(0) = a and γ(1) = b that does

not pass through ∗. Then ΠL ◦ γ is a loop in the xy-plane, and Γ(t) = dΠL(Tγ(t)(Λ)),

0 ≤ t ≤ 1 is a path of Lagrangian subspaces in the xy-plane. Since ΠL(c) is a transverse

double point of ΠL(Λ), Γ is not a closed loop.

We close Γ by letting V0 = Γ(0) and V1 = Γ(1), and choosing a complex structure I on

the xy-plane that is both compatible with detα and such that I(V1) = V0. Then we define

the path λ(V0, V1)(t) = etIV1, 0 ≤ t ≤ π
2
. The concatenation of Γ and λ(V0, V1) is a loop

in the Grassman manifold of Lagrangian subspaces in (R2, detα). The fundamental group

of Lagrangian lines in (R2, detα) is Z, so we can associate an integer to this loop, called

the Maslov index of this loop. We define the Conley-Zehnder index, denoted νγ(c), to be

the Maslov index of this loop. Then the grading of c is defined to be

|c| = νγ(c)− 1.

Differential

To define the boundary map, let J be an almost complex structure that is compatible with

d(etα). We can assume J : T (R× R3) → T (R× R3) satisfies

J(∂x) = ∂y + y∂t

J(∂y) = −∂x − y∂z

J(∂z) = −∂t

J(∂t) = ∂z

Let D2
n = D2\{x, y1, . . . , yn}, where D2 is the unit disk in C and x, y1, . . . , yn are points

on ∂D2 arranged in counterclockwise order. Let u : D2
n → R× R3 be J-holomorphic, i.e.

J ◦ du = du ◦ j, where j is the standard complex structure on C.

We need u to have nice asymptotics near its punctures. So let uR and uR3 be its com-
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position with the projection on the the first and second factors of R × R3, respectively.

Consider one of the punctures p ∈ {x, y1, . . . , yn}. Parametrize a neighborhood of p by

(0,∞)× [0, 1] with coordinates (s, t). Let a(t) be the parametrized Reeb chord a. Then u

is asymptotic to a at ±∞ if

lim
s→∞

uR(s, t) = ±∞

lim
s→∞

uR3(s, t) = a(t)

Now let a, b1, . . . , bn be points in CΛ the set of Reeb chords of Λ. Then we define the

set

M(a; b1, . . . bn) = {u : (D2
n, ∂D

2
n) → (R× R3,R× Λ), satisfying 1) - 4)}/ ∼,

where ∼ is holomorphic reparametrization, and

1) u is J-holomorphic.

2) u has finite energy, i.e.
∫
D2

n
u∗dα < ∞.

3) near x, u is asymptotic to a at ∞.

4) near yi, u is asymptotic to bi at −∞.

One can show that, for a generic choice of J , M(a; b1, . . . , bn) is a manifold of dimen-

sion |a| −
∑n

i=1 |bi|, and that given u ∈ M(a; b1, . . . , bn), adding a constant to uR gives

another element in M(a; b1, . . . , bn). So there is an R action on M(a; b1, . . . , bn).

Given u ∈ M(a; b1, . . . , bn), the image of ∂D2
n is a union of n + 1 paths η0, . . . ηn in

R×Λ where η0 is the path parametrized by the interval starting at x and ηi parametrized by

the interval starting at yi. We define t(ηi) to be tk where k is the number of times ηi crosses

R× {∗} counted with sign. The word associated to u is

w(u) = t(η0)b1t(η1) · · · bnt(ηn).
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We can now define the differential of c ∈ CΛ to be

∂Λ(c) =
∑

u∈M(a;b1,...,bn)

w(u)

where n ≥ 0 and |a| −
∑n

i=1 |bi| = 1. We define ∂Λ(t) = 0 = ∂Λ(t
−1), and extend ∂Λ to

all of AΛ via the Leibniz rule, i.e. ∂Λ(ww′) = ∂Λ(w)w
′ + (−1)|w|w∂Λ(w

′).

2.4.1 Linearized contact homology

Since the Chekanov-Eliashberg DGA is infinite dimensional, its homology may be too.

This hurdle, in addition to the noncommutativity of the algebra, makes computations dif-

ficult. To overcome this, Chekanov [21] considered DGAs which have augmentations in

order to work with a finite-dimensional linear complex whose homology, called linearized

contact homology, is a finite-dimensional vector space.

Like the original DGA, the chain groups are also generated by the Reeb chords with the

same grading used in the Chekanov-Eliashberg DGA. Let ϵ : (AΛ, ∂Λ) → (Z/2Z, 0) be an

augmentation, i.e. a chain map (ϵ ◦ ∂Λ = 0 ◦ ϵ) such that the complex (Z/2Z, 0) is with

both elements of Z/2Z graded 0 and 0 denotes the 0 differential. The map ϕϵ : AΛ → AΛ,

called a tame isomorphism, is defined by its action on Reeb chords. Let c ∈ CΛ. Then

ϕϵ(c) = c+ ϵ(c),

while fixing constants. Using tame isomorphisms we define the augmented boundary map

to be

∂ϵ
Λ := ϕϵ ◦ ∂ ◦ ϕ−ϵ.

To define the linearized complex, and the A∞ structure below, we let FΛ be the Z/2Z
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vector space generated by the Reeb chords c1, . . . , cn. We then define

Aϵ
Λ =

⊕
n≥0

F⊗n
Λ ,

and see that ∂ϵ
Λ is a boundary map on Aϵ

Λ. Now define

(Aϵ
Λ)

k =
⊕
n≥k

F⊗n
Λ ,

i.e. the words in AΛ of length k or greater. One can show that the augmented boundary

map ∂ϵ
Λ is a map from (Aϵ

Λ)
k to itself (this follows from ∂ϵ

Λ(c) having no constant terms for

any Reeb chord c, and that ∂ϵ
Λ obeys the Leibniz rule).

Then given a Reeb chord c, the differential for this linearized chain complex, denoted

∂ℓ
ϵ(c), is defined to be the linear terms of ∂ϵ

Λ(c), as it is a map from (Aϵ
Λ)

1

(Aϵ
Λ)

2
∼= FΛ to itself

satisfying ∂ℓ
ϵ ◦∂ℓ

ϵ = 0. Given a Legendrian Λ and an augmentation ϵ, we denote the complex

by (FΛ, ∂
ℓ
ϵ). Its homology, which we denote LCHϵ

∗(Λ), is not itself an invariant. However,

Chekanov proved the following theorem.

Theorem 2.4.1. (Chekanov [21]) The collection {LCHϵ
∗(Λ) : ϵ is an augmentation (AΛ, ∂) →

(Z/2Z, 0)} is an invariant of Λ up to Legendrian isotopy.

For more details of the construction of LCHϵ
∗(Λ) see [33].

2.4.2 The DGA Map

Given an exact Lagrangian cobordism L between two Legendrians, Ekholm, Honda, and

Kalman [13] introduced a DGA map on their Chekanov-Eliashberg DGAs. In a similar

manner to the boundary map of the Chekanov-Eliashberg DGA ∂Λ, it is defined by counting

rigid punctured holomorphic disks in R×R3 with boundary on L. They further established

the following result.
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Theorem 2.4.2. (Ekholm-Honda-Kalman [13, Theorems 1.3 and 1.4]) An exact Lagrangian

cobordism L from Λ1 to Λ2 induces a DGA map ΦL : (A2, ∂2) → (A1, ∂1) with the follow-

ing properties:

1) If L = Λ× R is a trivial Lagrangian cylinder, then ΦL = IdAΛ
.

2) If L1, L2 have the same ends Λ1 and Λ2 and are isotopic through exact Lagrangian

cobordisms, then ΦL1 and ΦL2 are chain homotopic.

3) If L1 and L2 are exact Lagrangian cobordisms from Λ0 to Λ1 and Λ1 to Λ2 respec-

tively, then ΦL and ΦL1 ◦ ΦL2 are chain homotopic.

2.4.3 The A∞ structure on Legendrian contact cohomology

Let V be a graded vector space over Z/2Z. An A∞ algebra on V is an infinite sequence of

degree 1 graded maps {mk : V
⊗k → V }1≤k that satisfy:

∑
i+j+k=l

mi+1+k ◦ (1⊗i ⊗mj ⊗ 1⊗k) = 0

for all 1 ≤ l ≤ n. The case l = 1 yields the equation m1 ◦m1 = 0, so m1 is a codifferential

on V . The case l = 2 gives the equation

m1 ◦m2(a, b) = m2(m1(a), b) +m2(a,m1(b)).

So m2 descends to a well-defined product on H∗(V ). A full A∞ structure cannot be de-

fined on H∗(V ) for the maps mk, k ≥ 3, by simply letting mk descend to the cohomology.

Instead the higher order (k ≥ 3) products are inductively defined on quotients of the co-

homology. See [28] for details. It was shown in [28] that there is an A∞ algebra on

(F ∗
Λ, (∂

ℓ
ϵ)

∗).

Theorem 2.4.3. (Civan-Etnyre-Koprowski-Sabloff-Walker [28]) For each augmentation ϵ,

the Legendrian contact homology DGA (AΛ, ∂Λ) induces an A∞ structure on the linearized

cochain complex (F ∗
Λ, (∂

ℓ
ϵ)

∗).
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The cohomology of (F ∗
Λ, (∂

ℓ
ϵ)

∗), denoted LCH∗
ϵ (Λ), is called the linearized contact

cohomology of Λ.

Let (V, {mk : V ⊗k → V }1≤k) and (W, {nk : W⊗k → W}1≤k) be A∞ algebras. An

A∞ morphism is an infinite collection of degree 0 maps {ϕn : V ⊗n → W}n≥1 that satisfy

∑
i+j+k=n

ϕi+1+k ◦ (1⊗i ⊗mj ⊗ 1⊗k) =
n∑

r=1

∑
i1+...+ir

nr ◦ (ϕi1 ⊗ · · · ⊗ ϕir)

for all n ≥ 1. A consequence of {ϕn : V ⊗n → W}n≥1 being an A∞ morphism is that ϕ1

preserves the product structures, i.e.

ϕ1 ◦mk([ci1 ], . . . , [cik ]) = nk(ϕ1[ci1 ], . . . , ϕ1[cik ])

on the level of cohomology.
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CHAPTER 3

CLASSIFICATION OF LEGENDRIAN CABLES OF UNIFORMLY THICK

KNOTS

The results in this chapter are joint with Chatterjee, Etnyre, and Min [34]. Recall w(K) de-

notes the contact width of the knot type K. We classify Legendrian cable links whose

underlying knot is the uniformly thick. Recall the n(p, q)-cable link of K from Sec-

tion 2.1.2 is denoted Kn(p,q). The classification is broken up into three cases: Section 3.1

covers the positive slope case ( q
p
> ⌈w(Λ)⌉), Section 3.2 covers the negative integer slope

case ( q
p
≤ ⌈w(Λ)⌉, p = 1), and Section 3.3 covers the negative noninteger slope case

( q
p
< ⌈w(Λ)⌉, p ̸= 1). We provide the proofs used in the positive slope case, and omit them

for the negative slope cases. They can be found in [34].

3.1 Positive slope cables

The mountain range of positive slope cables can be visualized by its diamond expansion.

Given a point (a, b) in the integer lattice Z2, the (p, q) diamond of (a,b) is the set of points

Dp,q)(a, b) ={(r, t) : t+ |r − pa| ≤ pq − |pb− q|,

t+ |r − pa| ≥ pq − |pb− q| − 2p+ 2,

t+ r odd}.

See [35] for more details.

For classification of positive slope cable links, we define the cone of a link Λ to be the

set

C(Λ) = {Sm
− ◦ Sn

+(Λ)|m,n ≥ 0},

i.e. the set of all stabilizations of Λ. Next we define our max-tb positive slope cable links
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in the following way. Let the coordinates on ∂N be given by the Seifert longitude. Let

N be a standard neighborhood of Λ whose ruling curves have slope q
p
. Then the standard

(np,nq)-cable of Λ is the union of n such ruling curves. Now we can describe an important

property of cabling.

Lemma 3.1.1. Let Λ be in the knot type K. Then If Λ′ ∈ C(Λ), then

1. C(Λ′
n(p,q)) ⊆ C(Λn(p,q)).

2. If Λ′ ∈ C(Λn(p,q)), then Λ′ sits on a standard neighborhood of Λ.

Proof. Let Λ′ = Sk
+ ◦ Sl

−(Λ). We show that Λ′
n(p,q) is obtained by stabilizing each compo-

nent of Λn(p,q) pk times positively and pl times negatively. Then item 1) will follow.

Let N be a standard neighborhood of Λ. Then we can take the standard neighborhood

N ′ of Λ′ to be inside of N . Since Λn(p,q) is n ruling curves on N and Λ′
n(p,q) is n ruling

curves on N ′, we have a union of convex annuli
⋃n

i=1 Ai each with one boundary com-

ponent a component of Λn(p,q) and the other a component of Λ′
n(p,q). We can assume the

dividing set of these annuli intersect Λ′
n(p,q) exactly |p(tb(Λ)− k− l)− q| times and Λn(p,q)

exactly |ptb(Λ) − q| times. Therefore we have p(k + l) boundary parallel dividing curves

on each Ai giving bypasses for each component of Λ′
n(p,q). Considering the rotation num-

bers of the components of Λ′
n(p,q) and Λn(p,q), we see there are pk positive bypasses and pl

negative bypasses. Thus Λ′
n(p,q) destabilizes to Λn(p,q).

For item 2), since Λn(p,q) lies on ∂N , then any stabilization of Λn(p,q) can be obtained

by perturbing Λn(p,q) on ∂N so that it intersects the dividing set of ∂N a certain number of

times.

In order to classify positive slope cables, we need the following definitions and lemma.

Given a Legendrian link Λ ∈ L(Kn(p,q)), we say that L ∈ L(K) is an underlying Legen-

drian of Λ if Λ is Legendrian isotopic to an n copy of (p, q) curves on the boundary of a

neighborhood of L. We define a minimal underlying Legendrian Lmin to be an underlying
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Legendrian of Λ such that neither S+(Lmin) nor S−(Lmin) is an underlying Legendrian of

Λ.

Lemma 3.1.2. Let Λ be a Legendrian link in L(Kn(p,q)). Then there exists a minimal

underlying Legendrian knot Lmin ∈ L(K) and if L′
min is another minimal underlying

Legednrian of Λ, then tb(Lmin) = tb(L′
min) and r(Lmin) = r(L′

min).

Proof. The existence of Lmin is clear. By the definition, we know S±(Lmin) are not un-

derlying Legendrians of Λ. Therefore either at least one component of Λ is (Lmin)(p,q), or

at least two components of Λ are Si
+((Lmin)(p,q)) and Sj

−((Lmin)(p,q)) for i, j > 0, respec-

tively. Thus one component of Λ is at the top of the cone of (Lmin)(p,q), or there are two

components of Λ, one of which is on the left boundary edge of the cone (Lmin)(p,q) and the

other is on the right boundary edge.

Now assume that there exists another minimal underlying knot L′
min for Λ. Suppose that

tb(L′
min) > tb(Lmin). Also, without loss of generality, we may assume r(Lmin) ≤ r(L′

min).

Then we do not have that at least one component of Λ is (Lmin)(p,q), for otherwise there

exists a component of Λ with tb = tb((L′
min)(p,q)) > tb((Lmin)(p,q), contradicting that Lmin

is an underlying Legendrian of Λ. Thus only the condition that at least two components of

Λ are Si
+((Lmin)(p,q) and Sj

−((Lmin)(p,q) for i, j > 0, respectively holds for Lmin′ , which

implies that there exists a component of Λ that lies on the right boundary edge of the cone

C((L′
min)(p,q)). However, since tb(Lmin) < tb(L′

min) and r(Lmin) ≤ r(L′
min), the cone

C((Lmin)(p,q) does not contain the right boundary edge of the cone C((L′
min)(p,q), which

again contradicts that Lmin is an underlying Legendrian of Λ.

Now consider the case that tb(Lmin) = tb(L′
min). Again, without loss of general-

ity, we may assume r(Lmin) < r(L′
min). In this case C((Lmin)(p,q)) cannot contain the

right boundary edge of C((L′
min)(p,q). That means neither the condition that at least one

component of Λ is (Lmin)(p,q) nor the condition that at least two components of Λ are

Si
+((Lmin)(p,q)) and Sj

−((Lmin)(p,q)) for i, j > 0, respectively, can hold, which is a contra-

diction.
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Now we state the classification of positive slope cables.

Theorem 3.1.3. Let L1, . . . , Ln be the nondestabalizable Legendrians in a knot type K.

For relatively prime integers p and q with q
p
> ⌈w(K)⌉ and n > 1, we have

1.

L(Kn(p,q)) =
n⋃

i=1

C((Li)n(p,q))

2. Two legendrian links in C((Li)n(p,q)) are isotopic if and only if they have the same

classical invariants.

3. Λ and Λ′ in L(Kn(p,q)) are isotopic if and only if there is some L ∈ L(K) such that Λ

and Λ′ are both in C(Ln(p,q)) and the components of Λ and Λ′ have the same classical

invariants.

4. For L,L′ ∈ L(K), Λ ∈ C(Ln(p,q)) ∩ C(L′
n(p,q)) if and only if there is some L′′ ∈

C(L) ∩ C(L′) and Λ ∈ C(L′′
n(p,q))

Moreover, given any Λ ∈ L(Kn(p,q)), any permutation of the components of Λ preserv-

ing the classical invariants can be achieved by a Legendrian isotopy.

Proof. Since we are taking L1, . . . , Ln to be the nondestabilizable Legendrian knots in

L(K) and relatively prime integers in p and q such that q
p
> ⌈w(K)⌉,

Item 1. follows from Proposition 7.7 in [36].

Item 2. follows as they are all stabilizations of a fixed Legendrian link and we know

any permutations of the components of the link that respect the classical invariants can be

realized by Legendrian isotopy.

For item 3., the reverse implication follows from item 2. Now let us assume Λ and Λ′

are Legendrian isotopic. Then they must have the same classical invariants. From item 1

of the theorem there is some Li such that Λ ∈ C((Li)n(p,q)), and thus Λ′ must also be in

C((Li)n(p,q))
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Now, for item 4., the reverse implication follows from item 1. of Lemma 3.1.1. Now

suppose that Λ ∈ C(Ln(p,q))∩C(L′
n(p,q)). By Lemma 3.1.2, there exist minimal underlying

Legendrian knots Lmin ∈ C(L) and L′
min ∈ C(L′) such that Lmin and L′

min have the

same classical invariants. Then by item 2. of Lemma 3.1.1, Λ lies both on T , the boundary

of a standard neighborhood of Lmin, and T ′, the boundary of a standard neighborhood

of L′
min. So the intersection of T and T ′ contains Λ. Thus there is a smooth isotopy

from T to T ′ fixing Λ, and by discretization of isotopy there is a sequence of convex tori

T = T1, . . . , Tn = T ′ such that Ti+1 can be obtained by a bypass attachment to Ti where

the bypass attachment does not intersect Λ.

Since Lmin is minimal, it is clear that the dividing slopes of Ti are in (tb(Lmin)−1,∞).

We show that the dividing slopes are not in (tb(Lmin) − 1, tb(Lmin)), and thus must be in

[tb(Lmin),∞). Assume Λ sits on a torus T ′′ with dividing slope in (tb(Lmin)−1, tb(Lmin)).

Then T ′′ bounds a solid torus which contains another solid torus T ′′′ which has dividing

slope tb(Lmin)−1, and the ruling curves of slope q
p

on T ′′ are stabilizations of those on T ′′′

(this can be seen by taking annuli between the ruling curves). Therefore Λ also sits on T ′′′,

but this contradicts Lemma 3.1.2 since T ′′′ is the boundary of a standard neighborhood of

a Legendrian knots with tb different from Lmin.

Now we inductively claim that each Ti bounds a solid torus that contains a standard

neighborhood of Lmin. For i = 1 the claim is true. Now assume true for i. We can obtain

Ti+1 by attaching a bypass to Ti. There are three non-trivial bypasses: one that changes the

number of dividing curves, one that increases the slope of the dividing curves, and one that

decreases the slope of the dividing curves.

In the first case, the bypass can be attached from the outside or the inside of the solid

torus that Ti bounds. If it is attached from the outside, then Ti+1 bounds a solid torus that

contains the solid torus bounded by Ti and hence also contains a neighborhood of Lmin.

If it is attached from the inside, then Ti+1 bounds a solid torus that contains a torus T ′
i+1

isotopic to it such that Ti and T ′
i+1 cobound T 2 × I with an I-invariant contact structure.
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Thus Ti+1 bounds a solid torus containing a neighborhood of Lmin since Ti does and Ti+1

bounds a solid torus containing the solid torus that T ′
i+1 bounds, completing the induction

in this case.

If the bypass increases the dividing slope, then it must be attached from the outside of

Ti, so Ti+1 bounds a solid torus containing Ti, and we are done as above.

Lastly, consider the case where the bypass decreases the dividing slope. That means the

bypass is attached from the inside of Ti, so the solid torus Si that Ti bounds contains Ti+1.

We consider two cases. First, suppose that si is not an integer. According to [37], there is

a unique solid torus S ′
i in Si up to contact isotopy with convex boundary having two diving

curves of slope ⌈si⌉. By the induction hypothesis, there is a standard neighborhood Ni of

Lmin in Si, and since tb(Lmin) ≤ ⌈si⌉, we know that Ni is inside of S ′
i. Now since Ti+1 is

obtained from ∂Si by a bypass attachment, its slope must be greater than or equal to ⌈si⌉

and hence Si+1 will also contain Ni, so we can let Ni+1 = Ni.

We are left to consider the case when si is an integer. If si = tb(Lmin), then the slope

of Ti+1 is also si and the bypass attachment was trivial and did not decrease the dividing

slope. So we can assume si > tb(Lmin). The solid torus Si is a standard neighborhood of

a Legendrian knot L′′, and since Si contains a standard neighborhood of Lmin, we know

that Lmin is a stabilization of L′′. If we have to stabilize L′′ both positively and negatively

to obtain Lmin, then one may easily check that no matter what Ti+1 is, the solid torus

Si+1 that it bounds will contain a neighborhood of Lmin (this is because it will contain

a neighborhood of S+(L
′′) or S−(L) which both contain a neighborhood of Lmin in this

case). However, if Lmin is obtained by stabilizing L′′ with only one sign, say positively,

then it is possible that attaching a bypass from the inside of Si will result in a torus that

does not bound a solid torus containing a neighborhood of Lmin. But if this is the case

then Si+1 does not contain a neighborhood of S−(L
′′) and as argued above (in the first

paragraph when discussing Item (4)) we see that Λ will sit on the boundary of the standard

neighborhood of S−(L
′′). Thus Λ is in C((S−(L

′′))n(p,q)). However, if one considers how
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C((S−(L
′′))n(p,q)) and C((Lmin)n(p,q)) intersect, we see that Λ cannot satisfy Conditions 1)

and 2) in the proof of Lemma 3.1.2 and thus Lmin is not a minimal underlying Legendrian

knot for Λ. This contradiction implies that the Si+1 does contain a neighborhood of Lmin

as desired.

We now notice that a standard neighborhood of L′
min (bounded by T ′) contains a stan-

dard neighborhood of Lmin (by our inductive hypothesis), so L′
min must be isotopic to Lmin.

Thus Lmin is in the cone of L and L′ finishing the proof.

Proof of Theorem 1.1.3. Consider the negative twist knot (K−5)2(2,1). Here we have a two

component link. Note that if the components have the same tb and r, then they must be

Legendrian isotopic. This is because they are stabilizations of max-tb components. As

max-tb components, they are sitting on the boundary of a standard neighborhood of a max-

tb Legendrian respresentative of K−5 and intersecting the dividing set minimally. Therefore

by Giroux flexibility the boundary of the standard neighborhood can be isotoped such that it

has ruling curves of slope q
p
, providing a Legendrian isotopy between the two components.

So if Λ1 ∪ Λ2 ∈ L((K−5)2(2,1)) and Λ1 and Λ2 have the same classical invariants, they

must be Legendrian isotopic because they are either max-tb or stabilizations of a max-tb

respresentative of L((K−5)2(2,1)).

Let Λ1 and Λ2 be the two max-tb representatives of L((K−5)2(2,1)), and denote Λi
m,n,k,l

to be Λi after stabilizing the first component of Λi positively m times and negatively n

times, and stabilizing the second component k times positively and l times negatively.

If m, l ≤ 1 and n, k ≥ 2, then Λ1
m,n,k,l sits in C(Λ1) and Λ2

m,n,k,l sits in C(Λ2). Since

m, l ≤ 1, it is clear that both Λ1
m,n,k,l and Λ2

m,n,k,l do not sit in C(L′
2(2,1)) where L′ is

either S+(L
1) = S+(L

2) or S−(L
1) = S−(L

2). That is, there is no L ∈ C(L1) ∩ C(L2)

such that Λi
m,n,k,l ∈ C(L2(2,1)) for i = 1, 2. By part 4) of Theorem 3.1.3, Λi

m,n,k,l /∈

C(Λ1)∩C(Λ2), and thus by part 3) of Theorem 3.1.3, Λ1
m,n,k,l is not Legendrian isotopic to

Λ2
m,n,k,l. But clearly each component of Λ1

m,n,k,l is Legendrian isotopic to each component

of Λ2
m,n,k,l.
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n

Figure 3.1: The twist knot Tn where the box contains n positive half=twists if n > 0 and
|n| negative half twists if n < 0.

3.2 Integer negative slope cables

We omit the proofs in this section. They can be found in [34]. For the classification

of integer negative sloped cales, we begin by defeining the max-tb cables and the non-

destabilizable non max-tb cables. Let N be a standard neighborhood of a Legendrian knot

L. Then in the standard model, there is an annulus A that contains L and has a linear

characteristic foliation in which each leaf is Legendrian isotopic to L. The n-copy of L

is the link nL consisting of n leaves in the characteristic foliation of A. Another way

of defining the n-copy of L in (R3, ξstd) is taking the front projection of L and shifting

L slightly in the z-direction n − 1 times. Then their union is nL. Note that nL is an

(n, ntb(L))− cable of L. See Fig. 3.2 below.

For the non-destabilizable cables, we define the t-twisted n-copy of L, denoted T t(nL),

to be the link consisting of L and (n− 1)-ruling curves of slope tb(L)− t on ∂N . So then

T t(nL) is an (n, n(t + tb(L))-cable of L. Note that the t-twisted 2-copy is also max-tb.

If n > 2, then the t-twisted n-copy of L is non max-tb. An alternative description of the

t-twisted n-copy in (R3, ξstd) is to take the front projection of the n-copy of L and then

replace a region in the front projection as shown in Fig. 3.2.
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L

Figure 3.2: The n-copy of a Legendrian knot L on the left. To create the t-twisted n-copy
of L, replace t regions of the n-copy as shown at the top of the right-hand diagram with the
region shown on the bottom.

Given an n-component Legnedrian link λ, we label the components Λ1 ∪ . . . ∪ Λn. We

denote the result of ±-stabilizing the ith component of Λ by Si,±(Λ). Given the t-twisted

n-copy of L, we say the component isotopic to L is the first component and then label the

others, cyclically, by 2 through n. (Cyclically here means we order them as they occur on

∂N . This leads us to the following lemma regarding t-twisted n-copies.

Lemma 3.2.1. We have the following relations between the stabilizations of the twisted

n-copies:

S1,±(T
t(nL)) = S2,∓ ◦ · · · ◦ Sn,∓(T

t−1(nS±(L))).

Additionally, we have

S1,±(T
1(nL)) = S2,∓ ◦ · · · ◦ Sn,∓(nS±(L)).

Proof. Recall that T t(nL) is formed by taking L and the union of n − 1 ruling curves

L2, . . . , Ln of slope tb(L) − t on the boundary of a standard neighborhood N(L) of L.

Now let N(S±(L)) be a standard neighborhood of S±(L) inside of N(L). Note S±(L)

together with n − 1 curves L′
2, . . . , L

′
n of slope tb(L) − t, which is also equal to the slope

tb(S±(L))− (t− 1), on ∂N(S±(L)) is the (t− 1)-twisted n-copy of S±(L). Moreover, we

can take annuli between Li and L′
i to see a bypass for L′

i. Thus the L′
i are stabilizations of

the Li. As we know that rotation numbers of the L′
i match that of S±(L) and those of Li
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match that of L, we see the signs of the stabilization are as claimed.

The second relation between the 1-twisted n-copy and the n-copy of a stabilization

follows similarly, except to see the destabilization of the we need to use [38]

Now we state our main results for Legendrian links in integer negative sloped cabled of

uniformly thick knots.

Theorem 3.2.2. Let K be a uniform thick knot type and q ≤ tb(K) an integer. Let

L1, . . . , Lk be the distinct Legendrian representatives of K with tb ≥ q. Then the non-

destabilized Legendrian representatives of Kn(1,q) are

{T t(nLi) : t = tb(Li)− q and i = 1, . . . , k}.

Any other Legendrian representative of Kn(1,q) destabilizes to one of these.

Let Λ1 and Λ2 be two Legendrian representatives of Kn(1,q) that are not stabilizations

of n-copies of a Legendrian Li with tb = q. Let Λi
1 be the component of Λi with the largest

Thurston-Bennequin invariant (if there is more than one such component, then choose one),

then Λ1 and Λ2 are Legendrian isotopic if and only if Λ1
1 and Λ2

1 are Legendrian isotopic

and the other components of Λ1 and Λ2 can be paired to have the same Thurston-Bennequin

invariant and rotation number.

Let Λ1 and Λ2 be two Legendrian representatives of Kn(1,q) such that Λ1 is obtained

from a n-copy of Li with tb(Li) = q by stabilizing at least one of the components positively

some number of times (but not negatively) and at least one of the components negatively

some number of times (but not positively) and similarly Λ2 is obtained from an n-copy of

Lj with tb(Lj) = q by such stabilizations. If i ̸= j, then Λ1 and Λ2 are not Legendrian

isotopic.

Let Λ1 and Λ2 be two Legendrian representatives of Kn(1,q) such that Λ1 is obtained

from a n-copy of Li with tb(Li) = q by stabilizing all the components positively some

number of times (but not negatively) and Λ2 is obtained by the same stabilizations of an
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n-copy of Lj with tb(Lj) = q. Then Λ1 and Λ2 are Legendrian isotopic if and only if the

components with the largest Thurston-Bennequin invariant are Legendrian isotopic. The

same statement is true when all components are stabilized negatively.

Now we consider the possible permutations of the components of integer lesser-sloped

cables that are realizable by Legendrian isotopy.

Theorem 3.2.3 (Ordered Classification). Let K be a uniform thick knot type and q ≤ tb(K)

an integer. Given an element Λ ∈ L(Kn(1,q)) then:

1. Any permutation of the components of Λ are can be realized by a Legendrian isotopy

unless Λ = nL or nL with some, but not all, components stabilized.

2. If Λ = nL, possibly with some components stabilized, and q = tb(K), then no per-

mutations of the maximal Thurston-Bennequin invariant components can be realized

by a Legendrian isotopy, but non-maximal Thurston-Bennequin invariant compo-

nents can be permuted if they have the same classical invariants.

3. If Λ = nL, possibly with some components stabilized, and q < tb(K), then Λ sits

on a convex torus bounding a solid torus in the knot type of K and the components

of Λ have a cyclic ordering given by this torus. Only cyclic permutations of the

components of Λ with maximal Thurston-Bennequin invariant can be realized by

Legendrian isotopy, but non-maximal Thurston-Bennequin invariant components can

be permuted if they have the same classical invariants.

3.3 Non-integer negative slope cables

We omit the proofs in this section. They can be found in [34]. We first construct max-

tb cables for the non-integer negative slope case. Consider a standard neighborhood N

of a Legendrian knot L. Inside of N we can consider a standard neighborhood N± of a

stabilization S±(L) of L, with N± ⊆ N . For any q
p
∈ (tb(L) − 1, tb(L)) we can find
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a unique, up to contact isotopy, torus T± in N\N± isotopic to ∂N whose characteristic

foliation is linear of slope q
p
. We define the ± standard (np,nq)-cable of L to be n leaves in

the characteristic foliation of T± and we denote this link by L±
n(p,q).

Before stating our results on cable links, we discuss cable knots. Negative slope cable

knots were first considered in [35]. The following theorem, except for Item 3., was proven

in that paper. In [34], we proved the full version of the following theorem that allows us to

understand cables of twist knots (among others).

Theorem 3.3.1. Let K be a uniformly thick knot type and p and q relatively prime with

q/p < tb(K). Let L1, . . . , Lk be the distinct Legendrian knots in L(K) with tb = ⌈q/p⌉.

Every element in L(K(p,q)) destabilizes to (Li)
±
(p,q) for some i and ±.

We distinguish the (Li)
±
(p,q) as follows.

1. If rot(Li) ̸= rot(Lj), then (Li)
±
(p,q) and (Lj)

±
(p,q) are distinct.

2. If rot(Li) = rot(Lj) but S±(Li) ̸= S±(Lj), then (Li)
±
(p,q) and (Lj)

±
(p,q) are distinct.

3. If rot(Li) = rot(Lj) but Legendrian surgery in Li and Lj yield distinct contact

manifolds, then (Li)
±
(p,q) and (Lj)

±
(p,q) are distinct.

4. Otherwise, it is not clear if (Li)
±
(p,q) and (Lj)

±
(p,q) are distinct.

We distinguish stabilizations of the (Li)
±
(p,q) as follows.

1. Stabilizations of (Li)
+
(p,q) and (Li)

−
(p,q) remain distinct until the first knot has been

−-stabilized |p tb(L) − q| or more times, the second knot has been +-stabilized

|p tb(L) − q| or more times, and the classical invariants match. In this case they

are Legendrian isotopic.

2. If S+(Li) = S−(Lj), then (Li)
+
(p,q) and (Lj)

−
(p,q) will have distinct rotation numbers

until the first has been +-stabilized |p(tb(L)−1)− q| times and the second has been

−-stabilized |p(tb(L) − 1) − q| times. After each has been stabilized as indicated,

they become Legendrian isotopic.
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3. If S±(Li) = S±(Lj), but Legendrian surgery on Li and Lj yield distinct contact

manifolds, then stabilizations of (Li)
±
(p,q) and (Lj)

±
(p,q) remain distinct until each has

been ±-stabilized |p(tb(L)− 1)− q| or more times, and the classical invariants are

the same. In this case they are Legendrian isotopic.

4. If Sl
±(Li) is not Legendrian isotopic to Sl

±(Lj) for any l, then any number of ±-

stabilizations of (Li)
±
(p,q) and (Lj)

±
(p,q) remain distinct.

Although the statements in the theorem do not necessarily classify all Legendrian cable

knots of uniformly thick knot types, the theorem and its proof are sufficient in many cases,

such as negative twist knots. In particular, we have the following result.

Theorem 3.3.2. Let K be the −2n-twist knot, −q/p ∈ (−m − 1,−m) for m ≥ 0 an

integer, and k = ⌈n
2
⌉. Any (r, t) in the mountain range of L(K(p,−q)) with t ≤ pq and

r ∈ [p− q + (pq + t),−q + p+ (t− pq)] is realized by a unique Legendrian knot and any

other pair (r′, t′) in the mountain range is realized by k distinct Legendrian knots.

More specifically, there are 2m + 4k Legendrian knots in L(K(p,q)) with tb = pq. Of

those, 2m are determined by their rotation numbers, which are

±(p− q + 2pl) for l = 0, . . .m− 1,

and for each rotation number

rot = ±(p+ q) and ± ((2m+ 1)p− q).

there are k Legendrian knots. All other Legendrian knots are stabilizations of these. The

mountain range for K(p,q) is given in Fig. 3.3.

The only range of cabling slopes in which we cannot classify cables for −2n twist knots

is (0, 1), but under one assumption, we can understand this range as well.

37



Figure 3.3: The mountain range for K(p,q) where K is a −2n-twist knots and q/p ∈
(−m − 1,−m). Any point (r, t) with r + t odd in the red region is realized by a unique
Legendrian knot, while in the black region is realized by k Legendrian knots, where k is as
in Theorem 3.3.2. The peaks are at tb = pq and the values of the rotation numbers at the
peaks are given in Theorem 3.3.2.

Theorem 3.3.3. Let K be the −2n-twist knot, q/p ∈ (0, 1), k = ⌈n
2
⌉ and l = ⌈n2

2
⌉. Sup-

pose that Legendrian surgery on the maximal Thurston-Bennequin invariant Legendrian

representatives of K yields distinct contact manifolds. Then any (r, t) in the mountain

range of L(K(p,q)) with r ∈ [−(pq − p − q − t), pq − p − q − t] is realized by a unique

Legendrian knot, any such pair with r ∈ [±p− (pq− q− t),±p+ (pq− q− t)] that is not

in the first region has exactly k Legendrian representatives, and any other pair of (r, t) in

the mountain range is realized by l distinct Legendrian knots.

More specifically, there are 2l distinct Legendrian knots L±
i , i = 1, . . . , l in L(K(p,q))

with tb = pq and rot(L±
i ) = ±(p− q). All other Legendrian knots in L(K(p,q)) destabilize

to one of these. In addition, Sp−q
− (L+

i ) = Sp−q
+ (L−

i ), the collection {L+
i }li=1 after +-

stabilizing q times has k distinct members and similarly for {L−
i }li=1 after −-stabilizing q

times. After the L±
i have been stabilized into the first regions mentioned above, then they

are determined by their classical invariants. The mountain range K(p,q) is given in Fig. 3.4.

Now we consider negative slope, non-integral cable links.

Theorem 3.3.4. Let K be a uniformly thick knot type and p and q relatively prime with

q/p < tb(K). Let L1, . . . , Lk be the distinct Legendrian knots in L(K) with tb = ⌈q/p⌉.

Every element in L(Kn(p,q)) destabilizes to (Li)
±
n(p,q) for some i and ±.

We distinguish the (Li)
±
n(p,q) as follows.

1. If rot(Li) ̸= rot(Lj), then (Li)
±
n(p,q) and (Lj)

±
n(p,q) are distinct.
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(p− q, pq)(q − p, pq)

(0, pq − p+ q) (p, pq − q)(−p, pq − q)

(0, pq − p− q)

Figure 3.4: The (p, q)-cables of K−2n where the (r, t) with r + t odd in the upper region
have l = ⌈n2

2
⌉ Legendrian representatives, such pairs in the regions on the right and left

have k = ⌈n
2
⌉ Legendrian representatives, and such pairs in the bottom region have a unique

Legendrian representative.

2. If rot(Li) = rot(Lj) but S±(Li) ̸= S±(Lj), then (Li)
±
n(p,q) and (Lj)

±
n(p,q) are distinct.

3. If rot(Li) = rot(Lj) but Legendrian surgery in Li and Lj yield distinct contact

manifolds, then (Li)
±
n(p,q) and (Lj)

±
n(p,q) are distinct.

4. Otherwise, it is not clear if (Li)
±
n(p,q) and (Lj)

±
n(p,q) are distinct.

We distinguish stabilizations of the (Li)
±
n(p,q) as follows.

1. Stabilizations of (Li)
+
n(p,q) and (Li)

−
n(p,q) remain distinct until each component of the

first link has been −-stabilized |p tb(L) − q| or more times, each component of the

second link has been + -stabilized |p tb(L) − q| or more times, and the classical

invariants of the components of one link match those of the other, in this case they

are Legendrian isotopic.

2. If S+(Li) = S−(Lj), then (Li)
+
n(p,q) and (Lj)

−
n(p,q) will have distinct rotation numbers

until each component of the first has been +-stabilized |p(tb(L)− 1)− q| times and

each component of the second has been −-stabilized |p(tb(L)− 1)− q| times. After

each has been stabilized as indicated, they become Legendrian isotopic.

3. If S±(Li) = S±(Lj), but Legendrian surgery on Li and Lj yield distinct contact

manifolds, then stabilizations of (Li)
±
n(p,q) and (Lj)

±
n(p,q) remain distinct until each
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component of the of both links have been ±-stabilized |p(tb(L) − 1) − q| or more

times, and the classical invariants of the components of one link match those of the

other, in this case they are Legendrian isotopic.

4. If Sl
±(Li) is not Legendrian isotopic to Sl

±(Lj) for any l, then any number of ±-

stabilizations of (Li)
±
n(p,q) and (Lj)

±
n(p,q) remain distinct.

Like in the case of cable knots, the statements in the theorem do not necessarily classify

all Legendrian cable links of uniformly thick knot types, but the theorem and its proof are

sufficient in many cases. In particular, we have the following result.

Theorem 3.3.5. Let K be the −2n-twist knot, p and q relatively prime with −q/p < 1

and n > 1 an integer. Let L1, . . . , Lk be the distinct Legendrian knots in L(K) with tb =

⌈−q/p⌉. Every element in L(Kn(p,−q)) destabilizes to (Li)
±
n(p,−q) for some i and ±. Two

Legendrian links in L(Kn(p,−q)) are Legendrian isotopic if and only if they are component-

wise isotopic. The classification of Legendrian realizations of Kn(p,q) now follows from

Theorem 3.3.2 when q/p < 0 and from Theorem 3.3.3 if Legendrian surgery on the maximal

Thurston-Bennequin invariant representatives of K are distinct.
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CHAPTER 4

THE COBORDISM MAP

Let L be an exact Lagrangian cobordism from Λ1 to Λ2. The map ΦL : (AΛ2 , ∂Λ2) →

(AΛ1 , ∂Λ1) defined by Ekholm, Honda, and Kalman [13] has proven useful in distinguishing

exact Lagrangian isotopy classes of Lagrangian cobordisms and fillings. Due to the difficult

nature of computing Legendrian contact homology, we would like to adapt ΦL to a map

defined on its easier-to-compute linearized version LCHϵ
∗(Λ). In Section 4.1 we do just

that, and show its invariance under exact Lagrangian isotopy. Then in Section 4.2 we

show that L also induces an A∞ morphism on the linearized cohomology, LCH∗
ϵ (Λ), of its

Legendrian ends that is also invariant under exact Lagrangian isotopy.

4.1 Linearizing the cobordism map

In this section, we show how to obtain a map on the linearized contact homology of Leg-

endrian knots from an exact Lagrangian cobordism. We then explore the properties of this

map when it is a trivial cylinder or altered through exact Lagrangian cobordisms by an

isotopy. All of the results are in joint work with Knavel [39]

Let L be an exact Lagrangian cobordism from Λ1 to Λ2, ΦL its induced DGA map. Let

ϵ1 : (AΛ1 , ∂1) → (Z, 0) be an augmentation and ϵ2 = ϵ1 ◦ ΦL. We define the augmented

DGA map, Φϵ1
L : (AΛ2 , ∂ϵ2) → (AΛ1 , ∂ϵ1), to be Φϵ1

L = ϕϵ1 ◦ ΦL ◦ ϕ−ϵ2 . Recall the map

ϕϵi : AΛi
→ AΛi

was defined in Section 2.4.1. We first show that Φϵ1
L is a chain map from

(AΛ2 , ∂ϵ2) to (AΛ1 , ∂ϵ1), where ∂ϵi = ϕϵi ◦ ∂ ◦ ϕ−ϵi , i = 1, 2, which we refer to as the

augmented differentials.

Lemma 4.1.1. Let L be an exact Lagrangian cobordism from Λ1 to Λ2. Then Φϵ1
L ◦ ∂ϵ2 =

∂ϵ1 ◦ Φϵ1
L .
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Proof. A computation gives

Φϵ1
L ◦ ∂ϵ2 = ϕϵ1 ◦ ΦL ◦ ϕ−ϵ2 ◦ ϕϵ2 ◦ ∂2 ◦ ϕ−ϵ2

= ϕϵ1 ◦ ΦL ◦ ∂2 ◦ ϕ−ϵ2

= ϕϵ1 ◦ ∂1 ◦ ΦL ◦ ϕ−ϵ2

= ϕϵ1 ◦ ∂1 ◦ ϕ−ϵ1 ◦ ϕϵ1 ◦ ΦL ◦ ϕ−ϵ2

= ∂ϵ1 ◦ Φϵ1
L ,

where the third equality follows from Theorem 2.4.2 Thus we see that Φϵ1
L commutes with

the augmented differentials.

In order to ‘linearize’ the equation in Lemma 4.1.1, we will need the following two

lemmas. The first shows that Φϵ1
L has no constant terms.

Lemma 4.1.2. Let c be a Reeb chord. Then Φϵ1
L (c) has no constant terms.

Proof. Let CΛ1 = {c1, . . . , cm} be the Reeb chords of Λ1, c a Reeb chord of Λ2. We start by

showing the constant terms of ϕϵ1◦ΦL(c) are ϵ1◦ΦL(c). There are constants a0, ai1,...,ij ∈ Z

for j ≥ 1 and ik ∈ {1, . . . , n}, with only finitely many being nonzero such that

ΦL(c) = a0 +
∞∑
j=1

 ∑
i1,...,ij

ai1,...,ijci1 · · · cij

 .

Then

ϕϵ1 ◦ ΦL(c) = a0 +
∞∑
j=1

 ∑
i1,...,ij

ai1,...,ij(ci1 + ϵ(ci1)) · · · (cij + ϵ1(cij))

 .

The constant terms of this sum are

ϕϵ1 ◦ ΦL(c) = a0 +
∞∑
j=1

 ∑
i1,...,ij

ai1,...,ijϵ(ci1) · · · ϵ1(cij)

 = ϵ1 ◦ ΦL(c).
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Now we show Φϵ1
L (c) has no constant terms. We have

Φϵ1
L (c) = ϕϵ1 ◦ ΦL ◦ ϕ−ϵ2(c)

= ϕϵ1 ◦ ΦL(c− ϵ2(c))

= ϕϵ1(ΦL(c)− ΦL(ϵ2(c)))

= ϕϵ1(ΦL(c)− (ϵ2(c)))

= ϕϵ1(ΦL(c)− (ϵ1 ◦ ΦL(c)))

= ϕϵ1 ◦ ΦL(c)− ϵ1 ◦ ΦL(c).

As shown in the previous paragraph, the constant terms of ϕϵ1◦ΦL(c) are exactly ϵ1◦ΦL(c).

It is well-known that the augmented differentials satisfy the Leibniz rule. We provide a

proof of this here as we will need it below, and it does not appear in the literature.

Lemma 4.1.3. The augmented boundary map ∂ϵ satisfies ∂ϵ(c1 · · · cm) = ∂ϵ(c1)c2 · · · cm +

(−1)|c1|c1∂ϵ(c2)c3 · · · cm + . . .+ (−1)|c1···cm−1|c1 · · · cm−1∂ϵ(cm).

Proof. We first show

∂(ϕ−ϵ(c1 · · · cm)) =
m∑
i=1

(−1)|c1···ci−1|ϕ−ϵ(c1 · · · ci−1)∂(ϕ
−ϵ(ci))ϕ

−ϵ(ci+1 · · · cm)

by induction. Assume true for m− 1. Then for a word of length m we have

∂(ϕ−ϵ(c1 · · · cm)) = ∂((c1 − ϵ1(c1))ϕ
−ϵ(c2 · · · cm))

= ∂(c1ϕ
−ϵ(c2 · · · cm))− ϵ(c1)∂(ϕ

−ϵ(c2 · · · cm)).

Let
∑n

i=1 wi be the sum of words of length at most m − 1 after expanding ϕ−ϵ(c2 · · · cm).
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Then

∂(c1ϕ
−ϵ(c2 · · · cm)) = ∂(c1

n∑
i=1

wi)

=
n∑

i=1

∂(c1wi)

=
n∑

i=1

∂(c1)wi + (−1)|c1|c1∂(wi)

= ∂(c1)
n∑

i=1

wi + (−1)|c1|c1∂(
n∑

i=1

wi).

Thus,

∂(c1ϕ
−ϵ(c2 · · · cm))− ϵ(c1)∂(ϕ

−ϵ(c2 · · · cm))

= ∂(c1)ϕ
−ϵ(c2 · · · cm) + (−1)|c1|c1∂(ϕ

−ϵ(c2 · · · cm))− ϵ(c1)∂(ϕ
−ϵ(c2 · · · cm))

= ∂(ϕ−ϵ(c1))ϕ
−ϵ(c2 · · · cm) + (−1)|c1|ϕ−ϵ(c1)∂(ϕ

−ϵ(c2 · · · cm)),

where (−1)|c1|c1 − ϵ(c1) = (−1)|c1|ϕ−ϵ(c1) because ϵ vanishes on nonzero graded Reeb

chords. Since we assumed true for m− 1, the last term becomes

m∑
i=2

(−1)|c1···ci−1|ϕ−ϵ(c1 · · · ci−1)∂(ϕ
−ϵ(ci))ϕ

−ϵ(ci+1 · · · cm),

and so we get the desired equality.

Now we prove the lemma. We compute that

∂ϵ(c1...cm) = ϕϵ ◦ ∂ ◦ ϕ−ϵ(c1...cm)

= ϕϵ ◦ (
m∑
i=1

(−1)|c1···ci−1|ϕ−ϵ(c1 · · · ci−1)∂(ϕ
−ϵ(ci))ϕ

−ϵ(ci+1 · · · cm)

=
m∑
i=1

(−1)|c1···ci−1|ϕϵ ◦ ϕ−ϵ(c1 · · · ci−1)∂ϵ(ci)ϕ
ϵ ◦ ϕ−ϵ(ci+1 · · · cm)

= ∂ϵ(c1)c2 · · · cm + . . .+ (−1)|c1···cm−1|c1 · · · cm−1∂ϵ(cm)
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We now consider a linearized version of Φϵ1
L . Let (Fi, ∂

ℓ
ϵi
) denote the linearized chain

groups as defined in Section 2.4.1. We define the linearized augmented DGA map to be

(Φϵ1
L )

ℓ : (F2, ∂
ℓ
ϵ2
) → (F1, ∂

ℓ
ϵ1
),

where (Φϵ1
L )

ℓ(c) for a generator c of F2 is the linear terms in Φϵ1
L (c). Now we show that

(Φϵ1
L )

ℓ is a DGA map.

Proof of Proposition 1.2.1. Let c be a Reeb chord in Λ2. We begin by observing that the

linear part of Φϵ1
L (∂ϵ2(c)) is the linear part of the image of the linear part of ∂ϵ2(c) under

Φϵ1
L . Let CΛ1 = {c1, . . . , cm} be the Reeb chords of Λ1, and ai1,...,ij ∈ Z. Recall that ∂ϵ1(c)

has no constant terms. If

∂ϵ2(c) =
∞∑
j=1

 ∑
i1,...,ij

ai1,...,ijci1 · · · cij

 ,

with only finitely many ik nonzero, then

Φϵ1
L (∂ϵ2(c)) =

∞∑
j=1

 ∑
i1,...,ij

ai1,...,ijΦ
ϵ1
L (ci1) · · ·Φ

ϵ1
L (cij)

 .

We know that for j > 1, Φϵ1
L (ci1) · · ·Φ

ϵ1
L (cij) must be a sum of words all of length greater

than 1 due to Lemma 4.1.2. So all of the linear parts of Φϵ1
L (∂ϵ2(c)) must come from terms

when j = 1, i.e. the linear part of ∂ϵ2(c). We have just shown that

(Φϵ1
L ◦ ∂ϵ1)ℓ(c) = (Φϵ2

L )
ℓ ◦ ∂ℓ

ϵ2
(c).
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Now let

Φϵ1
L (c) =

∞∑
j=1

 ∑
i1,...,ij

a′i1,...,ijc
′
i1
· · · c′ij

 ,

with only finitely many ik nonzero, where c′i1 , . . . , c
′
ij
∈ CΛ1 and a′i1,...,ij ∈ Z. Then taking

the augmented differential ∂ϵ1 of both sides gives

∂ϵ1(Φ
ϵ1
L (c)) =

∞∑
j=1

 ∑
i1,...,ij

a′i1,...,ij∂ϵ1(c
′
i1
· · · c′ij)

 .

By Lemma 4.1.3 any word of length j ≥ 2 will be mapped to a sum of words each of

which has j − 1 Reeb chords multiplied by some ∂ϵ1(ci). Since ∂ϵ1(ci) has no constant

terms, these words are length at least 2. Thus the linear part of ∂ϵ1(Φ
ϵ1
L (c)) is the linear part

of the image of the linear part of Φϵ1
L (c) under ∂ϵ1 , and we conclude that

(∂ϵ1 ◦ Φϵ1
L )

ℓ(c) = ∂ℓ
ϵ1
◦ (Φϵ1

L )
ℓ(c).

Using the facts proven in the previous paragraphs and Lemma 4.1.1, we have

∂ℓ
ϵ1
◦ (Φϵ1

L )
ℓ(c) = (∂ϵ1 ◦ Φϵ1

L )
ℓ(c)

= (Φϵ1
L ◦ ∂ϵ2)ℓ(c)

= (Φϵ1
L )

ℓ ◦ ∂ℓ
ϵ2
(c).

Thus (Φϵ1
L )

ℓ is a chain map.

Now that we have shown the linearized augmented DGA map (Φϵ1
L )

ℓ is indeed a well-

defined DGA map, we would like to consider how different geometric phenomena, such

as Lagrangian isotopy, affect (Φϵ1
L )

ℓ. We do so by proving a linearized version of Theo-

rem 2.4.2 parts 1) and 2). Let CΛ2 be the set of Reeb chords of Λ2. In [13], the chain

homotopy in part 2) of Theorem 2.4.2 is defined on words of Reeb chords as the Z/2Z-
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linear map

Ω(c1...cm) =
m∑
j=1

ΦL1(c1...cj−1)K(cj)ΦL2(cj+1...cm)

where ci ∈ CΛ2 for 1 ≤ i ≤ m and K is a degree 1 map that maps cj to a finite sum of

words in Reeb chords of degree |cj| + 1. For our Theorem 1.2.2, we define a linearized

version of Ω to use as our chain homotopy in the following lemma. In order to do this we

also define a linearized version of K by Kϵ1 = ϕϵ1 ◦K ◦ ϕ−ϵ2 .

Lemma 4.1.4. Let c1 · · · cm be a word in (AΛ2 , ∂Λ2), and define Ωϵ1 by

Ωϵ1(c1 · · · cm) =
m∑
j=1

Φϵ1
L1
(c1 · · · cj−1)K

ϵ1(cj)Φ
ϵ1
L2
(cj+1 · · · cm).

Then

Ωϵ1(c1 · · · cm) = ϕϵ1 ◦ Ω ◦ ϕ−ϵ2(c1 · · · cm).

Proof. Let ci ∈ CΛ2 for 1 ≤ i ≤ m. First note that Ωϵ1(c1 · · · cm)

=
m∑
j=1

(ϕϵ1 ◦ ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1))(ϕ
ϵ1 ◦K ◦ ϕ−ϵ2(cj))(ϕ

ϵ1 ◦ ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm))

=
m∑
j=1

ϕϵ1 ◦ (ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm))

= ϕϵ1 ◦ (
m∑
j=1

ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm)).

So to prove the lemma we only need to show

Ω ◦ ϕ−ϵ2(c1 · · · cm) =
m∑
j=1

ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm).

We do so by showing any word on the left exists uniquely in the sum on the right, and vice

versa.
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Let

ϕ−ϵ2(c1 · · · cm) = c1 · · · cm+
m∑
i=1

c1 · · · ĉi · · · cm+
m−1∑
i=1

m∑
k>i

c1 · · · ĉi · · · ĉk · · · cm+. . .+ĉ1 · · · ĉm

where ĉi = −ϵ2(ci). This is a sum of words of length at most m. Let wn be a word in this

sum with n ≤ m hatted Reeb chords. Then

Ω(wn) = (−1)nϵ2(ci1 · · · cin)
m−n∑
j=1

ΦL1(cin+1 · · · cin+j−1
)K(cin+j

)ΦL2(cin+j+1
· · · cim).

Now fix j. Let ir < in+j be the largest index such that it’s Reeb chord is hatted, and is,

in+j < is, be the smallest such that its Reeb chord is hatted as well, with r + s = n. Then

(−1)rϵ2(ci1 · · · cir)ΦL1(cin+1 · · · cin+j−1
) is a unique term in ΦL1◦ϕ−ϵ2(c1 · · · cin+j−1), while

K(cin+j
) = K ◦ ϕ−ϵ2(cin+j

), and (−1)sϵ2(cis · · · cm)ΦL2(cin+j+1
· · · cm) is a unique term in

ΦL2 ◦ ϕ−ϵ2(cin+j+1 · · · cm). Therefore their concatenation is a unique word in

ΦL1 ◦ ϕ−ϵ2(c1 · · · cin+j−1)K ◦ ϕ−ϵ2(cin+j
)ΦL2 ◦ ϕ−ϵ2(cin+j+1 · · · cm).

Thus any word in Ω ◦ ϕ−ϵ2(c1 · · · cm) is a unique word in

m∑
j=1

ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm).

Now consider a word in the sum

m∑
j=1

ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm).
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For a fixed j, we have

ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm)

= (−1)rϵ2(ci1 · · · cir)ΦL1(c1 · · · cj−1)K(cj)(−1)s−rϵ2(cir+1 · · · cs)ΦL2(cj+1 · · · cm)

= (−1)sϵ2(ci1 · · · cis)ΦL1(c1 · · · cj−1)K(cj)ΦL2(cj+1 · · · cm),

which is a unique word in the sum (−1)sϵ2(ci1 · · · cis)Ω(ws), where ws is the word of unhat-

ted Reeb chords in some word in ϕ−ϵ2(c1 · · · cm) whose hatted Reeb chords are ci1 , . . . , cis .

Thus any word in
∑m

j=1ΦL1 ◦ ϕ−ϵ2(c1 · · · cj−1)K ◦ ϕ−ϵ2(cj)ΦL2 ◦ ϕ−ϵ2(cj+1 · · · cm) is a

unique word in Ω ◦ ϕ−ϵ2(c1 · · · cm), and so the lemma follows.

Now that we have shown that Ωϵ1 = ϕϵ1 ◦Ω ◦ϕ−ϵ2 , we can prove the linearized version

of parts 1) and 2) of Theorem 2.4.2. We remind the reader that the exponent ℓ means taking

the linear terms of the expression.

Proof of Theorem 1.2.2. For Item 1) in the theorem, let c be a Reeb chord of Λ. Then

(Φϵ1
L )

ℓ(c) = (ϕϵ1 ◦ ΦL ◦ ϕ−ϵ2)ℓ(c)

= (ϕϵ1 ◦ ΦL)
ℓ(c− ϵ2(c))

= (ϕϵ1)ℓ(c− ϵ2(c))

= (c+ ϵ1(c)− ϵ2(c))
ℓ

= c.

To prove Statement 2), we start with the homotopy equation from [13].

ΦL1 − ΦL2 = Ω ◦ ∂2 + ∂1 ◦ Ω,

which is equivalent to

Φϵ1
L1

− Φϵ1
L2

= ϕϵ1 ◦ Ω ◦ ϕ−ϵ2 ◦ ϕϵ2 ◦ ∂2 ◦ ϕ−ϵ2 + ϕϵ1 ◦ ∂1 ◦ ϕ−ϵ1 ◦ ϕϵ1 ◦ Ω ◦ ϕ−ϵ2 .
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By Lemma 4.1.4, this is equivalent to

Φϵ1
L1

− Φϵ1
L2

= Ωϵ1 ◦ ∂ϵ2 + ∂ϵ1 ◦ Ωϵ1 .

Linearizing both sides yields

(Φϵ1
L1
)ℓ − (Φϵ1

L2
)ℓ = (Ωϵ1 ◦ ∂ϵ2)ℓ + (∂ϵ1 ◦ Ωϵ1)ℓ.

We need to show that the linear terms of the compositions Ωϵ1 ◦ ∂ϵ2 and ∂ϵ1 ◦Ωϵ1 equal the

composition of their linearizations, respectively. Let ai1,...,ij ∈ Z and CΛ2 = {c1, . . . , cn}

be Reeb chords in Λ2 such that

w =
∞∑
j=1

 ∑
i1,...,ij

ai1,...,ijci1 · · · cij

 ∈ Im∂ϵ2 .

We must show words of length greater than 1 are mapped to words also of length greater

than 1. We have that

Ωϵ1(w) =
∞∑
j=1

 ∑
i1,...,ij

ai1,...,ijΩ
ϵ1(ci1 · · · cij)

 .

The image of words of Reeb chords of length greater than 2 under Ωϵ1 will be a sum of

words that each have Φϵ1
Li

applied to at least two of the letters, which have no constant terms

by Lemma 4.1.2. Thus those words will be length greater than 1. Now consider the images

of the quadratic terms ai1,i2Ω
ϵ1(ci1ci2) = ai1,i2(Φ

ϵ1
L1
(ci1)K

ϵ1(ci2)+Kϵ1(ci1)Φ
ϵ1
L2
(ci2)). Since

none of the Reeb chords in the image of ∂ϵ2 have grading −1, K◦ϕ−ϵ2(ci1) and K◦ϕ−ϵ2(ci2)

are both sums of words that have nonzero grading. Therefore all of those words in their

sums must have a nonzero graded Reeb chord, and since ϕϵ1 is the identity on generators

with nonzero grading, ϕϵ1 ◦K ◦ ϕ−ϵ2(ci1) and ϕϵ1 ◦K ◦ ϕ−ϵ2(ci2) have no constant terms.
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We have just shown that

(Ωϵ1 ◦ ∂ϵ2)ℓ = (Ωϵ1)ℓ ◦ ∂ℓ
ϵ2
.

By the same argument used in the proof of Proposition 1.2.1, (∂ϵ1 ◦ Ωϵ1)ℓ = ∂ℓ
ϵ1
◦ (Ωϵ1)ℓ,

and so we have the chain homotopy equation:

(Φϵ1
L1
)ℓ − (Φϵ1

L2
)ℓ = (Ωϵ1)ℓ ◦ ∂ℓ

ϵ2
+ ∂ℓ

ϵ1
◦ (Ωϵ1)ℓ.

Remark 4.1.5. In the proof of statement 2), we impose the condition that the quadratics

cicj in the image of ∂ϵ2 not have any Reeb chords of grading −1 because K(cj) could have

a word of Reeb chords in its sum that all have grading zero and are mapped to a nonzero

constant by ϵ1. This in turn would result in a contant term in the sum Kϵ1(cj), and thus

Φϵ1
L1
(ci)K

ϵ1(cj) could have a linear term, obstucting the desired equality (Ωϵ1 ◦ ∂ϵ2)
ℓ =

(Ωϵ1)ℓ ◦ (∂ϵ2)ℓ.

4.2 Preserving the A∞ structure

Let ((Φϵ1
L )

k)∗ be the adjoint of the map (Φϵ1
L )

k : FΛ2 → F⊗k
Λ1

that sends Reeb chords c to

the length k words in the sum Φϵ1
L (c). We will show the collection {((Φϵ1

L )
k)∗}k≥1 is an A∞

morphism. This was shown by Pan in [19], but we will show it using an argument on the

chain level similar to how we did in Section 4.1. We first prove the following two lemmas.

We remind the reader that ∂k
ϵi
(c) denotes the length k terms in the sum ∂ϵi(c), i = 1, 2. For

this section we are working in Z/2Z coefficients.

Lemma 4.2.1. Let L be an exact Lagrangian cobordisms from Λ1 to Λ2, and assume j < k.

Then

(∂ϵ1 ◦ (Φϵ1
L )

j)k(c) =
∑

i+n+1=j

(1⊗i ⊗ ∂k−j+1
ϵ1

⊗ 1⊗n) ◦ (Φϵ1
L )

j(c)
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Proof. Let

(Φϵ1
L )

j(c) =
∑

i1,...,ij

ai1,...,ijci1 · · · cij .

Then

∂ϵ1 ◦ (Φϵ1
L )

j(c) =
∑

i1,...,ij

ai1,...,ij∂ϵ1(ci1 · · · cij)

=
∑

i1,...,ij

ai1,...,ij(∂ϵ1(ci1)ci2 · · · cij + . . .+ ci1ci2 · · · ∂ϵ1(cij)).

The length k words of this sum will be exactly

∑
i1,...,ij

ai1,...,ij(∂
k−j+1
ϵ1

(ci1)ci2 · · · cij + . . .+ ci1ci2 · · · ∂k−j+1
ϵ1

(cij)),

or

∑
i1,...,ij

ai1,...,ij(∂
k−j+1
ϵ1

⊗ 1⊗ · · · ⊗ 1 + . . .+ 1⊗ · · · ⊗ 1⊗ ∂k−j+1
ϵ1

)(ci1 · · · cij),

which can be rewritten as

∑
i+1+n=j

∑
i1,...,ij

ai1,...,ij(1
⊗i ⊗ ∂k−j+1

ϵ1
⊗ 1⊗n)(ci1 · · · cij),

and the lemma follows.

Lemma 4.2.2. Let L be an exact Lagrangian cobordisms from Λ1 to Λ2, and assume j < k.

Then

((Φϵ1
L ) ◦ ∂

j
ϵ2
)k(c) =

∑
k1+...+kj=k

((Φϵ1
L )

k1 ⊗ ...⊗ (Φϵ1
L )

kj) ◦ ∂j
ϵ2
(c)

.

Proof. Let

∂j
ϵ2
(c) =

∑
i1,...,ij

ai1,...,ijci1ci2 · · · cij .
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Then

Φϵ1
L ◦ ∂j

ϵ2
(c) =

∑
i1,...,ij

ai1,...,ijΦ
ϵ1
L (ci1ci2 · · · cij) =

∑
i1,...,ij

ai1,...,ijΦ
ϵ1
L (ci1) · · ·Φ

ϵ1
L (cij).

Then length k words coming from this product will be exactly those resulting from

(Φϵ1
L )

k1(ci1)(Φ
ϵ1
L )

k2(ci2) · · · (Φϵ1
L )

kj(cij),

where k1 + . . .+ kj = k. Summing over all such k1, . . . , kj proves the lemma.

We now show {((Φϵ1
L )

k)∗}k≥1 is an A∞ morphism. We denote the adjoint of ∂k
ϵi

by mϵi
k ,

i = 1, 2.

Proof of Theorem 1.2.4. We first consider the chain groups and then dualize. Consider the

equation

(∂ϵ1 ◦ Φϵ1
L )

k(c) = (Φϵ1
L ◦ ∂ϵ2)k(c).

This can be rewritten

k∑
j=1

(∂ϵ1 ◦ (Φϵ1
L )

j)k(c) =
k∑

j=1

((Φϵ1
L ) ◦ ∂

j
ϵ2
)k(c)

because if j > k, then the Leibniz rule for ∂ϵ1 and Φϵ1
L being a homomorphism combined

with there being no constants in their images imply that a word of length j > k would be

sent to a sum of words of length greater than k. By the lemmas above, this can be rewritten

k∑
j=1

∑
i+n+1=j

(1⊗i⊗∂k−j+1
ϵ1

⊗1⊗n)◦(Φϵ1
L )

j(c) =
k∑

j=1

∑
k1+...+kj=k

((Φϵ1
L )

k1⊗· · ·⊗(Φϵ1
L )

kj)◦∂j
ϵ2
(c).

Dualizing yields the equation

k∑
j=1

∑
i+n+1=j

((Φϵ1
L )

j)∗◦(1⊗i⊗mϵ1
k−j+1⊗1⊗n) =

k∑
j=1

∑
k1+...+kj=k

mϵ2
j ◦(((Φ

ϵ1
L )

k1)∗⊗· · ·⊗((Φϵ1
L )

kj)∗).
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Reindexing the left side gives the equation

∑
i+p+n=k

((Φϵ1
L )

i+n+1)∗◦(1⊗i⊗mϵ1
p ⊗1⊗n) =

k∑
j=1

∑
k1+...+kj=k

mϵ2
j ◦(((Φ

ϵ1
L )

k1)∗⊗· · ·⊗((Φϵ1
L )

kj)∗).

Hence {((Φϵ1
L )

k)∗ : (F ∗
1 )

⊗k → F ∗
2 }k≥1 is an A∞ morphism.

Now that we have shown an A∞ morphism between (F ∗
1 , {m

ϵ1
k }k≥1) and (F ∗

2 , {m
ϵ2
k }k≥1),

let us consider the induced maps on their higher order product structures by two Lagrangian

isotopic cobordisms. If two exact Lagrangian cobordisms from Λ1 to Λ2 are Lagrangian

isotopic (and satisfy the conditions in Theorem 1.2.2), then we can dualize the chain homo-

topy equation from Theorem 1.2.2 to give us a chain homotopy equation between ((Φϵ1
L1
)ℓ)∗

and ((Φϵ2
L2
)ℓ)∗. Since the product structures on (F ∗

1 , {m
ϵ1
k }k≥1) and (F ∗

2 , {m
ϵ2
k }k≥1) are de-

fined on quotients of the cohomologies of (F ∗
1 , (∂

ℓ
ϵ1
)∗) and (F ∗

2 , (∂
ℓ
ϵ2
)∗), the chain homotopy

equation between ((Φϵ1
L1
)ℓ)∗ and ((Φϵ2

L2
)ℓ)∗ implies their induced maps on these product

structures are equal. Thus we have the following corollary.

Corollary 4.2.3. Let L1 be Lagrangian isotopic to L2, ϵ1 an augmentation for Λ1, ϵ1 ◦

ΦL1 = ϵ1 ◦ ΦL2 , and the quadratics in the image of ∂ϵ2 have no degree −1 Reeb chords.

Then the induced maps of ((Φϵ1
L1
)ℓ)∗ and ((Φϵ1

L2
)ℓ)∗ are equal on the higher order product

structures.

4.3 Forward directions

Sabloff and Ma have shown the A∞ structures of its Legendrian ends can be equipped

with a weak relative Calabi-Yau structure [40], and Ng has shown the existence of an L∞

structure on Legendrian contact homology [41]. We hope to show in future work that ΦL

can be modified to preserve these structures as well, and that it is also invariant under

Lagrangian isotopy.

Another useful algebraic object extracted from the DGA of a Legendrian knot is the

characteristic algebra defined by Ng in [26]. There it is shown that the characteristic alge-
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bra is a Legendrian isotopy class invariant. This invariant is used to distinguish Legendrian

representatives of the same smooth knot type. It is easy to show that ΦL also induces a

well-defined map on the characteristic algebra. In future work, we hope to show that this

induced map is also invariant under Lagrangian isotopy.
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